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1.1 Number Toolkit

1.1.1Standard Form

Standard Form

Standard form (sometimes called scientific notation or standard index form) gives us a way
of writing very big and very smallnumbers using powers of 10.

Why use standard form?

e Somenumbers are too big ortoo small to write easily or foryour calculatorto display at all
o Imagine the number 5059, the answer would take 84 digits to write out
o Try typing 50%Pinto your calculator, you will see it displayed in standard form
» Writing very big orvery smallnumbers in standard form allows us to:
o Writethem more neatly
o Compare them more easily
o Carry out calculations more easily
e Exam questions could ask foryouranswerto be writtenin standard form

How is standard form written?

« Instandard form numbers are always written in the form a X 10k where a and k satisfy the
following conditions:
o1 <ax<l10
= Sothereis one non - zero digit before the decimal point
o k €7
= So kmustbeaninteger
o k>0 forlargenumbers
= How many times ais multiplied by 10
o k<0 forsmallnumbers
= How many times ais divided by 10

How are calculations carried out with standard form?

¢ YourGDC willdisplay large and smallnumbers in standard form when it is in normal mode
o Your GDC may display standard formas aEn
= Forexample,2.1 X 1075 willbe displayedas2.1E—5
= |fso, be carefultorewrite the answer givenin the correct form, you willnot get
marks for copying directly fromyour GDC
¢ Your GDC willbe able to carry out calculations in standard form
o Ifyou putyour GDC into scientific mode it willautomatically convert numbers into
standard form
= Beware thatyour GDC may have more than one mode when in scientific mode
= Thisrelates to the number of significant figures the answer will be displayedin
= Your GDC may add extra zeros to fill spaces if working with a high number of
significant figures, you do notneed to write these in youranswer
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» Toaddorsubtract numbers writteninthe form a X 10k withoutyour GDC you willneed to
write themin full form first

 Tomultiply or divide numbers writtenin the form a X 10k without your GDC you can either
write themin full form first oruse the laws of indices

(’) ExamTip

* e Your GDC will give very big or very small answers in standard form and willhave a

setting which will allow you to carry out calculations in scientific notation
e Make sureyou are familiar with the form that your GDC gives answersin as it
may be different to the form you are required to use in the exam
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*9 Worked Example

Calculate the following, giving youranswerin the form a x 10X, where1 <a< 10

3780 x 200

Usin% GOC: Choose scientific mode.

Input directly into GDC os ordinacy
numbers.

3780 x 200 = 756 %x10°

GDC will au{-nmaiicnu.\:) ojive. onSuRS tn
standord form.

Without GDC:

Calculote the value:
3180 x 200 = F56000

Convert +o stondod Lorm:
756000 = 7.56 x10°

756 % 10°

i) (7 x 105) = (5 x 104)
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Usin% G.OC: Choose scientific mode. YOURNOTES

l
Input directly into GDC

7x10°-5x10* =6.5 x10°
This may be
displaged. as 6.5ES

Without GDC:

Convert to ocdinary numbers:
7x10° = 100000
5x10* = 50000
Coxrs out the calculotion:
300000 - 50000 = 650000
Convest, o standord Locm:
650000 = 4.5 x10°

6.8 x 10>

i
(3.6x1073)(1.1 x 1075)
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Input diveckly wo GDC:
(Choose. scientific mode).

(3.5 x 10°2)(1.1 x10™%) = 3.26x107°

396 x 1078

Nohe,? -3 -5

t0”° x 10" = o~ %

N )
(2.6 x \0’3)(\.| X \o's) = 3.4a6x10 K

N

3.6x\| =396
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1.1.2 Approximation & Estimation

Approximating Values
How do | know what to round my answer to?

¢ Unless otherwise told, always roundyouranswers to 3 significant figures (3 s.f.)
o Thefirst non-zero digitis the first significant digit
o The first digit after the third significant digit determines whetherto 'roundup' (5) or
'leaveitalone' (<5)
= wherethe ‘it’ we arerounding up orleaving aloneis the third significant figure

o Yourfinalanswerwillhave three significant digits and the rest will be zero
= Anyzero after the first significant digit is still significant
= Forlarge numbers be careful not to change the place value of the significant
digits, you willhave to fillin any zeros after the third significant figure
= |fyourGDCisin scientific modeit may display unnecessary zeros afterthe
decimal point, you do notneedto copy these
e ook outforany questions that askyou toroundyouranswerin a different way
o Questions often ask for2 decimal places (2d.p.)
= Yourfinalanswerwill only have 2 digits after the decimal point
= For2d.p.itis thethird digit afterthe decimal place that determines whetherto
'roundup' (5) or'leaveitalone' (<5)
¢ |fyou are working with a currency you must choose the appropriate degree of accuracy
o Formost this willbe a whole number
= E.g.yen,yuan, peso
o Forothers this willbe to 2 decimal places
= E.g.dollars, euro, pounds
o Itwillbe clearfrom the question which currency you are using and how you should
roundyouranswer
= The question will state the name of the currency and the symbolyou shoulduse as
aunit
= E.g.YEN, ¥

Are there cases whenl always have toround up?

¢ Yes -thereare cases whenitmakes senseto always round up (ordown)
¢ Thesenormally involve finding the minimum or maximum number of objects
o Forexample considerthe scenario: There are 26 people and 5 people can fitina single
vehicle, how many vehicles are needed?
26
5
= However 5 vehicles wouldn't be enough as there would only be room for 25
people
= |nthis case we wouldround up to find the minimum number needed
¢ Thesekind of problems can be solved by inequalities
o Forx > k take the smallest value of x at the appropriate degree of accuracy thatis
greaterthank
= Forexample: Using 3sf the smallest solutiontox>2.5731...isx=2.58

=5.2 andnormallywe'droundto 5
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o For x < k take the biggest value of x at the appropriate degree of accuracy thatis less YOURNOTES
thank !
= Forexample: The biggestintegersolutiontox <10.901...is x=10

(") Exam Tip

* Intheexamyou should always give non exact answers correct to 3 significant
figures unless otherwise told
o This means you mustroundusing a higher degree of accuracy within your
working to ensure that yourfinalansweris rounded correctly
o Where possible always use exact values within yourworking rather than
rounding mid way through a question
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*9 Worked Example
H . l
b sin(3a)
Let T= T,where a=15°and b=20.
a)

Calculatethe exactvalueof T.

Substibube oo and b ko T

T = 20 SM(?; x\5)
S

T=22

b)
Giveyouranswer from part a) correct to two decimal places.

‘[25 So vround wP

257 = 2.82[342..

27 digit ofter
decimol point

T=2.83 (2dy)

c)
Give youranswer from part a) correct to two significant figures.
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‘(}(s\s signiticont -Q‘\sure_ )

<5 so don't round we

9257 = 2.8[2342..
R

2" o gnificont Qigure

T=2.8 (2s%£.)
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Upper & Lower Bounds YOURNOTES
What are bounds? l

e Bounds arethe smallest (lower bound, LB) andlargest (upper bound, UB) numbers that a
rounded number can lie between
o [tsimply means how low or high the number could have been before it was rounded
e Thebounds foranumber, x, can be writtenas LB < x <UB
o Notethatthelowerboundisincludedintherange of values x could have taken but the
upperboundis not

How do we find bounds?

e Thebasicruleis “half up, half down”
o Tofindtheupperboundaddon half the degree of accuracy
o Tofindthelowerboundtake off half the degree of accuracy
¢ Rememberthat the upperboundis the cut off point forthe greatest value that the number
could have been rounded from but willnot actually round to the numberitself

How do we calculate using bounds?

e Findbounds before carrying out the calculation and then use therules:
o ToaddormultiplyUB=UB +UBandLB =LBxLBetc
o TodivideUB=UB/LBandLB=LB/UB
o TosubtractUB=UB-LBandLB=LB-UB
¢ Uselogic to decide which boundto use within the calculation
o Forexampleif you are finding the maximum volume of a sphere with theradius given
correctto 1decimal place substitute the upper bound of theradius into your
calculation for the volume

(’) Exam Tip

* * Whenin an exam environment it can be easy to make silly errors in questions like
this, read the question carefully to determine which parts bounds need to be
found for

o This willnormally be any partin the question that has been rounded
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*9 Worked Example !
[ J

Arectangularfield has length, L, of 14.3m correct to 1decimal place and width, W,
of 9.61m correctto 2 decimal places.

a)
Calculate the lowerandupperboundfor L and W.

L=143m (ld.p) the degree of occuracy
s lap (00)

Find ol the de\o)re.e of oLCwmeHy

0.1
T = 0.08
The upper ound (s
163 + 0.0 = 1435
The lower Yound (s
143 — 0.08 = .25

.25 ¢ L < 4.3

W =96lm ('Zd.p,) the degree of occur
s 2d.p (0.0)

Find haf  the degree of ocwmdi

o.01
2
The upper bound (s

9.6) + 0.008 = 9.615

The lower bound (s

= 0.00s8

9.61 - 0.008 =9.405

9.605 < W < 9.618

b)
Calculate the lowerand upper bound for the perimeter, P, andarea, A, of the field.
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For the lower Yound wuse : YOURNOTES
L=14&.25 W= 9.605 !
P =2(14.25) + 2(4.405)
P= 433 m

A= (t.25)(9.605)
A =134.87125

For tne upper oound wuse
L =14.35 W= 9.61S
P =2(14.35) + 2(3.615)

A = (1w.3s5)(9.615)
A = 133.93525

43 FIm < P< 4 9m (3s.£)

123Fm?< A< 138 m? (3s.F.)
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Percentage Error
What is percentage error?

e Percentageerroris how faraway from the actual value an estimated orrounded answeris
o Percentageerrorcan be calculated using the formula

V. —V |
A i%100%

|
e=|
|l Ve |

= where Ve isthe exactvalueand Vi is the approximate value of v

= The||is the absolute value meaningif you get a negative value within these
straight brackets, you should take the positive value
o This formula is in the formula booklet so you do not need to rememberit
e Thefurtheraway the estimated answeris from the true answer the greater the percentage
error
o |ftheexactvalueis givenas a surd ora multiple of mmake sure you enteritinto the formula
exactly asyou seeit
e Percentage errorshould always be a positive number

O ExamTip
* ¢ Inthe exam percentage errorwillusually be a part of a bigger question on

anothertopic, make sure you know how to find the formula forit in the formula
book so thatyou are prepared to answer these questions
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YOURNOTES

*> Worked Example !

Let P=xcos(2y), where y=15°andx=4.

a)
Calculate the exactvalue of P.

x=4

beos (2 ‘;Q_ Y= 1S°
¢ cos (30°)

= 2J3 &« leove answer
oS exact volue

P= xcost

P=213

b)
Calculate the percentage errorif an estimate for Pwas 3.5.

Perc.ev\\:ase eccor -c-:rww.\o\ .

€ =(Ya-Ve [ x (00~

Ve

Va = 3.5 (opproximated value)
Ve = 2J3 (exact valwe)

Sub Vo ond Vg (ate the Lormula :

€ = |35-28 x |00/
253
= 1.0%¢624... /.

€ =104/ (3s£)
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Accuracy & Estimation YOURNOTES
What are exact values? l

e Exactvalues forms thatrepresent the full value of anumber
o Forexample, T is anexactvalueand 3.14is an approximation using 3 significant
figures
¢ |fanumberhas aninfinite number of non-zero digits after the decimal point thenyou can
usethree dots to signalthat the decimalrepresentation goes on forexample
o Forexample,v2=1.414...

e Exactvaluescaninvolve

2

o Fractions: —
7

° Roots:ﬁ,w

o Logarithms:In2, loglOS

o Mathematicalconstants: T, e

¢ Your GDC might automatically give your answer as an exact answer
¢ |fyour GDC does not do this then you may need to evaluate parts of the expression
separately anduse algebra

o Forexample:If f(X) = eX(2 + \/;) then your GDC will probably not give you the exact
value of f(2)

o Youwouldinsist evaluateit withouta GDC to get the exactvalue: f(2) =e2(2 + \/7)

Why use estimation?

* We estimate to find approximate answers to difficult sums
e Ortocheckouranswers are about the right size (order of magnitude)
o Forexample, if the questionis to find alength the answer cannot be negative
o orifwearelooking forthe mean age of some people an answer of 150 must be
incorrect
e Estimatingananswerbefore carrying out a calculation will help you know what you are
looking forand determineif youransweris likely to be correct ornot
¢ Inreallife estimation skills are used every day in many activities

How dol choose the correct answer?

¢ Sometimes a mathematical argument willlead to more than one answer
o This is common with problems involving quadratics, you will usually have two solutions
o If youhave more than one solution afteryou have solved a problem, always check to
seeif they are both valid
e Mostofthetimeyou can simply uselogic to choose the correctanswer
o Iftheprobleminvolveslength orarea and one of the answers is negative, the true
solution will be the positive answer
e Occasionally you willneed to seeif an answer can be valid
o Ifoneofyouranswersis cos x > 1 forexample, x willnot give a true solution
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O ExamTip YOURlNOTES

e Beawarethatyour GDC willnot always give you an answer as an exactvalue,
this means thatyou willneed to find the exact value by hand
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YOURNOTES
*> Worked Example !
[ J

Arectangular floorhas an area of 40 m?to the nearest square metre. Itis going to
betiled using square tiles with side length 39.8 cm.

a)
Use estimation to find the number of tiles needed to cover the whole area.
Eoch kile s oapproximately:
40 » 40 con = |600cm™®*
Area of the rec.bo.na\.e (s approximately:

b0m™ = %00 000 cm?

400 000 c® + 600 am® = 00092
1626
= Looo
16
=280 %btiles

&~ 250 tiles

b)
Given that there are 15 more tiles places length-wise than width-wise, find the
approximate length and width of the floor.
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Let the number of &lles cove.r'ms the
width  of the floor be x, then the

numbover of tiles Coven’vxs the Le,v'ﬁth
will be 2 + 15

nuwvber of tiles .
Ploced  widtnwans nuvber of  kiles

~ P \oced Ae nal'k WaAS
o¢ (=< +15) = 250
x4+ 15 -250 =0

X =10 or ==-25

+
ot  possible. s == Covng
ve O nesab’ve namber

width  of Lloor = 10 * 40 cm

= 400cen = b

Lens\-k oS -?Loo\' 2 25x 40 cm

= 1000¢cm. = |0 o

Le_nsl:h 2 10m , Width =z &m
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1.1.3 GDC: Solving Equations

Systems of Linear Equations
What are systems of linear equations?

e Alinearequationis an equation of the first order (degree )
o Itisusually writtenintheformax+by +c =0 wherea, b, and c are constants
¢ Asystem of linearequations is where two ormore linear equations work together
o Usually there willbe two equations with the variables xandy
o Thevariables xandy will satisfy allequations
o They areusually known as simultaneous equations
o Occasionally there may be three equations with the variables x, y and z
e Theycanbe complicatedto solve butyour GDC has a function allowingyou to solve them
o The question may say ‘using technology, solve...’
= This means you do notneedto show a method of solving the system of
equations, you canuseyour GDC

How doluse my GDC to solve a system of linear equations?

¢ Your GDC willhave a function within the algebra menu to solve a system of linear equations
¢ Youwillneedto choosethe number of equations
o Fortwo equations thevariables willbexandy
o Forthree equations the variables willbe x, yandz
¢ Entertheequationsintoyourcalculatoras you see them written
¢ YourGDC willdisplay the values of xandy (orx, y, andz)

How dol set up a system of linear equations?

¢ Notallquestions willhave the equations written out foryou

¢ Therewillbe two bits of information given about two variables
o Lookoutforclues suchas ‘assumingalinearrelationship’

e Choosetoassignxtooneof the givenvariables andy to the other
o Oryou can choose touse more meaningful variables if you prefer
o Suchascforcatsanddfordogs

¢ Writeyour system of equations in the form

axt+by=e
ex+dy=f
e UseyourGDC to solve the system of equations
¢ This function onthe GDC can also be usedto find the points of intersection of two straight
line graphs

o Youmay wish to use the graphing section on your GDC to see the points of
intersection
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O ExamTip YOURNOTES

* ¢ Be sure to write down whatyou are puttinginto your GDC !
o Ifyouhavehadtosetupthe system of equations as well make sure you
write them down clearly before typinginto your GD

%) Worked Example
[ ]
Atheme park has set ticket prices foradults and children. A group of three adults

and nine children costs $153 and a group of five adults and eleven children costs
$211.

i)
Setup asystem of linearequations forthe cost of adult and child tickets.

Sek up Variobles :

Let twe cost of on oduls kicker be ‘o

Let ‘e cost of o culd kicker be ‘i

Se,’o up eq,uqbians : 2a. + ¢ =153
Sa + Jle = 211

2a. + 9¢ =153
Sa + )¢ = 21

ii)
Find the price of one adult and one child ticket.

Enter (tnto GOC:
Let & be = and ¢ be y, then GOC gives

x = \3

a:ll
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Polynomial Equations
What is a polynomial equation?

e Apolynomialis an algebraic expression consisting of a finite number of terms, with non-
negativeintegerindices only

o Itisintheformax?+bx?~1+cx?~2+ ... n€EN

¢ Apolynomial equationis an equation where a polynomialis equal to zero

¢ Thenumber of solutions (roots or zeros) depend on the order of the polynomial equation
o Apolynomialequation of ordertwo can have up to two solutions
o Apolynomial equation of order five can have up to five solutions

e Apolynomial equation of an odd degree will always have atleast one solution

¢ Apolynomialequation of an even degree could have no solutions

Howdolusemy GDC to solve polynomial equations?

¢ Youshoulduseyour GDC’s graphing mode to look at the shape of the polynomial
o You willbe able to see the number of solutions
o This willbe the number of times the graph cuts through ortouches the x-axis
o When entering a function into the graphing section you may need to adjust yourzoom
settings to be able to see the full graph on yourdisplay
o Whilstin this mode you can then choose to analyse the graph
o This will give you the option to see the solutions of the polynomial equation
= This may be written as the zeros (points where the graph meets the x-axis)
¢ Your GDC willalso have a function within the algebra menu to solve polynomial equations
o Youwillneedto enterthe order (highest degree) of the polynomial
o Thisis the highest power (orexponent) in the equation
o Enterthe equationintoyourcalculator
o Your GDC willdisplay the solutions (roots) of the equation
= Beawarethatyour GDC may either show all solutions or only the first solution, itis
always worth plotting a graph of the function to check how many solutions there
shouldbe

(') ExamTip

* e Besuretowrite down whatyou are puttinginto your GDC
e |fyouareusing agraphicalmethoditis often a goodidea to sketch the graph
that your GDC display shows
o Don'tspendtoo much time on this, a very quick sketchiis fine
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YOURNQOTES
*9 Worked Example !
®  Forthe polynomialequation2x3 —2x2 —3x+4=0:

i)
Useyour GDC'’s graphing function to sketch the graph of y =2x3 —2x2 - 3x+4
and determine the number of solutions to the polynomial equation.

Enker the equation Y = 203 —2x* -3¢ + &4
ko your GDC’s grophing  <oftware :

-7 /\ ]
this s lthe onl
place the groph cuts  kthe o ~axis,

The poLamw\'\m\ equokion
203 -2x* -3 +4 =0
has | solukion

ii)
Useyour GDC to find the solution(s) of the polynomial equation.

Use  your GOCs  graph onalusis ool
to find the ‘zevos' .

o
"

-1.3101...
 =-1.31 (3sf)

Alternokive  Mekhod :

Enter the equakion 2% -2x* -3 + 4 =0

(ko yowr GDCs equokion solving mode.
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1.2 Exponentials & Logs YOURlNOTES

1.2.1 Exponents

Laws of Indices
What are the laws of indices?

e Laws ofindices (orindexlaws) allow you to simplify and manipulate expressions involving
exponents
o Anexponentis a powerthatanumber(calledthe base)israisedto
o Laws of indices can be used when the numbers are written with the same base
e Theindexlaws youneedtoknow are:

° (Xy)m=mem
X \z xm
o |—| =—
y ym
o xMX xN=xm+*n
o xM =+ xi=xm—n
° (Xm)n=an
o xl=x
o x0=1
1

o — =x"m
xmn

o xn =1/ xm

¢ Theselaws are notin the formulabooklet so you mustrememberthem

How arelaws of indices used?

¢ Youwillneedto be able to carry out multiple calculations with the laws of indices
o Takeyourtime and apply each law individually
o Work with numbers first and then with algebra
¢ Indexlaws only work with terms that have the same base, make sure you change the base
of the term before using any of theindexlaws
o Changingthe base means rewriting the numberas an exponent with the base you
need
o Forexample, 94 =(32)4=32%4 =38
o Usingthe above can them help with problems like 94 +37 =38 +37=31=3
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YOURNOTES

(’) Exam Tip .

¢ Indexlaws arerarely a question on theirown in the exam but are often needed to
helpyou solve other problems, especially when working with logarithms or
polynomials

¢ Lookout fortimes when thelaws of indices can be applied to help you solve a
problem algebraically
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YOURNOTES

*9 Worked Example !

Simplify the following equations:
i)
(3x2)(2x%y?)

(6x2y)

Apply eoch low Separately :
3x2=6
(@1 2 y?)
6x?y

ame\&
. nuwmevotor
x*x x? = ¢

VRS
(6x?)(x3y?)
6

C OV\caLL{v\:‘»)
S..2

Exy
Fx*y x®+act=x52 ot
v,
(3x2)2x2y*) _ _3
6x?y

i)
(4x2y=4)3(2x3y~1)2,
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(4113-'1')3(2x33—l)-2

a3 Rewrite as
(43&"3 "‘) o fraction
(223y")"
expond
numevotor
2 and
6 "_ x_é & denominckoer
4 o8 5-1
Comell(g

2
b4 2y
xF Gyl
% 5 The nesox\-.'we exponents cawn
be reTritken os thelr

Yeciprocols
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1.3 Sequences & Series YOURlNOTES

1.3.1Language of Sequences & Series

Language of Sequences & Series

What is a sequence?

¢ Asequenceis an orderedset of numbers with a rule for finding all of the numbers in the
sequence
o Forexamplel, 3,5,7,9,..is asequencewith therule ‘startat one andadd two to each
number’
e Thenumbersin a sequence are often called terms
¢ Theterms of a sequence are often referred to by letters with a subscript
o InIBthis willbe theletteru
o Sointhesequenceabove,u;=1,uy=3,us=5andsoon
e EFachterminasequence canbefoundby substituting the term numberinto formula for
thent"term

Whatis a series?

¢ You get a series by summingup the termsinasequence

o E.g.Forthesequencel, 3,5,7,..theassociatedseriesis1+3+5+7+ ..
 Weusethenotation S, torefertothe sum of the firstntermsin the series

o Sp=Uj+Up+Uz+..+Up

o SofortheseriesaboveSs=1+3+5+7+9=25

What are increasing, decreasing and periodic sequences?

e Asequenceisincreasingif u,,;> u,forall positive integers
o i.e.everytermis greaterthan the term beforeit

¢ Asequenceis decreasingif u,,;<up,forall positiveintegers
o j.e.everytermislessthanthetermbeforeit

¢ Asequenceis periodicif thetermsrepeatinacycle
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YOURNOTES
Worked Example

!
Determine the first five terms and the value of S5 in the sequence with terms
definedbyu, =5-2n.

Un = 5-2n

Z Lerm number
‘(‘ir\i the term you
want by '1'\’\’@{""3
n wikhh W's volue,

Ciest 20, = S - 2(|) =3 ) rgcas.\\"s& e poktern.
verm w, = 5-2(2) =1 ‘)’ )
ws = 5-2(3 = -1 e
B _3L) -9 e twle s
Wg = 5- 2(%) = Subbtrock 2

Wg = 5-2(8)=-5
‘Stark  with 3 and sutrack 2 fom emch  number .

Sg=3+1+(-)+(-)+(-5) =-5

2
the sum o
the (irst S teems
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Sigma Notation YOURNOTES
What is sigma notation? l

¢ Sigma notationis usedto show the sum of a certain number of terms in a sequence
e ThesymbolZis the capital Greek letter sigma
e Y stands for‘sum’
o Theexpressiontotheright of the X tells you whatis being summed, and the limits
above andbelow tell you which terms you are summing

THESE LIMITS TELL YOU THAT
YOU ARE SUMMING (2r—1) USING

THE VALUES r=1,r=2,.. UP TO r=5 ®
Dlr-N=1+3+5+7+9
=D

SUBSTITUTE r=1,r=2,r=3,r=4,r=5
INTO (2r-1) TO FIND THE FIVE TERMS
THAT ARE BEING SUMMED

#Fsavemyexams
e Becareful, thelimits don’thaveto startwith 1
4 14
o Forexample 2. (2k+1) or 2. (2k-13)
k=0 k=7
o randkarecommonly used variables within sigma notation

(’) Exam Tip

* e Your GDC willbe able to use sigma notation, familiarise yourself with it and
practice usingitto checkyourwork
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YOURNOTES

*> Worked Example !
[ J

Asequence canbedefinedby u = 2 x 30~ lforn€ 7+.

a)

Write an expression foru, + u, + u, + ...+ ug using sigma notation.

1

Un = 2x3%7', n € Z% #nis Beses
of ol posttive
\'.v\'t.e,se.rs

WUst noy sigma notokion

6
Wy + Uy ...+ U = ZL\K
k=1

i (2 x 3k-|>

k=)

b)
Write an expression for u, + U + u, + ...+ lllzusingsigma notation.
Un = 2x3"7", n € Z" «nis theset
of o\l posttive
(x\\-.e.sex-s

WUst noy sigma notokion

12
Uz+ Ug ...+ U = Z Wk
k=3

> (23"
k=F
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1.3.2 Arithmetic Sequences & Series

Arithmetic Sequences
What is an arithmetic sequence?

¢ Inanarithmetic sequence, the difference between consecutive terms in the sequenceis
constant
¢ This constant differenceis known as the common difference, d, of the sequence
o Forexample, 1,4,7,10, .. is an arithmetic sequence with therule ‘start at one and add
three toeach number’
= Thefirstterm, uy, is |
= Thecommondifference, d, is 3
o Anarithmetic sequence can beincreasing (positive common difference) or
decreasing (negative common difference)
o Each term of an arithmetic sequenceis referred to by the letter u with a subscript
determiningits placein the sequence

How do| find a termin an arithmetic sequence?

 Thentterm formula foran arithmetic sequenceis given as
uH=u1+(n—1)d

o Where u, is the first term, and d is the common difference

o Thisis givenin the formula booklet, you do not need to know how to derive it
e Entertheinformationyouhaveinto the formula anduse your GDC to find the value of the
term
e Sometimes you willbe given a term and asked to find the first term orthe common
difference
o Substitute theinformation into the formula and solve the equation
= You coulduseyour GDC for this
¢ Sometimes you willbe given two terms and asked to find both the first term and the
common difference
o Substitute theinformationinto the formula and set up a system of linear equations
o Solvethe simultaneous equations
= You coulduseyour GDC for this

(’) ExamTip

* ¢ Simultaneous equations are often needed within arithmetic sequence

questions, make sure you are confident solving them with and without the GDC
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YOURNOTES
*9 Worked Example

l
The fourth term of an arithmetic sequenceis 10 and the ninth termis 25, find the first
term and the common difference of the sequence.

Ue =10 , Wq =125

Focmuwla Qo n™ tecn of
on ocibthmekic sSenes:

Un= W +(n-V)d

Swo in Wy =10 and WUq =25

W= Wi+ (4-Vd = W +34 =10

Wq= W, +(a-V)d W, + 8 = 25

Solve wa\‘as GOoC :
lek W =2¢ ond ok::j
x+3y =10

x =1 /3:3

W,

=\
=3
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How do| find the sum of an arithmetic series? l

¢ Anarithmetic series is the sum of the terms in an arithmetic sequence
o Forthearithmetic sequencel,4,7,10, .. the arithmetic seriesis1+4 +7+10 + ...
¢ Usethefollowing formulae to find the sum of the first n terms of the arithmetic series:

n n
SH=5(2U1+(11—1)d) ; Sn=5(u1+ un)

" u, is the first term

= disthecommon difference
" u. isthelastterm

o Both formulae are given in the formula booklet, you do not need to know how to derive
them
e You canusewhicheverformulais more convenient fora given question
o Ifyouknow the first term and common difference use the first version
o Ifyouknow thefirstandlasttermthenthe secondversionis easiertouse
¢ Aquestion willoften give you the sum of a certain number of terms and askyou to find the
value of the first term orthe common difference
o Substitute theinformationinto the formula and solve the equation
= You coulduseyour GDC for this

O Exam Tip
* e Theformulae you need for arithmetic series are in the formula book, you do not
needtorememberthem
o Practice finding the formulae so that you can quickly locate themin the
exam
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YOURNQOTES
*9 Worked Example !
¢ The sum of the first 10 terms of an arithmetic sequenceis 630.
a)

Find the common difference, d, of the sequenceif the firsttermis 18.

S|o = 630

Focrula. Sor the sum of
on ocibhmekic senes:

Sn= F(2u, + (n-0d)
Suwe tn S =630, W, =19

Siw= 2 (208)+ (10-0d) = 630

S5(36+ad)= 630

Solve : 36 + 94 126
9d. = Q0

d = 10
A =10

b)

Find the first term of the sequence if the common difference, d, is 11.
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l
Sio= 2 (2w +(0-D(1) = 630
5(2u. + 9q) = 630
Solve : 2ZUu,+ 99 = 126
2w, = 2%
un, =139
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1.3.3 Geometric Sequences & Series

Geometric Sequences

What is a geometric sequence?

¢ Inageometric sequence, thereis acommonratio, r, between consecutive termsin the
sequence
o Forexample, 2,6,18,54,162, ...is a sequence with therule ‘start at two and multiply
eachnumberby three’
= Thefirstterm, u;, is 2
= Thecommonratio, r,is 3
¢ Ageometric sequence can beincreasing (r> 1) ordecreasing (O <r<1)
¢ Ifthecommonratiois a negative number the terms will alternate between positive and
negativevalues
o Forexample,1,-4,16,-64,256, ..is asequence with therule ‘start at one and multiply
each numberby negative four’
= Thefirstterm, uy, is 1
= Thecommonratio, r,is -4
e Eachterm of a geometric sequenceis referred to by theletteru with a subscript
determiningits placein the sequence

How dol find a term in a geometric sequence?

 The n' termformula fora geometric sequenceis given as
u =u !
n 1

o Where u is the first term, and ris the commonratio

o This formula allows you to find any termin the geometric sequence
o Itis giveninthe formula booklet, you do not need to know how to deriveit
¢ Entertheinformationyouhaveinto the formula and use your GDC to find the value of the
term
¢ Sometimes you willbe given a term and asked to find the first term orthe common ratio
o Substitute theinformationinto the formula and solve the equation
= You coulduseyour GDC for this
e Sometimes you will be given two ormore consecutive terms and asked to find both the first
term andthe commonratio
o Findthe common ratio by dividing a term by the one before it
o Substitute this and one of the terms into the formula to find the first term
« Sometimes you may be given a term and the formula for the nt term and asked to find the
valueofn
o Youcansolve these usinglogarithms onyour GDC
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O Exam Tip YOURlNOTES
* ¢ You willsometimes needto use logarithms to answer geometric sequences
questions

o Make sureyou are confident doing this
o Practiceusingyour GDC for different types of questions
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*9 Worked Example

The sixth term, ug, of ageometric sequenceis 486 and the seventh term, u,, is

1458.
Find,

i)

the commonratio, r, of the sequence,

We = 436

4

uz = 1458

The common rokio, r, (s given by

= U2 = Us
u| M?_

Su\o w We =

=... = Uns
Un

436 , Uz = 1458

r= W2 = 1458 _ 3

U 486

rFr =23

ii)

the first term of the sequence, u,.

Focmuwla for 1™ tecm of o 3eame,\:ric. senes:

Un = W,

n-1

r

Suwo n r=3 ond eldrey We= 486 or Uz = 1458

we = W' =
Solve: 243 U, =
U| =

u =2

436

46
2
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Geometric Series YOURNOTES
How do | find the sum of a geometric series? l

* Ageometricseries is the sum of a certain number of terms in a geometric sequence
o Forthe geometric sequence 2, 6,18, 54, .. the geometric seriesis2+6+18 +54 + ...
¢ Thefollowing formulae willlet you find the sum of the first n terms of a geometric series:

ul(r“— 1) _ ul(l - M)

SH= r—1 1-r

" u, is the first term

= risthecommonratio
o Both formulae are given in the formula booklet, you do not need to know how to derive
them
e You canusewhicheverformulais more convenient fora given question
o Thefirstversion of the formulais more convenientif r > 1 andthe secondis more
convenientifr < 1
¢ Aquestion willoften give you the sum of a certain number of terms and askyou to find the
value of the first term, the common ratio, or the number of terms within the sequence
o Substitute theinformationinto the formula and solve the equation
= You coulduseyour GDC for this

O Exam Tip
* e The geometric series formulae arein the formulae booklet, you don't need to
memorise them

o Make sureyou canlocate them quickly in the formula booklet
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YOURNOTES
l

*9 Worked Example

Ageometric sequencehas u, = 25andr = 0.8. Findthevalue of ug and S5.

W, =25, r=08

R(mw\a for 1™ tecm of o Sepme,hric, senes:

n-1
Un = \A-\ v

Suwo in W, =25, r=0-¢8

us = 25(0.8)% = 10.24
Focmula. for the sum of o 3epme,\:r§c. Senes !

W™= = u(-v")

Sn_ =

o T r <l so thas

version s
Suo n w, =25, r=0=8 easter o wse.
s
So = Wli-¢) _ 25(1-08%) _ g4
> V-V | -0.%
Us = 10.24
Ss = 3¢. 04
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Sum to Infinity YOURNOTES
What is the sum to infinity of a geometric series? l

e Ageometric sequence will eitherincrease or decrease away from zero or the terms will get
progressively closer to zero
o Terms willget closerto zeroif the commonratio, r, is between 1and -1
¢ |ftheterms are getting closerto zero then the series is said to converge

o This means thatthe sum of the series willapproach a limiting value
o Asthenumberof termsincrease, the sum of the terms will get closer to the limiting
value

How do we calculate the sum to infinity?

o |faskedtofind outif a geometric sequence converges findthevalue of r
o If|r] <1 thenthesequenceconverges
o If|lr] > 1 thenthesequencedoesnotconverge andthe sum toinfinity cannotbe
calculated
o |r] <1means—1<r<1
o If|r] < 1,thenthe geometric series converges to a finite value given by the formula

4
S = |r] <1

c© 1—-r’

° u, is the first term

o risthecommonratio
o Thisisinthe formulabook, you donotneedtorememberit

(’) ExamTip

* e Learn andrememberthe conditions forwhen a sum to infinity can be calculated
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YOURNOTES

*9 Worked Example !
[ J

Thefirst three terms of a geometric sequenceare 6, 2, ? . Explain why the series

converges and find the sum to infinity.

s[g ol

W= 6, U=12, Uj

Find the value of v: r

Irl <1 so the sertes converges

Uy
Find the sum to «'r\(‘\'nit3= S = I -

W, _ b _6_
See = To¢ =T34 1

Seo =q
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1.3.4 Applications of Sequences & Series YOUR TOTES

Applications of Arithmetic Sequences & Series

Many real-life situations can be modelled using sequences and series, including but not limited
to: patterns made when tiling floors; seating people around a table; therate of change of a
population; the spread of a virus and many more.

What do | need to know about applications of arithmetic sequences and
series?

« |faquantityis changingrepeatedly by having a fixedamount added to or subtracted from
it then the use of arithmetic sequences and arithmetic series is appropriate to model the
situation

o Ifasequenceseems to fitthe pattern of an arithmetic sequenceitcanbe saidto be
modelled by an arithmetic sequence

o Thescenario can be modelled using the giveninformation and the formulae from the
formula booklet

 Acommon application of arithmetic sequences and series is simpleinterest

o Simpleinterestis when aninitialinvestmentis made and then a percentage of theinitial
investmentis added to this amount on aregularbasis (usually peryear)

¢ Arithmetic sequences can be usedto make estimations about how something willchange
inthe future

(") Exam Tip
-
e Exam questions won't always tellyou to use sequences and series methods,
practice spotting them by looking for clues in the question
¢ |fagivenamountis repeated periodically thenitis likely the questionis on
arithmetic sequences or series
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YOURNOTE
) Worked Example OURNOTES
[ J

l
Jasperis saving foranew car. He puts USD $100 into his savings account and then
each month he puts in USD $10 more than the month before. Jasperneeds USD
$1200 forthe car. Assuming no interest is added, find,

i)
the amount Jasperhas saved after fourmonths,
|dentif Y e orikhmekic Seguence

W =10 , d=10

After & wmonths Tasper will hove saved:
W + Uz + U3 + Ueg =Sq_

Focmula. for the sum of on ocibhmekic senes

Sn= F(2u, + (n-0d)
S¢ = £ (2w, +(+-Nd)

Sub (n W, =100 and d =10

S¢ = £ (2(100)+ («-1)(10))
2 (200 + 30)

2 (2320)

I

S = $460

ii)
themonth in which Jasperreaches his goal of USD $1200.
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Swb Sn =1200, W, =100, d =10 {nto Lormula :

2 (20100) + (n-1)(0))

1200

Solve. using alogbraic Solver on GocC:

= 8.67F.. or m=-2% 6%
Qo“sfebwe\ as N connoct

be V\e&o&.ive.
Sg < 1200
Sq > 1200 veoches ol in 9™ month

Josper will veach WSO $1200
n the ™ ponth.
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Applications of Geometric Sequences & Series YOURNOTES

What do | need to know about applications of geometric sequences and l
series?

o |faquantityis changingrepeatedly by a fixed percentage, or by being multiplied
repeatedly by a fixed amount, then the use of geometric sequences and geometric series
is appropriate to model the situation

o Ifasequenceseems to fitthe pattern of a geometric sequenceit can be saidto be
modelled by a geometric sequence

o Thescenario can be modelled using the giveninformation and the formulae from the
formula booklet

 Acommon application of geometric sequences and series is compound interest

o Compoundinterestis when aninitialinvestmentis made andtheninterestis paid on
theinitialamount and on the interest already earned on aregularbasis (usually every
year)

e Geometric sequences can be usedto make estimations abouthow something willchange
inthe future

e The questions won’talways tell you to use sequences and series methods, so be prepared
to spot ‘hidden’ sequences and series questions

o Lookout forquestions on savings accounts, salaries, sales commissions, profits,
population growth and decay, spread of bacteria etc

(f) Exam Tip

* e Exam questions won't always tellyou to use sequences and series methods,
practice spotting them by looking for clues in the question
e |fagivenamountis changing by a percentage or multiple thenitis likely the
question is on geometric sequences or series
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YOURNOTES
*> Worked Example !
[ J

Anewvirusis circulatingon aremoteisland. On day one there were 10 people
infected, with the number of new infections increasing at arate of 40% per day.

a)
Find the expected number of people newly infected on the 7! day.

\de.n\-.i(‘:s the seovvw.br{c_ seguence :

w, =10 ) Y = \.L‘_
RO 40/ wncrense so G0V

of the clou\.'s ve fore

New <Afections : Uz
Foconwla for n™ tecn of o aepmehr{c_ senes

n-t
Un= W, r

Sl&b \.I\. ul =‘OI \"=‘,L'-

Uz = IO(l.‘(-)é = 35.29...

Expected number of new dnfections = F5

b)
Find the expected number of infected people after one week (7 days), assuming no
onehasrecoveredyet.

Totol cnfections: S=

Focmula, for the sum of o Sepme_brig senes:

Swo= W™= o) s ths

-1 : .
verswon s

eoster o wse.

Suwo in w =10, r=\L¢

>
Ss = 00E?-1) - 93853,
Ve — |

Expecked number of totol dafections = 239
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1.4 Financial Applications YOURlNOTES

1.4.1Compound Interest & Depreciation

Compound Interest

What is compound interest?

¢ Interestis a smallpercentage paid by a bank orcompany thatis added on to aninitial
investment
o Interestcan alsorefertoan amount paid on aloan ordebt, however|B compound
interest questions will always refertointerest oninvestments
e« Compound interestis whereinterestis paid on both theinitial investment and any interest
thathas already been paid
o Make sure you know the difference between compoundinterest and simple interest
= Simpleinterest pays interestonly on theinitialinvestment
¢ Theinterestpaideachtimewillincrease asitis a percentage of a highernumber
e Compoundinterestwillbe paidininstalmentsin a given timeframe
o Theinterestrate, r, willbe perannum (peryear)
= This couldbewrittenr % p.a.
o Lookout forphrases such as compounding annually (interest paid yearly) or
compounding monthly (interest paid monthly)
a

B % willbe paid each

= If a% p.a.(perannum)is paid compounding monthly, then

month
= The formula forcompoundinterest allows for this soyou donothave to
compensate separately

How is compound interest calculated?

¢ Theformula forcalculatingcompoundinterestis:

r kH
FV=PVX (l + IOOk)

o Where
FVis the futurevalue
PVis the presentvalue
nisthe numberofyears
kis the number of compounding periods peryear
r%is thenominalannualrate of interest
o This formulais giveninthe formula booklet, you do not have torememberit
e Becarefulwiththekvalue
o Compoundingannuallymeans k=1
o Compounding half-yearly means k=2
o Compounding quarterly means k=4
o Compounding monthly means k=12
¢ Your GDC willhave a finance solverapp onitwhich you can use to find the future value
o This may also be calledthe TVM (time value of money) solver
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o Youwillhave to enterthe information from the question into your calculator YOURNOTES
e Beawarethatmany questions willbe set up such that you willhave to use the formula 1
o Soforcompoundinterest questionsitis betterto use the formula from yourformula
booklet thanyour GDC
(’) Exam Tip

* ¢ Your GDC willbe able to solve some compoundinterest problems soitis a good

idea to make sure you are confident usingit, howeveryou must also familiarise
yourself with the formula and make sure you can find it in the formula booklet

> Worked Example

°
Kiminvests MYR 2000 (Malaysian Ringgit) in an account that pays a nominal

annualinterestrate of 2.5% compounded monthly. Calculate the amount that Kim
willhaveinheraccount after5 years.
Comgo\w\& nkerest formaula :
interest voke

(- kn & number of years
FV =pv (1 + 155k )

21

fukuce present Compo umo\inj
voalue value periods

Suwoskiture wvolues (0

PV = 2000 (initiol investment)
k=12 (Compoundin\s movx’chl\us)
v = 2857

w =5 (number of dears)

2.5 (1zx s)

Fv = 2000 (I+m7_)

2246 6.002...

FY = MYR 2270 (3s€)
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Depreciation YOURNOTES
What is depreciation? l

e Depreciationis when somethinglooses value overtime
o Themost common examples of depreciation are the value of cars and technology or
the temperature of a cooling cup of coffee

How is compound depreciation calculated?

e Theformula for calculating compound depreciationis:

(1oL
FV—PVX\l 100 )
o Where
= FVisthefuturevalue
= PVisthepresentvalue
= nisthenumberofyears
= r%is therate of depreciation
o This formulais not givenin the formula booklet, howeveritis almost the same as the
formula forcompoundinterest but
= with a subtractioninstead of an addition
= thevalue of kwillalways be
¢ Your GDC could again be used to solve some compound depreciation questions, but
watch out for those which are setup such that you willhave to use the formula

(") Exam Tip
* ¢ Although the formulais not the same as the one given in the formula booklet for

compound interest, itis very similar
o Practice finding this formula and recognising the differences
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YOURNOTES

i

*> Worked Example
Kyle buys a new carfor AUD $14 999. The value of the car depreciates by 15% each

year.
a)
Findthevalue of the carafter5 years.
Depreciokion formula : o
voke of o\eprec\o&-on
(-/H_(_ number of years
Fv =PV(|_ 100 )
I
fukuce present
volue value

Suwestituke volues ('

14999 (initiol cost)

PV =
Y = |5/
n =5 (numvber of :jcws)

IS S
FV = 14999 (1 - 7557 )

6655.13 ...

Il

AUD $6660 (3s€)

®

Fv

b)
Find the number of years and months it will take for the value of the carto be

approximately AUD $9999.
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FV =pv(I- lo‘; ¥ YOURlNOTES
Fv = 9999

PV = 14999

v = IS/

Suwoskitukte values (n:
1S n

9999 =~ 144999 (|- 755" )

Use. GCDC to solve :

»r tw
2 td&q(s Q.44s OF [N Se&f

Converkt to Years ondk  monkhs :

2 erxs + 0.49S... %12 months

~’

2 yeors ond 6 months
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Amortisation
What is amortisation?

e Amortisationis the process of repaying aloan over a fixed period of time
o Mostcommonly questions will be about mortgages (loans taken out to buy ahome) or
loans taken out foralarge purchase
¢ Interestwillbe paid on the originalamount
o Eachrepaymentthatis made will partly repay the original loan and partly pay the
intereston theloan
o As payments are made the amount owed will decrease and so the interest paid will
decrease
= Asyou continuetorepay aloan more of therepayment goes ontheloan andless
ontheinterest

How canthe GDC be used to make calculations involving loans?

¢ Your GDC shouldbe usedto solve questions involving loans
o Usethefinance solver mode (sometimes called the TVM (time value of money) solver)
= Nwillbe the number of repayment periods (remember to include months and
years if necessary)
= [(%)istheinterestrate
= PVistheamountthatwas borrowed at the start - as this has beenreceivedit will
be entered as a positive number
= PMTis the payments made per period - this is repaying theloan sowillbe a
negative number
= FVisthefuturevalue (this will be zero as the loan will be paid off at the end of the
period)
= P/Yisthe numberof payments peryear, usually 12 as payments are made monthly
= C/Yisthe compounding periods peryear
= PMT@is thetime of theyearormonth the paymentis made (assume thisis the
endunless told otherwise)
o Leavethesectionthatyouneedto find outblankandfillin allothersections
o Your GDC willfillinthe last part foryou
¢ |tis sensible to checkyourfinalanswer, you can do this by finding the totalamount paid
back overalland comparingit to the original loan
o Thetotalamountrepaid will be alittle more than the originalloan plus | % of the original
loan

(f) Exam Tip

* Besuretowrite down the values that you putinto the financial solver on your

GDC, don'tjustwrite down the finalanswer as if itis incorrect you won't get any
marks if there is no working shown!

e Make surethatyou are clearon what the signage of any monetary valueis, if it's
positive then money is comingin to you, if it's negative then you are paying
money out
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YOURNOTE
9 Worked Example OURNOTES

Olivia takes amortgage of EUR€280 000 to purchase ahouse atanominalannual !
interestrate of 3.2%, compounded monthly. She agrees to pay the bank EUR
€1500 atthe end of every month to amortise theloan. Find
i)
the number of years and months it will take Olivia to pay back the loan,
WUse the Qir\o\nca/ TVM solver on your GOC :

N [ I/Z| Pv PMT | FV [ P/Y | ¢JY | PMTR

3.2 | 280000 | -1500 | O 12 12 END
K; A
DC will negoxive pow I3 ouandin A o
&u .‘.:,; in because Monbhly m?\tm 9 the end
for you. poyng this J of eoch
ock. eachw monthh
onth
N=25860 "

Convert to years

Number of 32&"5 = 125861 = 21.85
2

21 yeors and F montwus

ii)
the totalamount Olivia will pay to purchase the house.

Tokol omount pad = N x PMT

Total omount paid = 25%8.61 x 1500

Total omounk paid =£ 387395
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Annuities
Whatis an annuity?

¢ Anannuityis a fixed sum of money paid to someone at specifiedintervals over a fixed
period of time
o Mostcommonly this willbe because of aninitial lump sum investment which will be
returned at fixedintervals of time with a fixed interestrate
o Eitherfrom personal savings or fromreceiving aninheritance

How are annuities calculated?

e Your GDC shouldbe usedto solve questionsinvolving annuities
o Usethefinance solver mode (sometimes called the TVM (time value of money) solver)
= Nwillbe the number of payment periods (remembertoinclude months andyears
if necessary)
= [(%)istheinterestrate
= PVistheamountthatwasinvested - as this has beeninvestedit willbe entered as
anegative number
= PMTis the amount paid perperiod - as this is being received it willbe a positive
number
= FVisthefuturevalue (foranannuity this willbe zero as the balance at the end of
the payment period will be zero)
= P/Yisthe numberof payments peryear
= C/Yis the compounding periods peryear
= PMT@is the time of the year ormonth the paymentis made (usually the start)
o Leavethesectionthatyouneedtofindoutblankandfillinallothersections
o Your GDC willfillin the last part foryou
¢ Althoughyou are unlikely to needto useit, the formula for calculating an annuity is:

1+rm)—1
R
r

Frv

o Where
= FVisthefuturevalue
= Aistheamountinvested
= nisthenumberofyears
= r%istheinterestrate
o This formula is not given in the formula booklet, however your GDC will work out
annuities foryou so you do not need to remember it

(') ExamTip

* * Besuretowrite down the values that you putinto the financial solver on your
GDC, don'tjustwrite down the final answer as if itis incorrect you won't get any
marks if there is no working shown!

e Trytorememberthe difference between amortization and annuities:
o with amortization you are paying money out
o with annuities you are receiving money
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YOURNOTES
*> Worked Example !
[

Janniinvests 2 million DKK (Danish krone) into an annuity for herretirement. The
annuity returns 3% compounded annually. Find the monthly payments Janni will

receive if she wants the annuity to last for 25 years.

Use the (-'{mw\ce/TVM solver on your (GOC:

N | T/ PV PMT | FV| P/Y | ¢/Y | PMTe
300 | 3 |-2000000 (0] 12 | START

T T T T plio\ ok

25 s X 2 nebakive G.DC will pocd Com poundin
because Ll His in Monthl‘\j Qv\v\mm\b the Stact
s wos  for Yow. of eoch
. monthh
invested

PMT = 94ls.a5

Jonn. receives DKK 9419  eoch wmonkth

Page 57 of 111

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukfor more awesomeresources

1.5 Complex Numbers

1.5.1Introto Complex Numbers

CartesianForm
What is animaginary number?

o Upuntilnow, whenwe have encountered an equation suchas x2 = — 1 wewouldhave
stated that there are “noreal solutions”
o Thesolutionsarex = * \/—_lwhich arenotrealnumbers
¢ Tosolvethisissue, mathematicians have defined one of the square roots of negative one
as1i;animaginary number
o \/—_1=1
o i2=-1
e Thesquareroots of othernegative numbers can be found by rewriting them as a multiple of
JT
o usings/ab=+/ax.\/b

Whatis a complex number?

e Complexnumbers have both areal partand animaginary part
o Forexample:3 +4i
o Therealpartis 3andtheimaginary partis 4i
e Complexnumbers are often denoted by z
o Werefertotherealandimaginary parts respectively using Re(z)and Im(z)
¢ Two complex numbers are equal if, and only if, both the real andimaginary parts are
identical.
o Forexample, 3 +2iand3 + 3i arenot equal
e Thesetof allcomplexnumbers is given the symbol C

Whatis Cartesian Form?

¢ There are a number of different forms that complex numbers can be written in
e Theformz=a +biis known as Cartesian Form
o a,belR
o Thisis the first form given in the formula booklet
e Ingeneral, forz=a+bi
o Re(z)=a
o Im(z)=b
e Acomplexnumbercan be easily represented geometrically whenitis in Cartesian Form
Your GDC may call this rectangular form
o WhenyourGDC is setinrectangular settings it will give answers in Cartesian Form
o Ifyour GDC is not setin a complex modeit willnot give any outputin complex number
form
o Make sureyou can find the settings forusing complex numbers in Cartesian Form and
practice inputting problems
Cartesian formis the easiest form foradding and subtracting complex numbers
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O ExamTip YOURNOTES

¢ Rememberthat complex numbers have both a real part and animaginary part !
o Tis purely real (its imaginary partis zero)

o jis purely imaginary (its real part is zero)

o l+iisacomplexnumber(boththerealandimaginary parts are equalto1)

*> Worked Example
°
a)

Solvetheequation x2= —9

x* = =9
x =*[-9
USin%@=Ja>‘J_b x=*[q [T

x =13

b)
Solve the equation (x+7)2=-16, givingyour answers in Cartesian form.
(c+#)" =-16
x+? =X [-16
x++F = '_", 16 |-|
x+? =t 40— USiﬂ%@ =lo x{b

Rearmnse ownswes ko Covtegion
form:

X =-7 T4
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Complex Addition, Subtraction & Multiplication

How do | add and subtract complex numbersin Cartesian Form?

e Addingandsubtracting complex numbers should be done when they are in Cartesian form
¢ When adding and subtracting complex numbers, simplify the real andimaginary parts
separately
o Justlikeyouwouldwhen collecting like terms in algebra and surds, ordealing with
different components in vectors
o (a+bi)+(c+di)=(a+c)+(b+d)i
o (a+bi)—(c+di)=(a—c)+(b-d)i

How do | multiply complex numbers in Cartesian Form?

e Complexnumbers can be multiplied by a constantin the same way as algebraic
expressions:
o k(a+ bi) = ka+ kbi
e Multiplying two complexnumbers in Cartesian formis donein the same way as multiplying
two linear expressions:
o (a+bi)(c+di)=ac+(ad+ bc)i+ bdi2 = ac+ (ad+ bc)i — bd
o Thisis a complex numberwith real part ac — bd andimaginary part ad + bc
o Themostimportant thing when multiplying complexnumbers is that
n i2=—1]
¢ Your GDC will be able to multiply complex numbers in Cartesian form
o Practisedoingthis anduseit to checkyouranswers
¢ [tis easytoseethat multiplying more than two complex numbers togetherin Cartesian
formbecomes alengthy process prone to errors
o |tis easierto multiply complex numbers when they are in different forms and usually it
makes sense to convert them from Cartesian form to either Polar form or Euler’s form
first
¢ Sometimes when a question describes multiple complex numbers, the notation Z)s Zys e is

usedtorepresenteach complex number

How do | deal with higher powers of i?
e Becausei? = —1 this canleadto someinteresting results for higher powers of i
o B=xi= —i
4= (iz)z = (_1)2 =1
iP=(2)? xi=i
io=(2)p3=(-10= -1
» Wecanuse this same approach of usingi? to deal with much higher powers
o B=(2)xi=(-)xi= —i

o Justrememberthat-Traisedtoanevenpowerislandraisedtoanoddpoweris -1

o

Le]

]
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ExamTip

¢ Whenrevising foryourexams, practice using your GDC to check any
calculations you do with complex numbers by hand

o This willspeed up usingyour GDC in rectangular form whilst also giving you
lots of practice of carrying out calculations by hand

Worked Example
a)
Simplify the expression 2(8 — 61) — 5(3 + 4i).

Expand the  brockets

z@) —@y 16 —120 - 15 -20¢
Collect the .reaL and imaﬂ\'ﬂo\rﬂ parts
6 =15 - 1ZL - 20¢

SimP\iQna

| -32%1

b)

Given two complexnumbers z, =3 +4iand z, =6+71i,find z, X z,.

1 2

Expond. 4he  brockeks
(3@0 =18 +21L + 240 + 28
<~

=18 + 210 + 261 +(28)(-Y)
Usivxa =)
Collect the reol and imagmavtﬁ ports

I8 + 210 +24¢ =28 = 1828 + (21 + 241
SimP\@(:La

-0 +45¢
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Complex Conjugation & Division
When dividing complex numbers, the complex conjugate is used to change the denominator
toarealnumber.

What is a complex conjugate?
 Foragiven complexnumber z= a + bi, the complex conjugate of zis denoted as z”,
where z* = a— bi
o Ifz=a—bithenz"=a+ bi
¢ Youwillfindthat:
o z+ z"isalways realbecause (a+ bi) + (a— bi) =2a
= Forexample: (6 +5i) + (6—5i) = 6+6+5i—5i = 12
o z—z"isalwaysimaginary because (a + bi) — (a — bi) =2bi
= Forexample: (6 +5i) — (6—5i) = 6-6+5i—(-5i) = 10i
o zX z"isalways realbecause (a+ bi)(a— bi) = a% + abi — abi — b2i2 = a2 + b2 (as
i2=-1)
= Forexample: (6 +5i)(6 —5i) = 36 +30i — 30i —25i2 = 36 —25(—1) = 61

How dol divide complex numbers?

¢ Todivide two complex numbers:
o STEP 1. Express the calculation in the form of a fraction
o STEP 2: Multiply the top and bottom by the conjugate of the denominator:
atbi  a+bi c—di
c+di c+di | c—di
= This ensures we are multiplying by 1; so not affecting the overall value
o STEP 3: Multiply out and simplify youranswer
= This should have arealnumberas the denominator
o STEP 4:Write youranswerin Cartesian form as two terms, simplifying each term if
needed
= ORconvertinto therequired formif needed
¢ Your GDC willbe able to divide two complex numbers in Cartesian form
o Practise doing this anduseit to checkyouranswersif you can

(’) ExamTip

* e We can speedup the process for finding by using the basic pattern of
e We can apply this to complex numbers:

(usingthe factthat )
o So multiplied by its conjugate would be

Page 62 of 111

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, PastPapers

YOURNOTES
i


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukfor more awesomeresources

Worked Example YOUR TOTES
Findthevalue of (1 +7i) + (3 —1).
RQ,UJY'“.Q as o ‘CY'QCE\O(\: |+ F¢

. complex conjugokbe

E R_of 3-L is B*L
Multiply top ond bottom of the fraction b
the complex conjugoke of the denominator.

I+3  3+L - (1+7F)(3+1)
3-1 3+1 (3-0)(3+0)

ol
3+ L+2I0 +F"
9 +3{-30-L"
othe imaginary pocts
eliminoke each othecr

. 3+220+(-3)
a-()
Simphify = -4 +22¢
10
Wrive in Cortesian = —& 4220
form 1o o
-2 .0 S'\mp\{Fj finol onswer.
S §
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Modulus & Argument
How do find the modulus of a complex number?

e Themodulus of a complex numberis its distance from the origin when plotted on an
Arganddiagram
 Themodulus of zis written |z|
e If z=Xx+1iy, thenwe canusePythagoras toshow...
o |7l =37+

¢ Amodulusis nevernegative

What features should | know about the modulus of a complex number?

¢ themodulusis related to the complex conjugate by...
o zz"=7"z=|z|?
o Thisisbecause zz* = (x +iy)(x —iy) = x2 + y2
* Ingeneral, |Z1 +22| Z |Z1 | + |Z2|

o eg.bothz = 3+4iand z,= - 3 +4ihaveamodulus of 5, butz, + z, simplifies to 8i

which has a modulus of 8

How dol find the argument of a complex number?

¢ Theargument of acomplexnumberis the angle thatit makes on an Argand diagram
o Theangle must be taken from the positivereal axis
o Theangle mustbein a counter-clockwise direction
¢ Arguments are measuredinradians
o Theycanbe givenexactinterms of Tt
e Theargumentof zis written arg z
¢ Arguments can be calculated using right-angled trigonometry
o Thisinvolves usingthe tanratio plus a sketch to decide whetheritis positive/negative
and acute/obtuse

What features should | know about the argument of a complex number?

¢ Arguments areusuallygivenintherange—m <argz < 1
o Negative arguments are forcomplex numbers in the third and fourth quadrants
o Occasionally you could be askedto give argumentsintherange0 < argz < 27
= The question willmakeit clearwhichrangetouse
e Theargument of zero, arg 0 is undefined (no angle can be drawn)

What are the rules for moduli and arguments under multiplication and
division?

¢ When two complexnumbers, z andzz,aremultipliedtogivez z_,theirmoduli are also

1 172’

multiplied
° |lezl - |Zl||22|
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Z YOURNOTES
e When two complex numbers, z, and z, are divided to give —, theirmoduli are also 1
2
divided
12| 2]
SEANEA
| % | | 2|
¢ When two complex numbers, z, and z, are multiplied to give z,z,, theirarguments are
added
o arg (z1 Zz) =arg z, targ z,
Z
e When two complex numbers, z, and z, are divided to give 7 theirarguments are
2
subtracted
O Exam Tip
w

¢ Always draw a quick sketch to help you see what quadrant the complex number
lies inwhen working out an argument
¢ Look fortherange of values within which you should give your argument

o Ifitis then you may need to measureitin the negative
direction
o Ifitis then you will always measurein the positive direction

(counter - clockwise)
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YOURNOTES
9 Worked Example
° l
a)
Find the modulus and argumentof z=2 + 3i
|zl = Jzv+3* = i3
Drow o sketch to help find the orgument.:
o
3 1 k 2 +3i
—E\e a‘s“mewt is E T 9 =+&f\-\(%)
ﬂf\e Counker - E 3 = 0.4827%F
token £rom the J Z >Re
positive X-owxis
=z

Mod =
arg &

Izl = Ji3
O = 09383 (3sf)

b)
Findthe modulus andargumentof w= —1— \/?i

lwl = Jen +@@)F =J&
Im

I e msument IS
S le T R meosured clockwise
ara w Leom thne positive

-B x-oxme then & will
Find tnis ' be. e
angle fiest negRTIve
and Swokrock [z
Erom TC.

ol =+an_‘(J—T3_'> =+0\V\-‘(E) = %

N
Modz = |2l = 2
arg 2 =-6=-2‘TK
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1.6 Further Complex Numbers

1.6.1Geometry of ComplexNumbers

Geometry of Complex Addition & Subtraction

What does additionlooklike on an Argand diagram?
¢ |n Cartesian form two complex numbers are added by adding therealandimaginary parts
¢ When plotted on an Argand diagram the complex number z; + z, is the longer diagonal of
the parallelogram with vertices at the origin, z;, zy and z; + z,

lm/
THE COMPLEX NUMBER
10 z+w |S REPRESENTED ON
AN ARGAND DIAGRAM AS
THE DIAGONAL OF THE
PARALLELOGRAM WITH
2l = 7l T VERTICES O, z, w AND z +w
ra
5
w
0 5 10 15 | Re

What does subtraction look like on an Argand diagram?

¢ |In Cartesian form the difference of two complex numbers is found by subtracting the real
andimaginary parts

¢ When plotted on an Argand diagram the complex number z; - z2 is the shorter diagonal of
the parallelogram with vertices at the origin, z;, -z and z; - z2
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THE COMPLEX NUMBER

z —w IS REPRESENTED ON
AN ARGAND DIAGRAM AS
THE DIAGONAL OF THE
PARALLELOGRAM WITH
VERTICES z,—w AND z —w

“fz///o 5 10 Re

REMEMBER TO PLOT THE POINT —w BEFORE DRAWING THE PARALLELOGRAM

What are the geometrical representations of complex addition and
subtraction?
e Letwbeagiven complexnumberwith real part a andimaginary partb
o w=a+bi
e |etzbeanycomplexnumberrepresented onanArganddiagram
e Addingwtozresultsinzbeing:

a
o Translated by vector (b)

¢ Subtractingwfromzresultsinzbeing:

o Translated by vector (_ a )
-b

(f) ExamTip

w q q
¢ Take extra care whenrepresenting a subtraction of a complex number

geometrically
o Rememberthatyouranswerwillbe a translation of the shorter diagonal of
the parallelogram made up by the two complex numbers
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YOURNOTES
Worked Example

l
Considerthe complexnumbers z;=2 + 3iandz, = 3 - 2i.

On an Argand diagramrepresent the complex numbers z;, z,, z; + zoand z; - z5.

Fiest £ind z.+2, and Z %

Z o+ 22 = (2+3) +(3-21) =85+

Z, -2, = (2+3)) -(3-2i) =-1+5
Im
N
Z-22=-1+5:
—Z'LX:
-3
The

eomericol ?Tox:ev&;\gg con ‘oe_
Seen \o\\j o\clcl'\r\j nw -2, =-3+2%
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Geometry of Complex Multiplication & Division
What do multiplication and division look like on an Argand diagram?

e The geometrical effect of multiplying a complex number by a real number, a, willbe an
enlargement of the vector by scale factora
o Forpositivevalues of a the direction of the vectorwillnot change but the distance of
the point from the origin willincrease by scale factora
o Fornegativevalues of a the direction of the vector willchange and the distance of the
point from the origin willincrease by scale factora
¢ The geometrical effect of dividing a complexnumberby areal number, a, willbe an
enlargement of the vectorby scale factor1/a
o Forpositive values of a the direction of the vector willnot change but the distance of
the point from the origin willincrease by scale factor1/a
o Fornegativevalues of a the direction of the vector willchange and the distance of the
point from the origin willincrease by scale factorl/a
¢ The geometrical effect of multiplying a complex number by i will be a rotation of the vector
90° counter-clockwise
o i(X+yi)=-y+Xi
* The geometrical effect of multiplying a complex number by animaginary number, ai, will be
arotation 90° counter-clockwise and an enlargement by scale factora
o ai(x+yi)=-ay+axi
¢ The geometrical effect of multiplying or dividing a complex number by a complex number
willbe an enlargement and a rotation
o Thedirection of the vectorwillchange
= Theangle of rotation is the argument
o Thedistance of the point from the origin willchange
= Thescalefactoris the modulus

What does complex conjugation look like on an Argand diagram?

¢ The geometrical effect of plotting a complex conjugate on an Argand diagramis a
reflection in the real axis
o Thereal part of the complex numberwill stay the same and theimaginary part will
change sign

(’) Exam Tip

e Make sure youremember the transformations that different operations have on
complexnumbers, this could help you check your calculations in an exam
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YOURNOTES

Worked Example !

Considerthe complexnumberz=2-i.

On an Argand diagramrepresent the complex numbers z, 3z, iz, z* and zz*.

Fiest find 32, 12 and =*

z2=2-1

3z =3(2-1)= 6-3i

iz =1(2-1) = 2i-1% = 2i-(-0) = | +2
2¥ = 2 41

zz* = (2-)(2+) = 4-i* = 4-(-1) =85
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Modulus-Argument (Polar) Form
How do| write a complex number in modulus-argument (polar) form?

 The Cartesian form of a complexnumber, z= x + iy, is written in terms of its real part, x,
anditsimaginary part, y
« Ifweletr=|z and @ =arg z, thenitis possible to write a complex numberin terms of its
modulus, r, andits argument, 8, called the modulus-argument (polar) form, given by...
o z=rcos 6 +isin 6)
o Thisis oftenwrittenasz=rcis 6
o Thisis givenin the formula book under Modulus-argument (polar) form and exponential
(Euler) form
e ltisusualtogiveargumentsintherange—m < 0 < mor0 < 0 <2m
o Negative arguments should be shown clearly

o e.g.Z—2(cos (——\+1sm( ?)) =2 c1s( %)

= without simplifying cos( - ?) to either cos(?ﬂ) or 5

e The complexconjugate of rcis fis rcis (-0)
« Ifacomplexnumberis giveninthe form z= r{cos @ —isin ), thenitis notin modulus-
argument (polar) form due to the minus sign
o |tcanbe converted by considering transformations of trigonometric functions
= —sinf = sin(—0) and cosf = cos(— 6)
o So z=r{cosf—isinf) = z=r{cos(—0) +isin(—0)) = rcis(—6)
¢ Toconvert frommodulus-argument (polar) form back to Cartesian form, evaluate thereal
andimaginary parts

o Eg. Z=2(cos(—?n) + isin(—?n)) becomes z= 2(% + i(— @)} 1-/3 i

How do | multiply complex numbers in modulus-argument (polar) form?

e Themain benefit of writing complex numbers in modulus-argument (polar) formis that they
multiply and divide very easily
o Tomultiply two complex numbers in modulus-argument (polar) form we multiply their
moduli and add their arguments
° |22|= 4|2
o arg (z1 2) arg z, targ z,
e Soifzj=rcis(0y) andz, =r, cis (07)
© Z1Zp=riry Cis (6 +65)
» Sometimes the new argument, 91 +02,does notlieintherange—1m < @ < 7 (or
0 £ 0 < 2mifthisis beingused)

o Anout-of-range argument can be adjusted by either adding or subtracting 2 Tt
_2m o _m
o E.g.|f91 =3 and@z—? then 91 +92 =5
o Thisiscurrentlynotintherange—m < 6 < 1
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T 5Tt

o Subtracting 2Tt from ? to give —? ,anew argumentis formed

= Thisliesinthecorrectrange andrepresents the same angle on an Argand diagram
¢ Therules of multiplying the moduli and adding the arguments can also be applied when...

o ..multiplying three complex numbers together, Z,z,z,,0ormore

o ..finding powers of a complex number (e.g. z2 can be written as zz)
e Therules formultiplication can be proved algebraically by multiplyingz;=rycis (67) by zo =2
cis (02), expanding the brackets and using compound angle formulae

How do | divide complex numbers in modulus-argument (polar) form?

¢ Todivide two complexnumbers in modulus-argument (polar) form, we divide their moduli
andsubtract their arguments

| %1 |Zl|
o || =L
| % |2,

arg z, —arg z,

(o]
o
o
B bl
| N
Il

[\e)

e Soifzj=rcis(0y) andz, =r, cis (0,) then
Z 0 n
o —=—gcis(0 -6
1 2
Z, "1, s (070)
e Sometimes the new argument, 91 - Oz,canlieout oftherange— 1 < 0 < m(ortherange
0 < @ < 2mifthisis beingused)
o You canadd orsubtract 2Tt to bring out-of-range arguments back inrange
e Therules fordivision can be proved algebraically by dividing z; = r; cis (07) by zo = > cis (02)
using complexdivision and the compound angle formulae

O ExamTip
* ¢ Rememberthatrcis donly refers to
o |fyouseeacomplexnumberwrittenin the form thenyou

willneed to convertit to the correct form first
o Make sureyou are confident with basic trigidentities to help you do this
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Worked Example
. 3m T\ .. (m
Letz = 4./2 cis 7 andz, = \/@(cos(j) - 1s1n(?))

a)
Find z, z,, givingyour answer in the form r{cos + isinf) where0< 0 <27

z,- 47 0s(3F) , z, = [Blcos(-%) +isin(-3) = 2]z cis (-}
Foe 2,2,, mMultiply the modull ond odd  Hre arguments
(457 cis(CR) (27 eis(-3)
(«J2)212) cis (3 + (%)

lbcis (%)

Z, 22

22 = lb(cos It + isin i)

b)
Z
Find 5 giving your answer in the form r{cosf + isinf) where =t <0< 1
2

foe ; , divide the moduli and sulbkrack the arguments
. 3T

1 _ Lrﬁms(T) _ ‘;_?; Cis(%-('%-‘))

22 27 as(-%)

Zcis(sfm) S—Z: is not in the

vange -TL <O < T
‘« (BT N)
Zais (T -7‘”') SO Subtract 2T

to br‘w\s it wto ronge

n

Z_; = 2(cos (ZX) +isin(Z2))
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Exponential (Euler's) Form
How do we write a complex number in Euler's (exponential) form?

o Acomplexnumbercan be writtenin Euler's form as z= rei?
o Thisrelates tothe modulus-argument (polar) formas z= reif?=rcis 0
o This shows a clearlink between exponential functions and trigonometric functions
o Thisis givenin the formula booklet under'Modulus-argument (polar) formand
exponential (Euler) form'
e Theargumentis normally givenintherange O <6 <2m
o Howeverin exponential form otherarguments can be used and the same convention
of adding or subtracting 2 can be applied

How do we multiply and divide complex numbersin Euler's form?
e Euler's form allows for quick and easy multiplication and division of complex numbers
e ifz,=re’tandz =reth
z =re 'andz,=rge en
i(6,+6,)

o X =
Z1 22 1'11'26

= Multiply the moduliand add the arguments

z r, .
5 _1_ _161(91 = 0,)
Z, h

= Divide the moduliand subtract the arguments
¢ Usingtheserules makes multiplying and dividing more than two complex numbers much
easierthanin Cartesian form
¢ When a complexnumberis written in Euler's formitis easy to raise that complexnumberto a

power
o If z=reif, 22 =pr2e?if and z2 = rienid

What are some common numbers in exponential form?
e Ascos(2m)=1andsin(2m) =0 you can write:
o | =e2mi
e Usingthe sameideayou can write:
o 1 =0 =e2Ti=ecdMi=gbmi=_2kmi
o wherekis anyinteger
 Ascos(m) = —1 andsin( ) =0 you canwrite:
o eMi=—]
o Ormore commonly writtenas ei™+1=0
= Thisis known as Euler's identity andis considered by some mathematicians as the
most beautiful equation

e As cos(g) =(0and sin(?n) =1 you can write:

I
o i=e?
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YOURNOTES

¢) ExamTip .

¢ Euler's form allows for easy manipulation of complex numbers, in an examit is
often worth the time converting a complexnumberinto Euler's form if further
calculations needto be carried out
o Familiarise yourself with which calculations are easierin which form, for
example multiplication and division are easiest in Euler's form but adding
andsubtracting are easiestin Cartesian form

*> Worked Example
[

1
Considerthe complexnumber z=2¢ 3 . Calculate Z2 givingyouranswerin the
form reif,

N VL 2(Fi

gt = <2e3'> =<2e3'><2e37l> =4e 5
\mu\\hp\\j the modull
odd ke arguments
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Conversionof Forms YOURNOTES

Converting from Cartesian form to modulus-argument (polar) form or l
exponential (Euler's) form.

e Toconvert from Cartesian form to modulus-argument (polar) form or exponential (Euler)

formuse
o r=lz=y/x+y
e and
o f=argz

Converting from modulus-argument (polar) form or exponential (Euler's)
form to Cartesian form.

e Toconvert from modulus-argument (polar) formto Cartesian form
o Writez=r(cos6+isinf)asz=rcosf+(rsin0)i
o Findthevalues of the trigonometric ratios rsind and rcoso
= You may need to useyourknowledge of trigexact values
o Rewriteasz=a+biwhere
= a=rcosfandb=rsind
« Toconvert from exponential (Euler’s) form to Cartesian form first rewrite z=re® in the formz
=rcosb +(rsind)iandthen follow the steps above

(’) ExamTip

w 0 . . '
¢ When converting from Cartesian form into Polar or Euler's form, always leave
your modulus and argument as an exact value
o Roundingvalues too early may resultininaccuracies lateron
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YOURNOTES
*> Worked Example !

g 27 .

-1
Two complexnumbers are given by z, =2+2iand Zz=3e 3

a)
Write z, in the form reif.
Z, =2+2
Find the modulus: |7, =J2*+2* = J8 =212

Drow o sketeh 4o help find the argument:

2+2i e =+an—‘(%) =+an—\(l)

uH
&
2 = 2]z ¢

b)
Write z, in the form r{cos@ + isind) and then convert it to Cartesian form.

T

=1 2.TC o @
Z, = 33 B(Cos—g— + \$m2-§75

3(-z + i ()

E?_= %(—l + E|)

Il
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1.6.3 Applications of Complex Numbers

Frequency & Phase of Trig Functions
How are complex numbers and trig functions related?

¢ Asinusoidal functionis of the form a sin(bx + c)
o arepresents the amplitude
o brepresents the period (also known as frequency)
o crepresents the phase shift
= Thefunction may be written a sin(bx + bc) = a sinb(x + c) where the phase shiftis
represented by bc
= This willbe made clearin the exam
¢ When written in modulus-argument form the imaginary part of a complexnumberrelates
only tothe sinpartand thereal part relates to the cos part
o This means thatthe complex number can berewrittenin Euler's form andrelates to the
sinusoidal functions as follows:
o asin(bx+c) =Im(aeltx+c)
o acos(bx+c)=Re(aeltx+°)
e Complexnumbers are particularly useful when working with electrical currents orvoltages
as these follow sinusoidal wave patterns
o AC voltages may be givenintheformV =asin(bt+c)orV=a cos(bt+c)

How are complex numbers used to add two sinusoidal functions?

e Complexnumbers can help to add two sinusoidal functions if they have the same
frequency but different amplitudes and phase shifts
o e.g.2sin(3x+1) can be added to 3sin(3x - 5) but not 2sin(5x +1)
e Toaddasin(bx+c)todsin(bx+e)
o oracos(bx+c)todcos(bx+e)
 STEP1: Consider the complex numbers z; = ae!®**<) and z, = deitx+e)
o Thenasin(bx+c)+dsin(bx+e) =Im(z;+z,)
o Oracos(bx+c)+dcos(bx+e)=Re(z;+2y)
o STEP 2:Factorisez;+z, = ael®X+¢) 1 dei®x+e) = gibx(5eCi 4 deel)
o« STEP 3:Convertae‘ + de® into a single complex numberin exponential form
o Youmay needto convertitinto Cartesian form first, simplify and then convert backinto
exponential form
o Your GDC willbe able to do this quickly
e STEP 4:Simplify the whole term and use therules of indices to collect the powers
e STEP5:Convertinto polarformandtake...
o onlytheimaginary part forsin
o oronly thereal part forcos
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O Exam Tip YOURlNOTES

¢ Anexam questioninvolving applications of complex numbers will often be
made up of various parts which build on each other
o Remembertolook backatyouranswers from previous question parts to
seeif they can helpyou, especially when looking to convert from Euler's
formto a sinusoidal graph form

*> Worked Example
[ J

Two AC voltage sources are connectedin a circuit. If V1 =20sin(308)and
V2 =30sin(30¢ + 5) find an expression for the total voltage in the form

V= Asin(30¢t+ B).

20sin(30t) + 30sin(30t+5)
A b

F(e:‘,wg'\es ore the
Seme so tney can be odded

(308 .
(3 )M Oe\(?:Ob +5)

STep1: Leb 2 = 20e d 2, =3

ln polar focon the imms}mﬂ pavrts owe the.
sinusoidol funckions we wonk o odd.

STEP 2: Find =, + 2,

i (30%) (30t +5)
2z, = 20e +30e e 2+(3lcos(9)+1 sin(®))
= 10e30% (2 + 205') = 2.850..- 2.8%6.. i

STEP 2: Use GOC to find 2+43e% in Eules’s focm

) )Oe:'mb; (4.05'" e—O.N'i...L)

SsTep 4: Use index laws %o s'\m§>\i€5.

405 i (20t -078a...)
= Se

STEP 5: Convect to  Polar form

= 40.5(cos (30t -0m8a.) +1 sin(30t - 0.784..))

The imo‘s'\(\ws part is the  Solution

V = 40.5 sin(30t - 0390)
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1.7 Matrices

1.7.1Introduction to Matrices

Introduction to Matrices

Matrices are a useful way torepresent and manipulate data in orderto model situations. The
elements in a matrix can represent data, equations or systems and have many real-life
applications.

What are matrices?
e Amatrixis arectangular array of elements (numerical or algebraic) that are arrangedin
rows and columns
¢ Theorder of a matrixis defined by the number of rows and columns thatithas
o The orderof a matrixwith mrows andn columnsis mXn
e Amatrix A canbedefinedby A= (aij) wherei=1,2,3, ..., mandj=1, 2,3, ..., nand a;

refers to the elementinrow i, column j

Number of columns, n = 3

—_———
a1 G2 O3

Number of rows, m = 2
21 Qa2 llz,a) }

A= ()=

What type of matrices are there?
e Acolumn matrix (or column vector) is a matrix with a single column, n =1
e Arowmatrixis a matrix with a singlerow, m=1
¢ Asquare matrixis onein which the number of rows is equal to the number of columns,
m=n
e Twomatrices are equal when they are of the same order and their corresponding
elements areequal, i.e. a,;= bijfor allelements

00
o Azeromatrix, O,is amatrixin which allthe elements are 0,e.g. O= (O 0 )

» Theidentity matrix, I,is a square matrixin which all elements along the leading diagonal are

10
1 andtherestare O,e.g.I=( 1
\01)

¢) ExamTip

* ¢ Make sure that you know how to enterand store a matrix on your GDC
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YOURNOTES

*> Worked Example !
’ Letth t'A—S_37

e ematrix = _1 2 4

a)

Write down the orderof A.

A s a 2x3 Matrix
b)

State thevalue of a, ..

a; = 4
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1.8 Eigenvalues & Eigenvectors

1.8.1Eigenvalues & Eigenvectors

Characteristic Polynomials

Eigenvalues and eigenvectors are properties of square matrices and are usedin a lot of real-life
applications including geometrical transformations and probability scenarios. In order to find
these eigenvalues and eigenvectors, the characteristic polynomial for a matrix must be found
andsolved.

What s a characteristic polynomial?

e Foramatrix A,if AX=AXwhen Xis anon-zerovectorand A aconstant,then Aisan
eigenvalue of the matrix A and X is its corresponding eigenvector

o IfAx=Ax=(AT- A)x=0o0r(A—A1I)x=0 andfor x to be a non-zero vector,
det(AI- A)=0

e Thecharacteristic polynomial of an n X n matrixis:

p(A) = det (AI- A)

« Inthis course you willonly be expected to find the characteristic equation fora 2 X 2 matrix
and this willalways be a quadratic

How do | find the characteristic polynomial?

e STEP1

Write AI — A, remembering that the identity matrix must be of the same orderas A
e STEP2

Find the determinant of AT — A using the formula given to you in the formula booklet

det A=|A|=ad-bc

e STEP3
Re-write as a polynomial

QD

") ExamTip

* You needtorememberthe characteristic equation asitis not givenin the
formula booklet
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YOURNQOTES
*> Worked Example !
Find the characteristic polynomial of the following matrix
An ( 54 1
B \31)

P()‘) = det ()J 'A)

(G0 ()
(39 6)
(i)

Determinant of a 2x 2 A
matrix

[“ b):dcm:\A\:ad-bc
c d

(A-5)(r-) - (6)(-3)

= A*-S5A-A+5 - 12

p(h)= At-6X -7
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Eigenvalues & Eigenvectors YOURNOTES
How do you find the eigenvalues of a matrix? l
o Theeigenvalues of matrix A are found by solving the characteristic polynomial of the

matrix
e Forthis course, as the characteristic polynomial will always be a quadratic, the polynomial
willalways generate one of the following:
o tworeal and distinct eigenvalues,
o onerealrepeated eigenvalue or
o complexeigenvalues

How do you find the eigenvectors of a matrix?

e Avalue for X that satisfies the equation is an eigenvector of matrix A
¢ Anyscalarmultiple of X will also satisfy the equation and therefore there an infinite number

of eigenvectors that correspondto a particulareigenvalue
e STEP1

Write X = (XW
\Y)

e STEP2
Substitute the eigenvalues into the equation (/II— A)x= 0, andform two equationsin
termsof xandy

e STEP3
There will be an infinite number of solutions to the equations, so choose one by letting one
of the variables be equalto 1 and using that to find the othervariable

(f) ExamTip

w . q
e Youcandoaquickchecktoonyourcalculated eigenvalues as the values along

theleading diagonal of the matrix you are analysing should sum to the total of
the eigenvalues for the matrix
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YOURNOTES
*9 Worked Example !
°
Findthe eigenvalues and associated eigenvectors for the following matrices.
a)

()

Solve the characteristic pol3mmiq\ o find Yo eigeavalues

p(z\) = AT- 6A =T 2 From workeh cample
above in Charackeristic

()‘ - )(r+ I) Polynomials

Use the eigenvalves in tre equation (AI-A) x=0 & fidh
the eign vectors

e () GG ()
C9-C G-
GG

-3x +63=0} 23:1‘

The en‘aenveckor associated with A=7 is any

mulbiple of (1.)

~6x -4y=0 2u=-3x
“3x-2y=o0 } I
The en‘aznvuhw associated wibh A==l is any

mulbiple of (Jé)
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Fnd  the characteristic potsv\aw\]q‘ YOUR NOTES
p(N) = det (A-l s ) l
-2 A-3

(x-1)(r-3) - (5)(-2)

=S AT-3A-A+3 410

p(A) = A -4) +13

Solve the characteristic polsmmiql to find Yne eipnvalues
by hand or wsng the GDC

p(A) = M -4A+13 =0

(A-2)'-4+13=0

(-9=-1
A=2:09
A= 2231

Use the eigenvales in the equation (AI-A) x=0 + fid
the eignvectors

wreiri o o) )2 (2)- ()
En) R
(230 ()

(1+3)x +Sy = 0
“2x + (1+3)y =0

Both equations can be

} 20 = (1 +3L>3 simplified to the some g

The eifnvector associated with A=2 +30 is any
mulbiple © “*3L)
wltiple of ( :

For A= 2-3, = ((z-s;) ; ?)_<

(o 50 (3)
(2.2)6)C)

Both equations can be

(v-3)x fSa- o }21_ 1= 3~) smplified to the same Bung
“2x v (1-y =0

C =
&
S—

The eifnvector associated wibh A= 2 -3¢ is any
mulbiple of <‘|'5'&
2

Page 87 of 111

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukfor more awesomeresources

1.2 Exponentials & Logs YOURlNOTES

1.2.2 Logarithms

Introduction to Logarithms

What are logarithms?
¢ Alogarithmis theinverse of an exponent
o Ifgx = bthenloga(b) =xwherea>0,b>0,az%1

= Thisisin the formula booklet
= Your GDC willbe able to use this function to solve equations involving exponents

e Trytogetusedto ‘reading’ logarithm statements to yourself
o loga(b) = x wouldbereadas “the powerthatyouraise ato,toget b, is x”

o Solog5125 = 3 wouldbereadas “the powerthatyouraise 5 to, to get 125, is 3”

e Twoimportantcases are:
o 1nx=loge(x)
= Where eis the mathematicalconstant2.718...
= Thisis called the naturallogarithm and willhave its own button on your GDC
° logx=log10(x)

= Logarithms of base 10 are used often and so abbreviated tolog x

Why use logarithms?

¢ Logarithms allow us to solve equations where the exponent is the unknown value
o We cansolve some of these by inspection
= Forexample, forthe equation 2X=8 we know that xmustbe 3
o Logarithms allow use to solve more complicated problems
= Forexample, the equation 2¥=10 does not have a clearanswer
. Instead,wecanuseourGDCstoﬁndthevalueoflogle

¢) ExamTip
* ¢ Before goinginto the exam, make sure you are completely familiar with your
GDC andknow how to useits logarithm functions
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YOURNOTES
Worked Example !
Solve the following equations:
i)
x= log327,

x = log32F & 3*=27%

We can see from (nspeckion:
3%2=23 & =17
oC =19
OR: Use GOC *o find orswer direckly .

ii)

2x=21.4, givingyouranswerto3s.f.

2% =214 This connot be seen
‘prom (.n.spe,ci.ioni

2*=2L4 & 9C=LO37_2|.‘|-

Ute GOC +to find onswer direckly.

Log, 2.4 = &.&l9S..

oc = 4.42 (3 s£)
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Laws of Logarithms YOURNOTES

What are the laws of logarithms? l
e |aws of logarithms allow you to simplify and manipulate expressions involving logarithms
o Thelaws of logarithms are equivalent to the laws of indices
» Thelaws youneedtoknoware, givena > 0:
o 10gaxy= 10gax+ logay

= Thisrelatestoa* X a¥=a*x*y
X

° loga; = logax - logay

= Thisrelatestoa* + a¥=ax~v
° 1ogaxm= mlogax

= Thisrelates to (aX)Y =a%y

e Theselaws areinthe formula booklet soyou donotneedtorememberthem

o Youmustmake sure you know how touse them

logyxy = logyx + Log,y ‘ [RELATES TO ateer=a

RELATES TO &= a* J
log, x¥ = klog,x RELATES TO (%= a*

logy (%) = logex — Logay

Useful results from the laws of logarithms
e Givena >0,a=#1
° logal =0
= Thisis equivalentto a¥ =1
o |fwesubstitute b forainto the givenidentity in the formula booklet
o ax=ph & logab = xwherea > 0,b >0,a = 1
o a*=a < log a=xgvesal =a® loga=1
= Thisisanimportantanduseful result

Substituting this into the third law gives the result
o log ak= k

e Takingtheinverse of its operation gives theresult

log x _

° a =X

From the third law we can also conclude that

o loga;= —logax
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. YOURNOTES
THE POWER YOU RAISE

log.a=1
=t a TO, TO GET q, IS 1" l

log,a* = xlog,a

log,a*=x
=X

AN  OPERATION AND

Qs = x
ITS INVERSE

log1=0 a%=1

Logu% =log X"

log, a = -logx
lax a =—log,X

e Theseusefulresults are notinthe formula booklet but can be deduced fromthelaws that
are
e Beware..
o ...loga(x +y) = logax + loggy
» Theseresults apply toIn x (logex) too

o Two particularly useful results are
s IneX =x
- elnx = x
e |aws of logarithms canbeusedto..
o simplify expressions
o solvelogarithmic equations
o solve exponential equations

(f) ExamTip

* ¢ Rememberto check whetheryoursolutions are valid
o log (x+k)is only definedif x> -k
o You willlose marks if you forget to reject invalid solutions
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YOURNOTES
*9 Worked Example !
[ J
a)

Write the expression2 log 4 — log 2 intheformlog k,wherek € Z.

U\sina the \law \oaoﬂcm = mlogs
’lLos‘e = Los‘rz = Loslé:
2103‘!— - losZ = Los‘r"'- LosZ
= \.o<3 6 - L032

Using the law logaX = logax - logay

Localb -L032 = Log‘—lzé = Log%
Zlos‘l- - log2 = Los%

1
b) Hence, orotherwise, solve2 log 4 —log 2 = —log P
To solve Zlos‘l- - losz = Los':l,—t rewrite os

log8 = - log =
A .
feom
park (o)
Use the index lLow = = o

L038 = —Losx_
e \ijxm= mLosax
L038 = Los.x
g = >
x =9
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1.7.2 Operations with Matrices

Matrix Addition & Subtraction

Justas with ordinary numbers, matrices can be added togetherand subtracted from one
another, provided that they meet certain conditions.

How is addition and subtraction performed with matrices?

e Twomatrices of the same order can be added or subtracted
¢ Only corresponding elements of the two matrices are added or subtracted
+ B= + = +
o AxB=(a)+(b)=(a b))
¢ Theresultant matrixis of the same order as the original matrices being added or
subtracted

What are the properties of matrix addition and subtraction?
e A+ B= B+ A(commutative)
« A+(B+ C)=(A+ B)+ C(associative)
« A+0=A
e« O-A=-A
A-B=A+(-B)

(’7 Exam Tip

et ¢ Make sure thatyou know how to add and subtract matrices on your GDC for
speed or forchecking workin an exam!
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*> Worked Example

®
-4 2 2 6
Considerthematrices A= 7 3 ||B=| 5 -9 |.

a)
Find A+ B.

Avrg

4 2 2 6 =2
7 3 + s -1 = 12
1 -5 =2 “3 |

n
/—'\I

b)
Find A— B.

-4
12
-2

Page 94 of 111

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, PastPapers

YOURNOTES
i


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukformore awesomeresources

Matrix Multiplication

Matrices can also be multiplied either by a scalar or by another matrix.

How do | multiply a matrix by a scalar?

¢ Multiply each element in the matrix by the scalar value

o kA= (kal.j)
¢ Theresultant matrixis of the same order as the original matrix
e Multiplication by a negative scalar changes the sign of each elementin the matrix

How do | multiply a matrix by another matrix?

e Tomultiply a matrix by another matrix, the number of columns in the first matrix must be
equal to the number of rows in the second matrix

* Ifthe orderof the first matrixis m X n andthe order of the second matrixis n X p, then the
order of the resultant matrix willbe m X p

¢ Theproduct of two matrices is found by multiplying the corresponding elements in the row
of the first matrix with the corresponding elements in the column of the second matrixand
finding the sumto placein theresultant matrix

h
Eg.lfA Irabc-IB g]
le) g = , = 1 J
f
|def] |_1< 1_|
. then AB= (ag+ b1:+ ck) (ah+b]:+ cl)
(dg+ ei+ fk) (dh+ ¢j + £l)

r(ga+hd) (gb+ he) (gc+hf)'|
= then BA=| (ia+jd) (ib+je) (ic+jf)
| (ka+1d) (kb+1le) (kc+1f) |

How dol square an expressioninvolving matrices?
¢ Ifanexpressioninvolving matrices is squared then you are multiplying the expression by
itself, sowrite it outin bracket form first, e.g. (A+B)?=(A+B)(A+B)
o remember, theregularrules of algebra do not apply here and you cannot expandthese
brackets, instead, add together the matrices inside the brackets and then multiply the
matrices together

What are the properties of matrix multiplication?

e AB# BA (non-commutative)

A(BC) =(AB)C (associative)

A(B+ C)= AB+ AC (distributive)

(A+ B)C= AC+ BC (distributive)

o AI=1IA = A (identitylaw)

e AO= OA = O,where Ois a zero matrix

o Powers of square matrices: A2=AA, A3=AAAetc.
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YOURNOTES

(’) Exam Tip .

e Make surethatyou are clearon the properties of matrix algebra and show each
step of your calculations
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*9 Worked Example

4 2 -5 51
Considerthematrices A=| -3 8 1 |andB=|-25
-1 -2 2 9 7
a)
Find AB.
& 2 -5 5 |
Ag = (-3 g8 | Xx |-2 S
-2 2 QT 7
x5+ 2x-2 + -5x9) (4x) + 2x5 4 -5x7)
= [(-3xS+8x-2 + v xq) (3x| + 8x5 + Ix7)
(' xS+-2x"2+ 2x4) (-Ix) +-2x5 + 2x7)
(20-4-4s) (4+10-35)
= (-15-16 +9)  (-3+40+1)
(-S+4+18) (-1-10+14)
-29 -2l
AG = | =22 44
() 3
b)

Explain why you cannotfind BA.

@A cannot b2 found because the number
of columns in & is different to the nowber
of rows in A

c)
Find A2.

. & 1 -5 & 2 -5\ /4 2 -5
A= (-3 8 | = [-3 8 1 |[-3 8
22 A2 2 /\11 2 2

(4x6 + 23 + -5x-1) (4x2 + 2x8 + ~5x-2)  (4x-5 + 2«1 4 -5x2)
= [(3x4 + 8x3+ Ix-1) (3x2 +8x8 + \x—2> (3xS + 8x\ + Ix2)
“ixl + -2x-3 + lx-l) (—Ix2+-lx8 +2x-l) Flx-5+-2x| + 2x 2)

IS 34 -28
-31 se 25
o -22 1

>
9
"
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1.8 Eigenvalues & Eigenvectors

1.8.2 Applications of Matrices

Diagonalisation
What is matrix diagonalisation?

¢ Anon-zero, square matrixis considered to be diagonal if all elements not alongits leading
diagonal are zero

o Amatrix P can be said to diagonalise matrix M, if Dis a diagonal matrixwhere D= P~! MP

If matrix Mhas eigenvalues }“1 , 12 andeigenvectors x X, andis diagonisable by P, then

1,
o P= (x1 Xz)’ where the first column is the eigenvector X, andthesecondcolumnis the

eigenvectorx2
)”1 0
o D=
0 12

You willonly need to be able to diagonalise 2 X 2 matrices
You willonly need to consider matrices with real, distinct eigenvalues
o Ifthereis only one eigenvalue, the matrixis either already diagonalised orcannot be
diagonalised
o Diagonalisation of matrices with complex orimaginary eigenvalues is outside the

scope of the course
¢) ExamTip
- e Rememberto use the formula booklet forthe determinant andinverse of a
matrix
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YOURNOTES

*9 Worked Example !

Th trix M= >4
e matrix = 31

(2 (2 .
X = | andxz— 3 respectively.

ShowthatP1 = (X1 X2) and P2 = (xle) both diagonalise M.

) has the eigenvalues /11 =7 and 12 = — 1 with eigenvectors

Show trot P MP produces a diagomal motnx

b d -b
Inverse of a 2x2 matrix | A =(a J = A= ! [ ), ad # bc
c

D= ])icxaoml wabnx °F
D= (7 O) ‘; eiaehvalw.i

S (€8 9 )
()Y
53 %)

D = Diagonal moalbmx of
D= (-I g) ‘)/ eigenvalwes
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Matrix Powers

One of the main applications of diagonalising a matrixis to make it easy to find powers of the
matrix, which is usefulwhen modelling transient situations such as the movement of
populations between two towns.

How can the diagonalised matrix be used to find higher powers of the
original matrix?
» Theequation to find the diagonalised matrix can be re-arranged for M.

D=P'MP= M=PDP!

e Findinghigher powers of a matrixwhen itis diagonalisedis straight forward:

e

e Therefore, we can easily find higher powers of the matrix using the power formula for a
matrix foundin the formula booklet:

M?=PDnp-!
(’) Exam Tip
* e Ifyou are askedto show this by hand, don’t forget to use your GDC to check
youranswer afterwards!
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YOURNOTE
Worked Example Oou 10 S

3
The matrix M= ( ) has the eigenvalues /11 =—-1and /12 =5 with

4
1

1
) ) and X, = ( 1 ) respectively.

eigenvectors X = (

a)
Show that M can be expressed as

_ 1 (=(=1=25)) (=(=1)+(5)")
M (( 2= 1) +2(5)) (- z(—1)n—<s>>)

Find D, Pand P
- (—l o) P=(| 1 5 p= _|_(_| _.)
0os 2 - 321

Use the mabix power forwula from the formula booklet

Power formula for M’ = pPD' P! P is the matrix of eigenvectors and D
a matrix - is the diagonal matrix of eigenvalues
I_ I - I
3 When mulbiplying these
u; xxxxxxx , ) (3,‘(.““_
“2x8" = =2(s")
= _ |_ | _| NoT - 10"
3

>
3 2(5) (S)

M~ = _L((-(-o"- 2(s)") (-G + (5)) )
3\t +2(s)) (21" -(s)")

b)
Hencefind M>.

Subsbtute wn=95

S ((-‘)5 -2 (sY) (-1 (sf))
2¢-0°+ 2(5)°)  (2(-1° - (5))

=- (—éuﬁ 312@)
3 \e2s2 -3123

M= ( 2083 —|oqz)
-20%¢4 104 |
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1.5 Complex Numbers YOURlNOTES

1.5.3 Introduction to Argand Diagrams

Argand Diagrams
What is the complex plane?

¢ Thecomplexplane, sometimes also known as the Argand plane, is a two-dimensional
plane on which complexnumbers can be represented geometrically
e |tis similarto a two-dimensional Cartesian coordinate grid
o Thex-axis is known as the real axis (Re)
o They-axisis known as the imaginary axis (Im)
¢ The complex plane emphasises the fact thata complex numberis two dimensional
o i.eithastwo parts, arealandimaginary part
o Whereas arealnumberonly has one dimension represented on a numberline (the x-
axis only)

Whatis an Argand diagram?

¢ AnArganddiagramis a geometrical representation of complex numbers on a complex
plane
o Acomplexnumbercanberepresented as eithera point oravector
e Thecomplexnumberx+yiis represented by the point with cartesian coordinate (x, y)
o Thereal partis represented by the point on the real (x-) axis
o Theimaginary partis represented by the point on the imaginary (y-) axis
o Complexnumbers are oftenrepresented as vectors
o Aline segmentis drawn from the origin to the cartesian coordinate point
o Anarrowis addedin the direction away from the origin
o This allows for geometrical representations of complex numbers

(’) Exam Tip

* ¢ When settingup an Argand diagram you do not need to draw a fully scaled axes,
you only need the essentialinformation for the points you want to show, this will
savealot of time
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YOURNOTES
*> Worked Example !
[ J

a)
Plotthe complexnumbers z; =2 + 2i and z, = 3 - 4ias points on an Argand diagram.

Lobel the iﬂwginou—b oxis Im

2 2+2i
Lobel the veal

L/axis Re
>Re

Yo o“\b need to lobel bhe \.m?o(tmb poitS on the owxes,

b)
Write down the complex numbers represented by the points Aand B on the Argand
diagram below.

A1 +30
B: =2 -1

Page 103 of 111

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukformore awesomeresources

Complex Roots of Quadratics

What are complexroots?

e Aquadratic equation can eitherhave tworealroots (zeros), a repeatedrealroot ornoreal
roots
o This depends on the location of the graph of the quadratic with respect to the x-axis
¢ |faquadratic equation has norealroots we would previously have stated thatithas noreal
solutions
o The quadratic equation willhave a negative discriminant
o This means taking the squareroot of a negative number
e Complexnumbers provide solutions for quadratic equations thathave noreal roots

How do we solve a quadratic equation when it has complexroots?

« Ifaquadratic equation takes the form ax? + bx + ¢ = O it can be solved by eitherusing the
quadratic formula orcompleting the square
« Ifaquadratic equation takes the formax? + b = Q it can be solved by rearranging
e Thepropertyi=v-Tisused
o Jma=yax—T=yaxy=T
¢ |fthe coefficients of the quadratic are real then the complexroots willoccurin complex
conjugate pairs
o Ifz=m+ni(nz0)is aroot of aquadratic with real coefficients thenz* =m-niis alsoa
root
¢ Thereal part of the solutions willhave the same value as the x coordinate of the turning
point on the graph of the quadratic

¢ When the coefficients of the quadratic equation are non-real, the solutions will not be
complexconjugates
o Tosolvetheseyoucanusethe quadratic formula

How do we factorise a quadratic equationif it has complexroots?

« If weare givenaquadratic equation in the formaz? + bz+c=0,wherea, b,andcer,az0
we can useits complexroots to writeitin factorised form
o Usethe quadratic formula to findthetworoots,z=p+qiandz*=p - qi
o Thismeansthatz-(p+qi)andz-(p - gi) must both be factors of the quadratic
equation
o Therefore we canwrite az2 +bz+c =(z- (p+qi))(z- (p - qi))
o This canberearrangedinto theform(z-p - qi)(z- p +qi)

(’) Exam Tip

w
¢ Onceyou haveyourfinalanswers you can check yourroots are correct by

substituting your solutions backinto the original equation
o Youshould get O if correct! [Note: O is equivalent to 1
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YOURNOTES
*9 Worked Example !

Solve the quadratic equation z2- 2z+5 = 0 and hence, factorise 22 - 2z +5.

Use the quo.clro\t'\c focmula or camF\e_t{vxtj the
Sguaore 1o find e solutions.

a=|
Solutipnsofaquadraﬁc ax’ +bx+c=0 = x=77bim,a=0 b = -Z
equation 2a C = S
g - Y- ul)s) 2 2% )-%
2(1) -
- 2+ 0B )
yA
R
yA
Z, =1+ Za=1-21
l‘ the solutions ore Z, =142 and 2, =\-U

then the fockors must be z-(1+2i) and z-(1-2)

22 -2z +5 = (2-(Q+2)=-(-21)

(z-1-2)(z2-1+2i)
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1.7.3 Determinants & Inverses

Determinants

Whatis a determinant?
¢ The determinantis a numerical value (positive ornegative) calculated from the elements in
amatrixandis usedto findtheinverse of a matrix
¢ You canonly findthe determinant of a square matrix
e The method forfinding the determinant of a 2 X 2 matrixis given in your formula booklet:

ab
A=( )ﬁdetA=|A|=ad—bc
cd

e You only needto be able to find the determinant of a2 X 2 matrix by hand
o Forlargern X n matrices you are expectedtouse your GDC

« Thedeterminant of an identity matrixis det (I) = 1

¢ Thedeterminant of a zero matrixis det (0) =0

¢ When finding the determinant of a multiple of a matrix or the product of two matrices:
o det (kA) = k2 det (A)(fora 2 X 2 matrix)
o det (AB) =det (A) x det (B)
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,wh ERI tant.
b7 )w erep isaconstan

Giventhatdet A= — 3, findthevalue of p.

Determinant of a 2x2
matrix

a b
A:[ J:?detA=|A‘:ad7bc
c d

det A = 3x7 - -6xp = 2l +6p

So

b)

) -3 =2l + 6p

Findthe determinantof4A.

det(4A) = 4*x -3 = | - 48
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Inverse Matrices

How do | find the inverse of a matrix?

¢ Thedeterminantcan beusedto find outif a matrixis invertible ornot:
o Ifdet A#0,then Aisinvertible
o Ifdet A=0,then Aissingularand does nothave aninverse
o The method forfinding theinverse of a2 X 2 matrix is given in your formula booklet:

A=(i Z\|=>A_l= delA(—dc _3b} ad= be

» Youonlyneedtobeableto findtheinverse of a2 X 2 matrix by hand
o Forlargern X n matrices you are expected to use your GDC

 Theinverse of a square matrix Ais the matrix A~! such that the product of these matrices

is anidentity matrix, AA"1=A"1TA=1
o As aresult of this property:
» AB=C= B=A"1C (pre-multiplyingby A1)
» BA=C= B=CA™! (post-multiplyingby A™!)
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YOURNQOTES
*> Worked Example !
[ ]
Considerthematrices P=| © 2 | 0= KO onar=[ " 1) where ki
onsiderthe matrices r = ) s = —53 an = 6 54 ,wherekKisa
constant.
a)
Find P71,
Ene(;(t(er!;?inantofuzxz A:(z Z]zdetA:‘A\:ad—bc
Inverse of a 2x2 matrix A:[Z 2] = A" :deltA[—i _Zj,ad¢bc

P = V. (2 7.)
4x2-(-2)x8 \-8 &

R (zz>
24 \-8 ¢

L
P.l - 12
-1

3

ol Sl-
N—————

b)
Giventhat PQ= R findthevalue of k.

PA=R => Q=F"R

L GHe )

(k e)- ((T'a’."|3++z)‘6> (Ex18+ ,‘—”54))

-5 3 “ExI8+Ex6) (($x18 + £x54)
9 (29
=S .3 -S 3

k=2
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1.7.4 Solving Systems of Linear Equations with Matrices

Solving Systems of Linear Equations with Matrices

Matrices are usedin a huge variety of applications within engineering, computing and business.
They are particularly useful forencrypting data and forecasting from given data. Using matrices
allows formuch largerand more complex systems of linear equations to be solved easily.

How do you set up a system of linear equations using matrices?

» Alinearequation can bewrittenin the form Ax = b, where A is a matrix

¢ Notethatforasystem of linearequations to have a unique solution, the matrix must be
invertible and therefore must be a square matrix

o Inexams, only invertible matrices will be given (except when solving for eigenvectors)

¢ Youshouldbe abletouse matrices to solve a system of up to two linearequations both
with and without your GDC

¢ You should be able to use a mixture of matrices and technology to solve a system of up to
threelinearequations

How do you solve a system of linear equations with matrices?

e STEP1
Write the information in a matrix equation, e.g. fora system of three linearequations
X

A| y |= B, wheretheentries into matrix A are the coefficients of x, y and zand matrix B
\z)
is a column matrix
e STEP2

X
Re-write the equationusingtheinverseof A,| y |=A~1B
z

o STEP3
Evaluate theright-handside to find the values of the unknown variables x, y and z

¢) ExamTip
* ¢ Ifyou are askedto solve a system of linearequations by handyou can check
yourwork afterwards by solving the same question on your GDC
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YOURNQOTES
*> Worked Example
° l
a)
Write the system of equations
x+3y—z=-3
2x+2y+2z=2
3x—-y+2z=1

in matrix form.

b)
Hence solve the simultaneous linear equations.

Re- wnbte the eq’u\aHo-\ in part a) “5;“3

2)-|

U your CDC to find A

the inverse moabrix

\
= PN|- M-
' ]

wlp §lw N|-

\__/
~~
-Nw

~——

\F itis lager Hon o 2x2 matnx

2)- (2
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