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2.1Linear Functions & Graphs

2.1.1Equations of a Straight Line

Equations of a Straight Line
How do| find the gradient of a straight line?

e Findtwo points that the line passes through with coordinates (x;, y;) and (xo, y»)
¢ The gradientbetween these two pointsis calculated by
Y2 N

X 7%

m

o Thisis givenin the formulabooklet
¢ Thegradient of a straight line measures its slope
o Alinewith gradient Twillgo up Tunit forevery unitit goes to theright
o Alinewith gradient -2 will go down two units for every unit it goes to theright

What are the equations of a straight line?
e y=mx-+c
o Thisis the gradient-intercept form
o ltclearly shows the gradientmandthe y-intercept (O, c)
- Yoy s mx-x)
o Thisis the point-gradient form
o ltclearly shows the gradientmanda point on theline (x;, y;)
e ax+by+d=0
o Thisis the general form

d d
o You can quickly get the x-intercept (— ;, 0) andy-intercept (0, - 3)

How do | find an equation of a straight line?

¢ Youwillneedthe gradient
o Ifyou are given two points then first find the gradient
e [tis easiestto start with the point-gradient form
o thenrearrangeintowhatever formis required
= multiplying both sides by any denominators will get rid of fractions
¢ You cancheckyouranswerby usingyour GDC
o Graphyouranswerand checkit goes through the point(s)
o Ifyouhavetwo points thenyou can enterthesein the statistics mode and find the
regressionline y=ax+b
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O ExamTip YOURlNOTES

¢ Asketch of the graph of the straight line(s) can be helpful, even if not demanded
by the question
o UseyourGDC to plotthem
e Ensureyou state equations of straight lines in the format required
o Usually or

o Checkwhether coefficients need to beintegers (they usually are for

)

) Worked Example
° Theline Ipasses through the points (=2, 5) and (6, —7).

Findthe equation of /, givingyouranswerintheform ax+ by + d=0where a, b
and careintegers to be found.

Find the gradient between (-1,5) ad (b,-1)

Formu\‘q bookief

"% -5 -3

m: ——— =- Gradient formula m =02"h

b -1 2

Use the point -%mdieﬂ“’ 1CDrmu\6\

Equations of a straight = _
Formula booklet line Y=y =mx-x)

(x"kﬁ-\ : (-215) m= = %
Y- S: '% (x’:z)—\simp\i[g
y=-9:+ 3 (x+2)

( -8) = -3(x+2) ) Mu“'Plﬂ Bt} denominator
23 -10 = ‘33( \6 E)&par\d
3x ¥ 23 - L‘, = 0 > Rearmn%e
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Parallel Lines YOURNOTES
How are the equations of parallel lines connected? l

o Parallellines are always equidistant meaning they neverintersect
o Parallellines have the same gradient
o Ifthe gradient of line ljis myand gradient of line lyis m,then...

= m =m,=] &I, are parallel

. 11 & ]2 are parallel = m =m,

e Todetermineif twolines are parallel:
o Rearrangeinto the gradient-interceptform y=mx + ¢
o Comparethe coefficients of x
o Ifthey are equalthenthelines are parallel

Y yzqu +cC
y:m2X+ [#
/ 0 X
m,=m,
PARALLEL LINES

#)save myexams
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*9 Worked Example

Theline I passes through the point (4, - 1) andis parallel to the line with equation

2x—5y=3.

Findthe equation of I, givingyouranswerintheform y=mx+ c.

Rearrang)e into ysmx +c to find the gradienr
5\3= 2x-3 = Y= %x -% arodienf : %

Para I l e\

.2
m:=-3

Use 14\9.

Formula

('xn‘ﬂ\) :

UAH
t3+l

45
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lines = m,=m,

point -%mdierﬁ formula

y=y =m(x—-x))

booklef ﬁr?:ations of a straight
(k1) m-= %

5 (c-4)

G-t
x - g
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PerpendicularLines YOURNOTES
How are the equations of perpendicular lines connected? l

e Perpendicularlinesintersectatrightangles
e The gradients of two perpendicularlines are negative reciprocals
o Ifthe gradient of line ljis myand gradient of line l,is m,then...

= m Xm,=—1= I &I, are perpendicular

= [, &1, areperpendicular = m Xm,=—1

e Todetermineif twolines are perpendicular:
o Rearrangeinto the gradient-interceptform y=mx+ ¢
o Comparethe coefficients of x
o Iftheirproductis -1then they are perpendicular
¢ Becarefulwith horizontalandverticalllines
o x=pand y=q areperpendicularwhere pand g are constants

b

y=mx+c

7 X

= +
y=mxre m,xm, =—1
PERPENDICULAR LINES
#Fsavemyexams
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YOURNQOTES
*9 Worked Example !
° Theline ]1 is given by the equation 3x—5y=7.
1 5
Theline 12 is given by the equation y = i ?X'

Determine whether l1 and 12 are perpendicular. Give a reason foryouranswer.

Rearrar\ge [, into Y=ma+c form
3
53:31-4 => \:\: %J.- —5

)c\en’rﬁa arao\ien’rs

ml:% (Y\l:—i3

mxm, =-1 => Perpendicular lines

3 5
537

L, and ‘-z are perpendicular as Mmyxm,:=-l
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2.2 Quadratic Functions & Graphs

2.2.1 Quadratic Functions

Quadratic Functions & Graphs

What are the key features of quadratic graphs?

« Aquadratic graph can be writtenin the form y = ax? + bx + cwhere a = ()
¢ Thevalue of a affects the shape of the curve
o Ifais positive the shapeis concaveupu
o If ais negative the shapeis concavedownn
¢ They-interceptis atthepoint(0,c)
» Thezeros orroots are the solutionsto ax? + bx + ¢=0
o Thesecanbe foundby
= Factorising
= Quadratic formula
= UsingyourGDC
o Thesearealso calledthe x-intercepts
o TherecanbeO,1or2x-intercepts

= This is determined by the value of the discriminant

b

e Thereis anaxis of symmetryatx = — 2

o Thisis giveninyourformula booklet
o Ifthere are two x-intercepts then the axis of symmetry goes through the midpoint of
them
¢ Thevertexlies on the axis of symmetry
o |tcanbefoundby completing the square

b
o Thex-coordinateisx= — -—
2a

b

o They-coordinate can be found using the GDC or by calculatingy when x = — 22

o

If ais positive then the vertexis the minimum point
o If ais negative then the vertexis the maximum point

° MAXIMUM POINT

\ /M
\O//q>o / 1 a<0 \

POSITIVE QUADRATIC NEGATIVE QUADRATIC

#savemyexams
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y
o y—AXIS INTERCEPT

#Fsavemyexams

. X—AXIS INTERCEPTS

What are the equations of a quadratic function?

« flx)=ax2+bx+c
o Thisis the general form
o ltclearly shows the y-intercept (O, c)

b

o You can find the axis of symmetry by x = — Z_a

= Thisis givenin the formula booklet

« flx)=alx-p)(x-q)
o Thisis the factorised form
o ltclearly shows theroots (p,0) &(q, O)
+

o You can findthe axis of symmetry by x = 5 q

o fx)=alx—-h2+k

This is the vertexform

It clearly shows the vertex(h, k)

The axis of symmetry is therefore x = h

It clearly shows how the function can be transformed from the graph y = x2
= \ertical stretch by scalefactora

(e}

(e}

(e}

o

h
= Translation byvector(k)

How dol find an equation of a quadratic?

e Ifyouhavetherootsx=pandx=q...
o Writein factorised form y = a(x — p)(x — q)
o Youwillneeda thirdpointto findthevalue of a
e Ifyouhavethevertex(h,k)then...
o Writein vertexformy = a(x — h)2 + k
o Youwillneed a second pointtofindthevalueofa
¢ Ifyou have threerandom points (x;, yy), (X2, y2) & (X3, y3) then...
o Writeinthe general form y = ax? + bx + ¢
o Substitute the three points into the equation
o Formandsolve a system of threelinearequations to findthevalues ofa, b &c
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O ExamTip YOURlNOTES

e UseyourGDC to find theroots and the turning point of a quadratic function
o You donotneedtofactorise orcomplete the square
o |tis goodexam technique to sketch the graph from your GDC as part of
yourworking
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YOURNOTES
*9 Worked Example !
¢ The diagram below shows the graph of y = ﬂx) where f(x) is a quadratic
function.

Theinterceptwith the y-axis and the vertex have been labelled.

1,8
0.6)

Write down an expression for y = l‘(x)
We have the vertex 0 use lj=a(;)(.‘h)‘+ k
Vetex (-1,3) lj=a(JL -(’l))L +8
y=a (1 + |Y' 2.

5ubs’n+uie the second Poir\f
x=0,%=6~' b:a(OHY t+ 8
b:a +5
= -2
Y= -Z(Jul)" +8
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2.2.2 Factorising & Completing the Square

Factorising Quadratics
Why is factorising quadratics useful?

e Factorising gives roots (zeroes or solutions) of a quadratic
¢ |tgives the x-intercepts when drawing the graph

How do | factorise a monic quadratic of the form x? + bx + ¢?

¢ You mightbe ableto spotthe factors by inspection
o Especiallyif cis aprime number
Otherwise findtwo numbers mandn ..
o Asumequaltob
= m+n=>b
o Aproductequaltoc
= mn=c¢
e Rewrite bxas mx+nx
Use this to factorise x
e Ashortcutis to write:
o (x+m)(x+n)

2

+MX+NX+C

How do | factorise a non-monic quadratic of the form ax2 + bx + c?

¢ Ifa,b& chaveacommon factorthen first factorise that out toleave a quadratic with
coefficients thathave nocommon factors
¢ You might be ableto spotthe factors by inspection
o Especiallyif aand/orc are prime numbers
e Otherwise findtwonumbers mandn ..
o Asumequaltob
s m+n=>b
o Aproductequaltoac
= mn=ac
e Rewrite bxas mx+nx
e Usethistofactoriseax
e Ashortcutis towrite:
(ax+m)(ax+n)
° a
o Thenfactorise common factors from numeratorto cancel with the a on the
denominator

2 L mx+nx+c

How do | use the difference of two squares to factorise a quadratic of the
form A2x2 - C2?
¢ Thedifference of two squares canbeusedwhen...
o Thereisnoxterm
o Theconstant termis anegative
 Squareroot the two terms A%x2 & C2
The two factors are the sum of square roots and the difference of the squareroots
¢ Ashortcutis towrite:
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o (Ax+O)(Ax-C) YOURNOTES
l

(f) Exam Tip

* ¢ You candeduce thefactors of a quadratic function by using your GDC to find
the solutions of a quadratic equation
o Usingyour GDC, the quadratic equation has solutions

and

o Therefore the factors would be and
o j.e.
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YOURNOTES
Worked Example !
Factorise fully:
a)
x2=T7x+12.

Find two numbes m and n such that
mra=b: "} mn=c= I
L+ 3t 3R

SP\H’ “1x up and 'FﬂC}OFiSC éhor’rcud'

Xt -l -3x +12 (x+m\(x+n)
x(x-t) -3 (k) (x-3)(x-t)
(1-3)(1-‘-&)
b)
4x2+4x—-15.
Find two numbes m and n such that
mra=b:lk mn =ac= bx-15+-60
0 +76= & 10x 76 = "6D
SPH b x up and factorie Shorteut
b + 10 ~bx 15 (o rm)(ax o)
2x(2x +5) -3(2x+5) (Luuuzr (Lx-b)
(22 ~3)(2+5) 2(20+5) X(2x-3)
K
(2x ~3)(2x+5)
c)
18 —50x2.
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FooLorise the ommon fackor YOURNOTES
2(9-2522) !

Use difference of wo Squares

2(3- 51)(3 +5x)
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Completing the Square
Why is completing the square for quadratics useful?

e Completing the square gives the maximum/minimum of a quadratic function
o This canbeusedto define therange of the function

¢ |tgivesthevertexwhen drawingthe graph

¢ |tcanbeusedto solve quadratic equations

¢ |tcanbeusedtoderive the quadratic formula

How do | complete the square for a monic quadratic of the form x2 + bx +
c?

b\2
o Half the value of b and write (X+ 3)

b2 2
o Thisis because X+3 =X2+bX+T

b2
¢ Subtracttheunwanted — termandaddontheconstantc

4
o (X+§)2—b72+c

How do | complete the square for anon-monic quadratic of the form ax?
+bx+c?

¢ Factorise out the a from the terms involving x
(242
o alx?+—x|+x
\oa)

o Leavingthe c alone willavoid working with lots of fractions
e Completethe square onthe quadratic term

b b\
o HaIf;andwrite X+ —

2a
Thisis b +b2_2+b+b2
isis because| x 22 =x X 172
b2
o Subtracttheunwanted —— term
432

¢ Multiply by aandadd the constantc
r( b \2 p? |
callxrg, ) -aa |re

" 2a) 42
b2 b?
° a(x+z) _E-‘-C
(') ExamTip

- . 7 . "
¢ Some questions may not use the phrase "completing the square" so ensure you

canrecognise a quadratic expression or equation written in this form
o
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YOURNOTES
*9 Worked Example
° l
Completethe square:
a)
x2—-8x+3.

Haf b and subtradt its square

(x-k)" —Lrl +3
(x -4)" -1}
b)
3x2+12x-5.
Foctorie  the 3 from the x fermg
3(at +lex) -5

(omplete the square on x*+lvx

3 ((1+2)1— 2‘) -5

.S'umplifg
3((xr2)-1r) -5
3(3&2)1 -1 -5
3(.x.+ ) -1}
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2.2.3 Solving Quadratics YOURlNOTES

Solving Quadratics Equations

How dol decide the best method to solve a quadratic equation?
» Aquadratic equationis of theform ax2 + bx + ¢ =0
e Ifitis acalculatorpaperthenuseyour GDC to solve the quadratic
¢ Ifitisanon-calculatorpaperthen...
o you canalways use the quadratic formula
o you can factoriseif it can be factorised with integers
o you can always complete the square

How dol solve a quadratic equation by the quadratic formula?
If necessary rewritein the form ax2 + bx + ¢=0
Clearly identify thevaluesofa, b& ¢
Substitute the values into the formula
NG
2a

= Thisis givenin the formula booklet
Simplify the solutions as much as possible

° X

How dol solve a quadratic equation by factorising?

» Factorise torewrite the quadratic equationin the form a(x —p)(X - q) =0
e Seteachfactortozeroandsolve

o x—p=0=>x=p

o x—g=0=>x=gq

How dol solve a quadratic equation by completing the square?

« Complete the square to rewrite the quadratic equation in the form a(x — h)2 + k=0

¢ Getthesquaredtermbyitself

k
o (x—h)2 = — —
(x—h) p

If (— ;) is negative then there willbe no solutions

If (— ;) is positive then there will be two values for x — h

k
o x—h==*,/——
a

Solveforx

k
o x=ht,[-—
a
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O ExamTip YOURlNOTES
* ¢ When using the quadratic formula with awkward values or fractions you may
find it easier to deal with the " " (discriminant) first

o This can help avoid numerical and negative errors, improving accuracy
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YOURNOTES
*> Worked Example
[ J

Solve the equations: !
a)
4x2+4x-15=0.

This can be factorised

(2.3:. t 5)(2.3(. - 3) =0

2x+3:0 or 2x-3:0

.- 3
JL'% or = 5

b)
3x2+12x-5=0.
This can not be factorised but 3a* and 12 have o ommon
factor 0 complete the square
3(x+2)"-13 = 0
oyt . b L R

3
X+ L o= if\ﬂemember T

x = -2 tj-%}-
c)

7-3x-5x2=0.
“\is (on not be Facforised s0 use formula
Formula booklet
0:-5 b3 -}

() 1 (3 -4 (D)
&L = 2(-5)

3t J9+140
-10

__31 Nya
X = 10

Solutions of a quadratic

N —b+~b* —4ac
equation ax’ +bx+c=0 = x= s a
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Quadratic Inequalities

What affects the inequality sign when rearranging a quadratic
inequality?
e Theinequality signis unchanged by...
o Adding/subtracting a term to both sides
o Multiplying/dividing both sides by a positive term
¢ Theinequality sign flips (<changes to>) when...
o Multiplying/dividing both sides by a negative term

How do | solve a quadratic inequality?

e STEP1:Rearrange theinequality into quadratic form with a positive squared term
o ax?+bx+c>0
o ax?+bx+c=0
o ax?+bx+c<0
o ax’+bx+c=0

¢ STEP 2:Findtheroots of the quadratic equation
o Solveax? +bx+c =0 togetx;andx, wherex; <x,

e STEP 3: Sketch a graph of the quadratic andlabel the roots
o Asthesquaredtermis positive it willbe concaveup so "U" shaped

o STEP 4:Identify theregion that satisfies theinequality
o Ifyouwantthe graphto be above the x-axis then choose theregion to be the two

intervals outside of the tworoots
o If youwantthe graph to be below the x-axis then choose theregion to be theinterval
between the tworoots
o Forax?+bx+c>0
= Thesolutionis x <x;orx>x,
o Forax?+bx+c=0
= Thesolutionis x s x;orx=x;
o Forax?+bx+c<0
= Thesolutionisx;<x<Xx;
Forax?+bx+c=0
= Thesolutionisx;sx=<x,

(e}

How do solve a quadratic inequality of the form (x - h)2 < nor (x - h)2>n?

e Thesafestwayis by followingthe steps above
o Expandandrearrange

« Acommonmistakeiswritingx—h< *./norx—h> *./n
o Thisis NOT correct!

e Thecorrectsolutionto (x-h)2<nis

o |x=h| </ n whichcanbewrittenas —/n <x—h<./n
o Thefinalsolutionis h—+/n <x<h+./n
« Thecorrectsolutionto (x-h)?>nis
o |x—h|>./n whichcanbewrittenasx—h< —\/n orx—h>./n
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o Thefinalsolutionisx<h—./norx>h+./n

(") Exam Tip

¢ |tis easiestto sketch the graph of a quadratic whenithas a positive

rearrange first if necessary

e UseyourGDC tohelp select the correctregion(s) for the inequality

term, so

¢ Some makes/models of GDC may have the ability to solve inequalities directly
o Howeverunconventional notation may be usedto display the answer (e.g.

ratherthan )

o Thesafest methodis to always sketch the graph

> Worked Example
Findthe set of values which satisfy 3x2 +2x —6 > x2 +4x — 2.

Stee |

Svee 2

Stee 3¢

Stee &:

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, Past Papers

: Rearrange /\
(3% r2x-b) ~(x2+4x-2) >0\ This way

2322, -4 >0 gives a>0
Xt -x -2 04>Div'|de b& fachr of 2
Fnd the roots

xt-x-2 =0

(x =2)(>x+1)=0

x=2 or x= -1

S ketch

|dentify region

x<=l or a>2

Page 22 of 84

YOURNOTES
i


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukfor more awesomeresources

Discriminants
What is the discriminant of a quadratic function?

e Thediscriminant of a quadraticis denoted by the Greek letter A (upper case delta)
e Forthe quadratic function the discriminantis given by
o A=b*-4ac
= Thisis givenin the formula booklet
¢ Thediscriminantis the expression thatis squarerootedin the quadratic formula

How does the discriminant of a quadratic function affect its graph and
roots?

o IfA>0theny/ b2 —4ac and —/ b2 —4ac are two distinct values
o Theequation ax? + bx + ¢ = 0 has two distinct real solutions
o Thegraphof y = ax?+ bx + c has two distinct real roots
= This means the graph crosses the x-axis twice
o IfA=0then+/ b2 —4ac and —\/ b2 —4ac arebothzero
o Theequation ax? + bx + ¢ =0 has onerepeated real solution
o Thegraphof y = ax?+ bx + chas onerepeated real root
= This means the graph touches the x-axis at exactly one point
= This means that the x-axis is a tangent to the graph
o IfA<Othen+/ b2 —4ac and —+/ b?> —4ac arebothundefined
o Theequation ax? + bx + ¢ =0 has noreal solutions
o Thegraphof y = ax?+ bx + c has noreal roots
= This means the graph never touches the x-axis
= This means that graph is wholly above (orbelow) the x-axis
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IF B-4ac >0 IF B—4ac =0

\ |/

ONE REAL ROOT
(REPEATED ROQTS)

IF 5—4ac<0

NO REAL ROOTS

Fsavemyexams

Forming equations and inequalities using the discriminant

o Oftenatleastone of the coefficients of a quadratic is unknown

o Questions usually use the letterk forthe unknown constant
e Youwillbe given afact about the quadratic such as:

o The number of solutions of the equation

o The number of roots of the graph
¢ Tofindthe value orrange of values of k

o Findan expression for the discriminant

» UseA=b%—4ac
o DecidewhetherA>0,A=00rA<0O

= |fthe question says there arereal roots but does not specify how many thenuse A

=0
o Solvetheresulting equation orinequality

O ExamTip

* ¢ Questions willrarely use the word discriminant soitis important to recognise
when its useis required
o Lookfor
= anumberofroots orsolutions being stated
= whetherand/orhow often the graph of a quadratic function
intercepts the -axis
e Becareful settingupinequalities that concern "two realroots" ( )as
opposedto "tworeal distinct roots" ( )
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*> Worked Example

Afunctionis givenby f(x)=2kx2+ kx — k+2 ,where k is a constant. The graph of

y= f(x) has two distinct real roots.

a)

Showthat9k% — 16k >0.

Two distind redl ok = A >0

Formula bookle'\' |Discriminant |A=bz—4ac
Qas 2k b= k (_:(-k+)_)
A = K- 4(20)(-k+2)
=k +8k" - bk
= k- lek
>0 = 9qk*-lbk >0
b)
Hence find the set of possible values of k.
Solve the inequalifn
Gk*-lbk=0
k(qk'ua\ =0 i 50
b J -
k=0 or k- q q
k<O o k> %"
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2.3 Functions Toolkit

2.3.1Language of Functions

Language of Functions
What is a mapping?
¢ Amappingtransforms one set of values (inputs) into another set of values (outputs)
e Mappings can be:

o One-to-one
= Fachinput gets mappedto exactly one unique output
= Notwoinputs are mapped to the same output
= Forexample: Amappingthat cubes theinput

o Many-to-one
= Eachinputgets mappedto exactly one output
= Multipleinputs can be mapped to the same output
= Forexample: Amappingthatsquares theinput

o One-to-many
= Aninputcanbe mappedto more than one output
= Notwoinputs are mapped to the same output
= Forexample: Amappingthat gives the numbers which when squared equal the

input

o Many-to-many
= Aninput can be mappedto morethanoneoutput
= Multipleinputs can be mapped to the same output
= Forexample: Amappingthat gives the factors of theinput

MAPPING
INPUT P OUTPUT

e

o ————
Whatis a function?

¢ Afunctionis a mapping between two sets of numbers where eachinput gets mappedto
exactly one output

o Theoutputdoes not needtobeunique

¢ One-to-one andmany-to-one mappings are functions
¢ Amappingis a functionif its graph passes the vertical line test
o Any verticallline willintersect with the graph at most once
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MANY-TO-ONE MAPPINGS ONE-TO-ONE MAPPINGS
ARE FUNCTIONS ARE FUNCTIONS
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What notationis used for functions?

 Functions are denotedusingletters (suchas f, v, g, etc)
o Afunctionis followed by a variable in a bracket
o This shows theinput forthe function
o Theletter fis used most commonly for functions and will be used for the remainder of
this revision note
. f(x) represents an expression for the value of the function f when evaluatedforthe
variable x
¢ Function notation gets rid of the need forwords which makes it universal
o f=35when x=2 cansimply bewrittenas f(2)=5

What are the domain and range of a function?

 Thedomainof afunctionis the set of values that are used as inputs
¢ Adomain shouldbe stated with a function
o |fadomainis notstatedthenitis assumedthe domainis allthe real values which would
work as inputs forthe function
o Domains are expressedin terms of the input
m x<2
* Therange of a functionis the set of values that are given as outputs
o Therange depends on the domain
o Ranges are expressedin terms of the output
= f(x)20
To graph a function we use theinputs as the x-coordinates and the outputs as the y-
coordinates
o f(2) =5 corresponds to the coordinates (2, 5)
Graphing the function can help you visualise therange
e Common sets of numbers have special symbols:
o R represents allthereal numbers that can be placed on anumberline
= x € R means xis arealnumber

a
o Q represents alltherational numbers ——where a andb areintegers andb =0

b

o Z represents all the integers (positive, negative and zero)
= 7% represents positive integers
o Nrepresents thenaturalnumbers (0,1,2,3...)
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N

NATURAL
NUMBERS
o 235

15, All Rights Reservec

What are piecewise functions?
¢ Piecewise functions are defined by different functions depending on whichinterval the

inputisin
x+1 x<5
o Eg. Alx)=12x-4 5<x<10
X2 10<x<20

e Theregion fortheindividual functions cannot overlap
» Toevaluate a piecewise function fora particularvalue x =k
o Findwhichintervalincludes k
o Substitute x = kintothe corresponding function
e Thefunction may or may not be continuous at the ends of theintervals
o Inthe example above the functionis
= continuousatx=5as5+1=2(5)—4
= notcontinuous at x = 10as2(10) —4 = 102

(") Exam Tip
' ¢ Questions may referto "the largest possible domain”
o This would usually be unless , or hasalreadybeenstated
o There are usualy some exceptions
= e.g. squareroots; forafunctioninvolving
= e.g. reciprocalfunctions; fora function with denominator
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YOURNOTES

*> Worked Example !

[ ]
Forthefunction f(x)=x3+1, 2<x<10:

a)
write down the value of (7).

Suhshfude % =t
(1) ¥+

@) 3k

b)
findtherange of f(x)

Find the values of a3+l when 2¢x<I0
Lex <|0

x* <1000

x*+1 100!

¢ f(x) <« 100l

)

"

b
9
9

Page 29 of 84

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukformore awesomeresources

2.3.2 Composite & Inverse Functions

Composite Functions
What is a composite function?

* Acomposite functionis where a functionis applied to anotherfunction
¢ Acomposite function can be denoted
o (fog)(x)
o fg(x)
o flg(x))
e Theordermatters
o (fo g)(x) means:
= Firstapply gtoxtoget g(X)
= Thenapply fto the previous output to get f(g(x))
= Always startwith the function closest to the variable
° (fo g)(x) is notusually equalto (go f')(x)

How do| find the domain and range of a composite function?

e Thedomainof fo gisthesetofvaluesof x...
o which are asubset of the domainof g
o which maps gtoavalue thatis in the domain of f
e Therangeof fo gisthesetofvaluesofx...
o which are a subset of therange of f
o foundby applying ftotherange of g
e Tofindthedomainandrangeof fo g
o Firstfindtherangeofg
o Restrictthesevalues to the values that are within the domain of f
= Thedomainis the set of values that produce therestricted range of g
= Therangeis the set of values that are produced using therestricted range of g
as the domain forf
« Forexample:let flx)=2x+1, —5<x<5and g(x) =\/;, 1<x<49
o Therangeofgis 1 Sg(x) <7
= Restricting this to fit the domain of fresults in 1 < g(x) <5
o Thedomainof fo gistherefore ]l <x<25
= Thesearethevalues of xwhichmapto 1 Sg(x) <5
o Therangeof fo gistherefore3 <(fo g)(x) <11
= Thesearethevalues which fmaps 1 < g(x) <5 to

(") Exam Tip
et * Make sureyou know what your GDC is capable of with regard to functions
o You may be able to store individual functions and find composite functions
andtheirvalues for particularinputs
o You may be able to graph composite functions directly and so deduce their
domain andrange from the graph
o isnotthesameas
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*> Worked Example !

Given f{x)=./x+4 and g(X)=3+2x:

a)
Write down the value of (g o £)(12).

First aPP'{S function closest o inpuf
(g oF)(12) = g((12))

f2) = ek =Jb = &
%(L&):3+2('+) = |

(% o‘)(ll) = ||

\k/)\)/rite down an expression for (fo g)(x).
First apply fuaction closest o input
(Fog)lx) <F(3)
= £(342x)

= IS*ZJL th
(Foq)x) = JF+2x

c)
Write down an expression for (g o g)(x).

(4 09)(x) = q(q0)
=3(3+2x)
= 3+2(3+2x)
= 34 b+ by
((3 03)(x\=q1'4x
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Inverse Functions

Whatis aninverse function?
¢ Only one-to-onefunctions haveinverses
e Afunction has aninverseifits graph passes the horizontal line test
o Any horizontal line willintersect with the graph at most once
» Theidentity function id maps each value toitself
o id(x)=x
e If fogand go fhavethesameeffectas theidentity functionthen fand gareinverses
¢ Givenafunction f(X) we denote theinverse functionas f‘l(x)
¢ Aninversefunctionreverses the effect of a function
o f2)=5means f-1(5)=2
¢ Inverse functions are usedto solve equations
o Thesolutionof f(x)=5isx=f"1(5)
» Acompositefunctionmadeof fand f~! hasthe same effect as theidentity function
o (FofN)(x)=(f1ox)=x

INVERSE  FUNCTIONS

f(x)

7x)
Fsavemyexams

What are the connections between a function and its inverse function?
¢ Thedomain of afunction becomes therange of itsinverse
¢ Therange of a function becomes the domainof itsinverse
e Thegraphof y= f‘l(x) is areflection of the graph y = f(x) intheline y=x
o Therefore solutions to f(x) =Xxor f‘l(x) = x willalso be solutions to f(X) = f‘l(x)
= There couldbe othersolutions to f(x) = f‘l(x) thatdon'tlieontheline y=x

,
— L v
4 y=e* s, y=x
’
’
%
s
’
2-
’ =
g y=Llnx
2
4
s
’
T T T T
-4 -2 2 4 X
s
’
s
’
s -2
s
s
s
’
’
; n
#savemyexams

How do | find the inverse of a function?
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« STEP1:Swap thexandyin y= f(x) YOURNOTES
o If y=f"1(x)thenx=f(y) 1

« STEP2:Rearrange x = f(y) tomake ythe subject

¢ Notethis canbedoneinany order
o Rearrange y=1‘(x) tomake X the subject
o Swapxand y

(") Exam Tip
* * Rememberthataninverse functionis a reflection of the original functionin the
line

o Useyour GDC to plot the function andits inverse on the same graph to
visually check this

o isnotthesameas
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YOURNOTES

*> Worked Example !

° 2x

x—1

Forthe function f(x)= ,x>1:

a)
Findtheinverse of f(x)

Let tyf“(x) and reamunge = (y)

2
e 2
x(%—”:lt\
xy - x =2y
13-23 =
y(x-2) = x

X

Y x2
Fd(l) ° .xx—).

b)
Find the domain of f~1(x).

Domain of ™ is the range of f

Oketch y=fl) o
see rw\?\e ) HL%*
Fr ol Fs2 \l

Domain of ' = x>2

c)
Findthe value of k such that f(k) = 6.

Use invese fla) =b & g (k)
k= £'(6) = 5

3
k=7
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Graphing Functions
How dol graph the functiony = f(x)?

e Apoint (a, b) liesonthegraph y= f(x) if 1‘(3) =b

¢ Thehorizontal axis is used for the domain

¢ Thevertical axisis usedfortherange

¢ You willbe able to graph some functions by hand

e Forsomefunctions you willneedtouseyourGDC

¢ You might be asked to graph the sum or difference of two functions
o UseyourGDCtograph y= f(x)+ g(x) or y=f(x) — g(x)
o Justtypethefunctionsintothe graphing mode

Whatis the difference between “draw” and “sketch”?

o |faskedtosketchyoushould:
o Show the general shape
o Labelanykey points such as theintersections with the axes
o Labelthe axes
o |faskedtodraw youshould:
o Useapencilandruler
o Drawtoscale
o Plotany points accurately
o Joinpoints with a straightline orsmooth curve
o Labelanykey points such as theintersections with the axes
o Labelthe axes

How can my GDC help me sketch/draw a graph?

¢ YouuseyourGDC to plot the graph

o Checkthescales onthe graph to make sure you see the full shape
¢ UseyourGDC tofindany key points
¢ UseyourGDC to check specific points to help you plot the graph
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Key Features of Graphs YOURNOTES

What are the key features of graphs? l
¢ You should be familiar with the following key features and know how to use your GDC to find
them
e Localminimums/maximums
o Theseare points where the graph has a minimum/maximum fora smallregion
o They are also called turning points

= Thisis where the graph changes its direction between upwards and downwards
directions

o Agraph canhave multiple local minimums/maximums
o Alocalminimum/maximumis not necessarily the minimum/maximum of the whole
graph
= This wouldbe called the global minimum/maximum

o Forquadratic graphs the minimum/maximumis called the vertex
¢ Intercepts

o y-intercepts are where the graph crosses the y-axis
= Atthesepointsx=0

o x-intercepts are where the graph crosses the x-axis
= Atthesepointsy=0

= Thesepoints are also called the zeros of the function orroots of the equation
e Symmetry

o Some graphs havelines of symmetry
= Aquadratic willhave a verticalline of symmetry
¢ Asymptotes
o Thesearelines which the graph willget closerto but not cross
o Thesecanbehorizontal orvertical
= Exponential graphs have horizontalasymptotes

= Graphs of variables which vary inversely can have vertical and horizontal
asymptotes
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YOURNOTES
Y |
TURNING POINTS y="F(x)

SMOOTH
CURVE

/ \ X
y—AXIS
INTERCEPT
x—AXIS
INTERCEPTS
#Fsavemyexams
(’) ExamTip
* ¢ Most GDC makes/models willnot plot/show asymptotes just frominputting a
function

o Addthe asymptotes as additional graphs foryour GDC to plot

o You canthen check the equations of yourasymptotes visually

o Youmay have tozoomin orchange the viewing window options to confirm
an asymptote

e Evenifusingyour GDC to plot graphs and solve problems sketching them as
part of yourworking is good exam technique

o Labelthe key features of the graph and anything elserelevant to the

question on your sketch
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YOURNOTES

*> Worked Example !
[ J

Two functions are defined by

f(x)=x2—4x—5and g(x)=2+ P

a)
Draw the graph y = l‘(x)

Draw means occura‘rela

Use GDC to find vertex, roots and y-intercepts
Vertex = (2, -)

Rots = (-1,0) and (5,0)

y-intercept = (0,-5)

\5: xl-L\'X. ‘S

(2,-9)

b)
Sketchthegraph y= g(x) .
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Jketch means mugh but showma ke3 points YOURNOTES

1
Use GDC fo find x and y-intercepts and asymptotes

JL—m’rer(ep’r : (’ % ' 0)

Y -infercept * (0,3)

A53m9+o’re> s x:-| and 3=Z

(03)

-39
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How do | find where two graphs intersect? l

e Plotboth graphs onyourGDC
e Usetheintersect functiontofindtheintersections
¢ Checkif thereis more than one point of intersection

2x-y=3

21
ol / \ X
3x+y=7

o LINES INTERSECT AT (21
° SOLVING 2x-y=3 AND 3x+y=7
SIMULTANEOQUSLY IS x=2, y=1

#Fsavemyexams

How canl use graphs to solve equations?

¢ Onemethodtosolve equationsis touse graphs
Tosolve f(x) =a
o Plotthetwographs y= f(x) and y=aonyourGDC
o Findthe points of intersections
o The x-coordinates are the solutions of the equation
Tosolve ﬂx) = g(x)
o Plotthetwographs y= f(X) and y=g(x) onyourGDC
o Findthe points of intersections
o The x-coordinates are the solutions of the equation
¢ Usinggraphs makes it easier to see how many solutions an equation willhave

(") Exam Tip

* e You canuse graphs to solve equations
o Questions willnot necessarily ask for a drawing/sketch or make reference
to graphs
o UseyourGDC to plotthe equations and find the intersections between the
graphs
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YOURNOTES

*> Worked Example !
[ J

Two functions are defined by
4
flx)=x3-xand g(x)= <

a)
Sketchthegraph y= f(x)

Use GDC to find max,min, infercepts

(-0.5%3, 0.385)

(0.5%%,-0.335)

b)
Write down the number of real solutions to the equation x3 —x=2.

\dem"nfa the number of infersections befween
%:aa—‘x, and ‘d=2

2
=X -
L

\3:1
1 idersection

r0.385
1 solution

c)
Findthe coordinates of the points where y= f(X) and y=g(X) intersect.
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Use GDC 4o skerch looth graphs YOURlNOTES
\A=.’xs‘1
Y- £

(-1.60,-2.90) ond (1602.50)

d)

4
Write down the solutions to the equation x3 —x = ; .

Sdltions o ‘13-x=§ are the x wordinates of
the points of intersection.

= ~1.60 and o =160
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2.4 Further Functions & Graphs YOURlNOTES

2.4.1Reciprocal & Rational Functions

Reciprocal Functions & Graphs
What is the reciprocal function?

1
Thereciprocal functionis defined by f(x) = ;, x#0

Its domainis the set of all real values except O
* Itsrangeis the set of all real values except O
Thereciprocal function has a self-inverse nature
o f(x)=f(x)
o (fof)(x)=x

What are the key features of the reciprocal graph?

e The graph does nothave a y-intercept
The graph does not have any roots
The graph has two asymptotes
o Ahorizontal asymptote at the x-axis: y =0

= Thisis thelimiting value when the absolute value of x gets very large
o Avertical asymptote atthe y-axis: x =0
= Thisisthevaluethatcauses the denominatorto bezero
The graph has two axes of symmetry
o y=X
o y=-—X
The graph does not have any minimum or maximum points

X

HORIZONTAL
ASYMPTOTE y=0

VERTICAL
ASYMPTOTE x=0

xams. All Rights Reservec
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Linear Rational Functions & Graphs

What is a rational function?

¢ Arational functionis of the form f(X) =

ax+b d
XE = —
cx+d c

d

¢ |tsdomainis the set of allreal values except ——
c

a

¢ |tsrangeis the set of all real values except =

e Thereciprocal functionis a special case of arational function

What are the key features of rational graphs?

b
e Thegraphhas ay-intercept at (0 —\ provided d#0

\"d)

The graph has two asymptotes

a
o Ahorizontal asymptote: y==

b
The graph has oneroot at (— > O) provided a# 0

= Thisis the limiting value when the absolute value of x gets very large

d
o Avertical asymptote: x= — =

= Thisis thevaluethatcauses the denominatortobezero

The graph does not have any minimum or maximum points

¢ |fyou areaskedto sketchordraw arational graph:
o Givethe coordinates of any intercepts with the axes
o Givethe equations of the asymptotes
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O Exam Tip YOURlNOTES
* e Ifyoudraw a horizontal line anywhere it should only intersect this type of graph
onceatmost
e Theonly horizontalline that should notintersect the graph is the horizontal
asymptote

o This canbeusedto checkyoursketchinanexam
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YOURNOTES
*> Worked Example !
[ J

10—-5x
Thefunction fis definedby l‘(x)= <+ forx# —2.

a)

Write down the equation of

(i)

the vertical asymptote of the graph of f,
(i)

the horizontal asymptote of the graph of f.

“ Vertial asymphle is when denominator equak e
xtl=0 |x = -2

0')Hor'|lonjra| o.s“mphﬂt is limiﬁna va|ue as X 89,{5 Iarﬂe
T - P .
e tlm Ty -8
b)
Find the coordinates of the intercepts of the graph of f with the axes.
ld-m’rer(ep’r occurs when x =0
_ 10-5lo) _
. 050 .5 [(0,5)

.1—m+er(epf occurs when 3=0

10-5x
X+

:0 > [0-5x:0 = x=2 (2, 0)

c)
Sketchthe graph of f.

Include asymptotes and intercepts

(0.5)

(20)
ﬁ Y= -5
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2.4.2 Exponential & Logarithmic Functions YOUR TOTES

Exponential Functions & Graphs
What is an exponential function?

¢ Anexponential functionis defined by f(x) =aX, a>0
 |tsdomainis the set of allreal values
¢ |tsrangeis the set of all positivereal values
¢ Animportant exponential functionis f(x) =eX

o Where eis the mathematical constant2.718...
¢ Any exponential function can be written usinge

o gX=exlna

= Thisis givenin the formula booklet

What are the key features of exponential graphs?

e Thegraphshaveay-interceptat(0,1)
e The graphs donot have anyroots
e The graphs have ahorizontal asymptote at the x-axis: y=0
o Fora>1thisis thelimiting value when x tends to negative infinity
o ForO<a <1thisisthelimiting value when x tends to positive infinity
¢ The graphs do not have any minimum or maximum points

o<a< a>1

ALL y=d* GRAPHS
PASS THROUGH (01
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y=3" l

o

Page 48 of 84

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, PastPapers



https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams
Headtosavemyexams.co.ukformore awesomeresources
Logarithmic Functions & Graphs YOURNOTES

What is alogarithmic function? l
¢ Alogarithmic functionis of the form f(x) = logax, x>0

¢ |tsdomainis the set of all positive real values

o Youcan't take alog of zero oranegative number
e |tsrangeis set of allreal values
. logax and aX areinverse functions

¢ Animportantlogarithmic functionis f(X)=lnX
o Thisis the naturallogarithmic function In x = logex

o Thisistheinverse of X
» Ine¥=xandeln*=x
Any logarithmic function can be written using In

In x
o 1ogaX =1 g YSing the change of base formula

What are the key features of logarithmic graphs?

e The graphs donothave ay-intercept

e Thegraphshaveonerootat(l,0)

e Thegraphs have a vertical asymptote atthe y-axis: x =0
The graphs do not have any minimum or maximum points
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YOURNOTES

*> Worked Example !

The function fis defined by (x)= 1og5X forx >0.

a)
Write down theinverse of f. Give youranswerin the form eg®),

FOqu‘a boo kle‘i’ Exponents & logarithms | a* =b < x=log, b a>0,b>0,a#1
€

X = ‘O%stj e 3;5

Formula booklet Bt [

5’“ . e;x,lns

{.'“(1) - ex\ns

b)
Sketchthe graphs of f anditsinverse onthe same set of axes.

f and ' are reFlections in line y=x

y: fx)
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Solving Equations Analytically

How canl solve equations analytically where the unknown appears only
once?

¢ Theseequations canbe solved by rearranging
e Forone-to-one functions you canjustapply theinverse
o Addition and subtraction areinverses
» y=xtk eox=y—k
Multiplication and division areinverses

(e}

™1 y:]ﬂ@x:%

o

Takingthereciprocalis a self-inverse

1 1

= =— & Xx=—

y X X y
Oddpowers androots areinverses

e}

= y=x" ox=y
1
- y=XH <=>X=yn
Exponentials andlogarithms areinverses
= y=2a¥ @X=logay

o]

» y=eXex=Ilny
¢ Formany-to-one functions you willneed to use your knowledge of the functions to find
the other solutions
o Evenpowers leadto positive and negative solutions
m y=xlex=+¢ ’\’/7
o Modulus functions lead to positive and negative solutions
= y=lx|ex=ty
o Trigonometric functions lead to infinite solutions using their symmetries
» y=sinx @ x=2km+sin"ly or x=(1+2k)m—sin"ly
= y=cosx = x=2km+cos"ly
= y=tanx ® x=km+tan"ly
e Take care whenyou apply many-to-one functions to both sides of an equation as this can
create additional solutions which areincorrect
o Forexample: squaringboth sides
= x+1=3hasonesolutionx=2
= (x+1)2=32hastwosolutionsx=2andx= —4
¢ Always check your solutions by substituting backinto the original equation

How canl solve equations analytically where the unknown appears more
thanonce?

¢ Sometimesitis possible to simplify expressions to make the unknown appear only once
¢ Collectall terms involving x on one side and try to simplify into one term

o Forexponentsuse
n gfx) X g2(x) = gf(x) +2g(x)
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j;z)) = 2/ -2(x)
s (afx))gl) = gflx)xg(x)
] af(X) = ef(X)ln a
o Forlogarithms use
= log f(x) +log _g(x)=log (A(x) X g(x))
(x)
. logaf(x) logag(x) —loga(g(x)>

= nlog_f(x)=log (f(x))"

How canl solve equations analytically when the equation can'tbe
simplified?
¢ Sometimesitis not possible to simplify equations
¢ Mostofthese equations cannot be solved analytically
* Aspecial casethatcanbesolvedis where the equation can be transformedinto a
quadraticusing a substitution
o Thesewillhave three terms andinvolve the same type of function
« ldentify the suitable substitution by considering which functionis a square of another
o Forexample: the following can be transformedinto 2y2 + 3y —4=0
» 2x*+3x2—-4=0using y=x?
2x+3/x —4=0using y=/x
2 3 _ 1
F+F—4=Ousmg y=;
2e2X+3eX—4=0using y=e*
s 2X25%+3X5%¥—=4=0using y=5%
» 22X+ 43X 2X—4=0using y=2%
= 2(x3-1)2+3(x>—1)-4=0using y=x3—1
e Tosolve:
o Makethe substitution y = f(x)
o Solvethe quadratic equation ay? + by + c=0togety &y,
o Solve f(x) =Y, and f(x) =Y,

= Notethat some equations might have zero or several solutions

Canldivide both sides of an equation by an expression?

¢ When dividing by an expression you must consider whether the expression could be zero

¢ Dividingby an expression that could be zero couldresult in you losing solutions to the
original equation
o Forexample:(x+1)2x—1)=3(x+1)
= Ifyou divide both sides by (x + 1) you get2x — 1 =3 which gives x =2
= Howeverx = — 1 is also a solution to the original equation
e Toensureyoudonotlose solutions you can:
o Splitthe equationinto two equations
= Onewhere the dividing expression equals zero: x + 1 =0
= Onewhere the equation has been divided by the expression:2x —1 =3
o Makethe equation equal zero and factorise
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= (x+1)2x-1)-3(x+1)=0 YOURNOTES
= (X+1)(2x—1—3)=0whichgives (x+1)(2x-4)=0 l
= Seteachfactorequaltozeroandsolve:x+1=0and2x—4=0

(’) ExamTip

w

¢ Acommon mistake that students makein exams is applying functions to each
termratherthan to each side

o Forexample: Starting with the equation it would be
incorrect to write or

o Insteaditwouldbe correct to write and then simplify from
there
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*9 Worked Example

Find the exact solutions for the following equations:

a)
5—2log4x=0.
Rearronge using inverse lcunchons
5-2loq x =0
2|O%qx 3=x_k & X = “fk
2 |03Hx =5
I i %: ko & x = Y
0(3'*1. )
S,LA) 3:'03°1<=> -X=Q3
x =
m )
L - (@ o (@)
x =32
b)

x=,/x+2.

3quare both  sides (Maﬂg-’w-one )Cundion)
xX*!rx+l > xr-x-2:0

(x - (x+):=0 » x=2 or x-=-|
(heck whether each  solution is valid

x:2: LHS=2 RHs:-Q2w -2 /
x:-1t LRS == RHS =2 = | «

x =2

e?X—4eX—5=0.
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o ¢+ | et y-eo YOURlNOTES
%1-43-54) = (3*')(3'5)’0
ld=-' or \6=5

30“& usins ld =6x

e*= -l hgs no solutions as e*>0
L

e*=9 . x=1Ia5

x=1nad
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Solving Equations Graphically
How canl solve equations graphically?

e Tosolve f(x) = g(X)
o Onemethodistodrawthe graphs y = f(x) and y=g(x)
= Thesolutions are the x-coordinates of the points of intersection
o Anothermethodis todrawthe graph y = f(x) - g(x) or y=g(x) - f(x)
= Thesolutions are theroots (zeros) of this graph
= This methodis sometimes quicker as itinvolves drawing only one graph

Why do | need to solve equations graphically?

e Some equations cannot be solved analytically
o Polynomials of degree higherthan 4
» xS —x+1=0
o Equationsinvolving different types of functions
= X =x2

(’) ExamTip

* ¢ Onacalculatorpaperyou are allowed to solve equations using your GDC
unless the question asks foran algebraic method
e |fyouranswerneeds to be an exact value then you might need to solve
analytically to get the exactvalue

*> Worked Example
[

a)
Sketch the graph y = e¥ — x2.

Qketch using GDC

(-03034..,0) /710

b)
Hence find the solution to X = x2.

e*=x* when e*-x":=0D
50|u+ion is the x -infercept of ljze* -at
x:-0.303 (3s$)
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2.4.4Modelling with Functions

Modelling with Functions
What is a mathematical model?

+ Amathematical model simplifies areal-world situation soit can be described using
mathematics
o Themodelcanthen beusedto make predictions
¢ Assumptions about the situation are made in order to simplify the mathematics
¢ Models can berefined (improved) if furtherinformation is available orif the modelis
comparedtoreal-world data

How do| set up the model?

e The question could:
o giveyou the equation of the model
o tellyou about therelationship
= [tmightsay therelationshipis linear, quadratic, etc
o askyoutosuggest asuitable model
= Useyourknowledge of each model
= E.g.ifitiscompoundinterest then an exponential modelis the mostappropriate
e Youmay haveto determine areasonable domain
o Considerreal-life context
= E.g.if dealingwith hoursin a day then
= E.g.if dealing with physical quantities (such as length) then
o Considerthe possibleranges
= |fthe outcome cannot be negative then you want to choose a domain which
corresponds to arange with nonegative values
= Sketchingthe graphis helpful to determine a suitable domain

Which models might | need touse?

¢ You couldbe given any modeland be expected to useit
¢ Common modelsinclude:
o Linear

= Arithmetic sequences

= |inearregression
Quadratic

= Projectile motion

= Theheight of a cable supporting a bridge

= Profit
Exponential

= Geometric sequences

= Exponential growth and decay

= Compoundinterest
Logarithmic

= Richterscale forthe magnitude of earthquakes
Rational

= Temperature of a cup of coffee

(e}

o]

o

o
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o Trigonometric
= Thedepth of atide

How doluse a model?

¢ You canuseamodel by substitutingin values forthe variable to estimate outputs
o Forexample: Let h(t) be the height of a football t seconds after being kicked
= h(3)willbe an estimate for the height of the ball 3 seconds after being kicked
e Given anoutput you can forman equation with the model to estimate the input
o Forexample: Let P(n) be the profitmade by selling nitems
= Solving P(n) =100 will give you an estimate for the number of items needing to be
soldto make a profit of 100
e |fyourvariableis time then substituting t = O will give you theinitial value according to the
model
e Fullyunderstandthe units for the variables
o Ifthe units of P are measuredin thousand dollars then P = 3represents $3000
¢ Lookoutforkeywords such as:
o Initially
o Minimum/maximum
o Limitingvalue

What do | do if some of the parameters are unknown?

¢ Ageneralmethodis to formequations by substitutingin given values
o You can form multiple equations and solve them simultaneously using your GDC
o This method works for all models

¢ Theinitial valueis the value of the function when the variableis O
o Thisis normally one of the parameters in the equation of the model
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YOURNOTES

*> Worked Example !

The temperature, T°C, of a cup of coffee is monitored. Initially the temperature is
80°C and5 minutes lateritis 40°C . Itis suggested that the temperature follows
the model:

T(t) = Aekt+ 16, t > 0.
where tis the time, in minutes, after the coffee has been made.

a)
Statethevalueof A.

lmhaI|5 temperature is 30°C
T(0)=%0

%0
Ae @y 1 = %0 ¥

Avib = %0
Ak

b)
Findthe exactvalue of k.

E=5  T=40
L0 = bke®™ +16
bhe™ = 24

Sk
e

3
"
Sk 3

k = 5l

[ 28]

c)
Find the time taken for the temperature of the coffee toreach 30°C.
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Fod t such that T(B) = 30
A/\

30 = blke* #1b Leave as k uatil the end t sawe
U‘!'ekk - I wr‘nhng Ls\r\% each time
ke 3
e "~
ke - Ir\%_
t: ‘n 3—.‘;' =
k. il

135 mindes (3sF)
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2.5 Transformations of Graphs

2.5.1Translations of Graphs

Translations of Graphs
What are translations of graphs?

¢ Whenyou alterafunctionin certain ways, the effects on the graph of the function can be
described by geometrical transformations
¢ Foratranslation:
o thegraphis moved (up ordown, left orright) in the xy plane
= |ts position changes
o theshape, size, and orientation of the graph remain unchanged
e Aparticulartranslation (how farleft/right, how farup/down) is specified by a translation

b'e
vector ( ):
y

o xis the horizontal displacement
= Positive movesright
= Negative moves left
o yisthevertical displacement
= Positive moves up
= Negative moves down

@savernyexams
What effects do horizontal translations have on the graphs and
functions?

a
« Ahorizontal translation of the graph y = f(x) by the vector ( 0 ) is represented by

o y=f(x—a)
The x-coordinates change

o Thevalueais subtracted fromthem
¢ They-coordinates stay the same
The coordinates (X, y) become (X —-a, y)
Horizontal asymptotes stay the same
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« Vertical asymptotes change YOURNOTES
o x=kbecomesx=k—a 1
Y,
y="f(x)
0] 4 X
(2,-3)

y=f(x-2)

HORIZONTAL
TRANSLATION
BY THE VECTOR (3

(2,00
0 6,0 X

(4,-3)

x—COORDINATES CHANGE,
y—COORDINATES STAY
THE SAME

#Fsavemyexams

What effects do vertical translations have on the graphs and functions?

¢ Avertical translation of thegraph y = (x) by the vector ( ) is represented by

o y-— b= f(X)
o Thisis oftenrearrangedto y = f(X) +b
¢ Thex-coordinates stay the same
¢ They-coordinates change
o Thevaluebisadded tothem
The coordinates (X, y) become (X, y+ b)
Horizontal asymptotes change
o y=kbecomes y=k+b
Vertical asymptotes stay the same

b
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y, YOURNOTES

y=T(x) l

(2,-3)

<

y=~f(x)+1

VERTICAL TRANSLATION
BY THE VECTOR (9)

(o)) (4,1
[9) X
(2,-2)

y—COORDINATES CHANGE,
x—COORDINATES STAY

THE SAME

#Fsavemyexams
(") Exam Tip
- . q
e Togetfullmarksinan exam make sure you use correct mathematical
terminology

o Forexample: Translate by the vector
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YOURNOTES

*> Worked Example !
The diagram below shows the graph of y = ﬂx)

It

A(—1,5)

(@

B (3. -3)

a)
Sketchthegraphof y= f(x+3).

54(&”‘) translation 53 (-;)

Trans\afe 54(1) 53 ('(37)
A becomes (‘Lh 5)
B bewmes ( O, ‘3)

A 4,5)

b)
Sketchthe graph of y= (x)+3.
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lj=‘F(JC)+k translation 55 (e) YOURTOTES

Translate 34(1) by (3)
A becomes (-1, % )
B beomes (3,0)

A(’lls)

83,0)
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2.5.2 Reflections of Graphs

Reflections of Graphs
What arereflections of graphs?

¢ Whenyou alterafunctionin certain ways, the effects on the graph of the function can be
described by geometrical transformations
e Forareflection:
o thegraphis flipped about one of the coordinate axes
= |ts orientation changes
o thesize of the graph remains unchanged
e Aparticularrefiectionis specified by an axis of symmetry:
o y= 0
= Thisis the x-axis
o x=0
= Thisis the y-axis

¥\ A
@ savemyexams

What effects do horizontal reflections have on the graphs and functions?
¢ Ahorizontal reflection of the graph y = f(x) about the y-axis is represented by

o y=1f(-x)
¢ Thex-coordinates change
o Theirsignchanges
¢ They-coordinates stay the same
The coordinates (X, y) become ( - X, y)
Horizontal asymptotes stay the same
¢ Vertical asymptotes change
o x=kbecomesx=—k
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Y
y=Ff(x)
0 4
(2,-3)
A
y=Tf(—x)
REFLECTION IN
THE y-AXIS
(—4,0) (0,0)
X
x—COORDINATES CHANGE, POINTS ON THE
(-2,-3)
y —COORDINATES STAY y—AXIS ARE
THE SAME UNAFFECTED
#Fsavemyexams

What effects do vertical reflections have on the graphs and functions?
¢ Averticalreflection of thegraph y = l‘(x) about the x-axis is represented by

o —y=1fx)

o Thisis oftenrearrangedto y= — f(x)
¢ Thex-coordinates stay the same
¢ They-coordinates change

o Theirsignchanges
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« Thecoordinates (x, y) become (x, — y) YOURNOTES
¢ Horizontal asymptotes change l

o y=kbecomes y=—k
¢ Vertical asymptotes stay the same

A
y="F(x)
o) 4 X
(2,-3)
y—COORDINATES CHANGE,
4 x—COORDINATES STAY
THE SAME
(2,3)
(0,0) (4,0)
POINTS ON THE
x—AXIS ARE
UNAFFECTED
y=—"F(x)
M{REFLECT]ON IN
THE x—AXIS
(#Fsavemyexams
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*> Worked Example !

The diagram below shows the graph of y = ﬂx)

It

A(—1.5)

B (3. -3)

a)
Sketchthe graphof y= —f(x).

Y= 16(13 reFlection in x -axis

A becomes (-,-5) |
B beomes (3,3) f63)

Ab1-5)

b)
Sketchthegraphof y= f( - X).
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Ej:;(‘l) I'EHEd‘lon in Y-axis .

A becomes (1, 5)
B beomes (3,-3)

A(1,S)
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2.5.3 Stretches of Graphs

Stretches of Graphs
What are stretches of graphs?

¢ Whenyou alterafunctionin certain ways, the effects on the graph of the function can be
described by geometrical transformations
e Forastretch:
o thegraphis stretched about one of the coordinate axes by a scale factor
= |ts size changes
o theorientation of the graph remains unchanged
e Aparticularstretchis specified by a coordinate axis and a scale factor:;
o Thedistance between a point on the graph and the specified coordinate axis is
multiplied by the constant scale factor
o Thegraphis stretchedin the direction which is parallel to the other coordinate axis
o Forscalefactors biggerthani
= the points on the graph get further away from the specified coordinate axis
o ForscalefactorsbetweenOand1
= thepoints on the graph get closer to the specified coordinate axis
= Thisis also called acompression

A ) ]
o~ TN

Fsavemyexams

What effects do horizontal stretches have on the graphs and functions?

¢ Ahorizontal stretch of thegraph y = (x) by a scalefactorg centred about the y-axis is
represented by

=

¢ Thex-coordinates change
o Theyaredivided by g
¢ They-coordinates stay the same

X
The coordinates (x, y) become (;, y)

Horizontal asymptotes stay the same

Vertical asymptotes change

k
o X=kbecomesx=;
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y="f(x)
!

(2,-3)

Y “HORIZONTAL STRETCH,
y=F(2%) SCALE FACTOR 3

POINTS ON THE
> y-AXIS ARE
UNAFFECTED

(0,00
o (2,0 x

“1,-3) x—COORDINATES CHANGE,
y—COORDINATES STAY
THE SAME

#Fsavemyexams

What effects do vertical stretches have on the graphs and functions?

e Avertical stretchofthegraph y= z‘(x) by a scale factorp centred about the x-axis is
represented by

X=X
opz‘()

o Thisis oftenrearrangedto y=p1‘(x)
¢ Thex-coordinates stay the same
¢ They-coordinates change
o They are multiplied by p
« Thecoordinates (x, y) become (x, py)
¢ Horizontal asymptotes change
o y=kbecomes y=pk
e Vertical asymptotes stay the same
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y="f(x)

(2,-3)

POINTS ON THE
x=AXIS ARE

UNAFAEETTED) VERTICAL STRETCH,
SCALE FACTOR %

(0,00
o] (4,0 X
(2,-1

y—COORDINATES CHANGE,

x—COORDINATES STAY

THE SAME

#Fsavemyexams
(") Exam Tip
w . q
e Togetfullmarksinan exam make sure you use correct mathematical
terminology

o Forexample: Stretch vertically by scale factor
o Donotusetheword"compress"inyourexam
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*9 Worked Example !

The diagram below shows the graph of y = ﬂx)

It

A(—1,5)

B (3. -3)

a)
Sketchthegraphof y= 2f(x).

Y= kf(x) vertical stretch  swale fackor k

Steetch (d:{:(x) verhca“g A (-),10)

A becomes (‘\, ID)
B becomes (3 .‘L)
8(3,-6)

b)
Sketch the graph of y = f(2x).
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tyl((kl) hor‘uZon*a‘ stetch  swle factor l—k
l

SJfre*cl’\ Hn((x)‘hor}zonfa“ﬁ AI(~ ‘i 5)
S(g\le ‘acjror N

A becomes (- 2, )
)

B becomes (% ;3
8(3,-3)
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2.5.4 Composite Transformations of Graphs

Composite Transformations of Graphs
What transformations do | need to know?

-k
o y= f(x + k) is horizontal translation by vector 0

o Ifkis positive then the graph moves left
o Ifkis negative then the graph moves right

0
« y=f(x) + kis vertical translation by vector (k)

o Ifkis positive then the graph moves up
o Ifkis negative then the graph moves down

o y= f(kx) is a horizontal stretch by scale factor E centred about the y-axis

o If k>1thenthe graph gets closer to the y-axis

o If 0 <k <1thenthe graph gets further fromthe y-axis
o y= kf(x) is a vertical stretch by scale factor k centred about the x-axis

o Ifk >1thenthe graph gets further from the x-axis

o If 0 <k <1thenthe graph gets closer to the x-axis
e y= f( - x) is a horizontal reflection about the y-axis

o Ahorizontal reflection can be viewed as a special case of a horizontal stretch
o y=-— f(x) is a vertical reflection about the x-axis

o Averticalreflection can beviewed as a special case of a vertical stretch

How do horizontal and vertical transformations affect each other?

+ Horizontal and vertical transformations areindependent of each other
o Thehorizontal transformations involved willneed to be appliedin their correct order
o Thevertical transformations involved willneed to be appliedin their correct order
e Suppose there are two horizontal transformation H;thenH, and two vertical
transformations Vythen V,thenthey can be appliedin the following orders:
o Horizontalthen vertical:
u H] H2V'| V2
o Verticalthen horizontal:
= V]Vz H]H2
o Mixedup (providedthat H, comes before H, and V; comes before V2):
= H]V] H2V2
u H]V] V2 H2
u V]H]Vz H2
= ViHiHV;

(") Exam Tip

- . L .
¢ Inanexamyou are more likely to get the correct solution if you deal with one
transformation at a time and sketch the graph after each transformation
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*9 Worked Example !
The diagram below shows the graph of y = ﬂx)
A(-1,5)
0] x
B(3.-3)
Sketch th h of —l X
etchthegrapho y—2 5 )

A verhcal and horizontal transformation can be done
in an& oro‘er

y: IT{:(J.) : vertical stretch  scale fachr Ll
%4(—}\ * horizontal  stretch scale fachr 2

A becomes (‘2 I 57.)
3

B bewmes (6.-3) A2 3)

B'6,-3)
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Composite Vertical Transformations af(x)+b YOURNOTES
How dol deal with multiple vertical transformations? l

e Order matters when you have more than one vertical transformations
o Ifyou are askedto find the equation then build up the equation by looking at the
transformations in order

o Avertical stretch by scale factora followed by a translation of ( b )

= Stretch: y=af(x)
= Thentranslation: y=[af(x)]+b
= Finalequation: y = af(x)+ b

0
o Atranslation of(b)followed by a vertical stretch by scalefactora

= Translation: y = fx)+b
= Thenstretch: y=a[ f(x) + b]
= Finalequation: y= af(x) + ab
e |fyouare askedto determine the order

o Theorderof vertical transformations follows the order of operations

o Firstwritetheequationintheform y = af(x) +b
= Firststretchvertically by scale factora
= [faisnegativethen thereflectionand stretch can be doneinany order

0
= Thentranslate by ( b )
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*9 Worked Example !
The diagram below shows the graph of y = f(X)

It

A(-1.5)

[¢] -

B (3. -3)

Sketchthegraphof y= 3f(x)-2.

The order vertical transformations Fo“ouos the order
of  operations

Y 3(=): Vertical stretch scale factor 3
y* £(=)-2: Translate (-01)

A beomes (-,13) A=, 13)
B becomes (3.‘“)

B'3,-1)
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