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5.7 Further Differential Equations

Question Paper

Course DPIBMaths
Section 5.Calculus
Topic 5.7 Further Differential Equations
Difficulty Hard
Time allowed: 120
Score: /96
Percentage: /100
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Questionla
Consider the following system of coupled differential equations

x=-3x+e 4ty
y=6e?ix+y
with theinitial condition x =1, y =2 when t=0.

a)
Use the Eulermethod with a step size of 0.1to find approximations for the values of x and y when t=0.5.

[6 marks]
Question1b
b)
Show that the system has no equilibrium points otherthan the origin, forany value of t.

[4 marks]
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Question 2a

Considerthe following system of differential equations:

dX_l )
dy_2X Y
dy 5

ax 27

a)

By first finding the eigenvalues and corresponding eigenvectors of an appropriate matrix, determine the general solution of
the system.

[7 marks]
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Question 2b
Whent=0,x=—-3andy=2.

b)
Usethe giveninitial condition to determine the exact solution of the system.

[3marks]
Question 2¢c
c)
Describe the long-term behaviour of the variables x and y.
[2 marks]
Question 3a
Therates of change of two variables, x and y, are described by the following system of differential equations:
dx =3x-2
e T
dy
A —4
T 3x—4y
3 -2 2 1
The matrix has eigenvectors and . Initially x=7andy=1.
\3 —4) \1) \3)
a)
Usethe aboveinformation to find the exact solution to the system of differential equations.
[7 marks]
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Question 3b

b)
Use the Euler method with a step size of 0.2 to find approximations forthe values of x and ywhen ¢t=1.

[6 marks]
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Question 3¢

C)

i)

Find the percentage error of the approximations from part (b) compared with the exact values of x and ywhen t=1.

ii)
Explain how the approximations foundin part (b) could be improved.

Question 4a

Consider a system of coupled differential equations with a general solution given by
2 -2
x=AePl! ] + Bedt 3

Foreach of therelationships between p and q given below,

where p and g arereal constants.

i)

sketch the phase portrait for the system

ii)

state whetherthe point is a stable equilibrium point oran unstable equilibrium point.
(@) p<g<0.
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Question 4b
b) p<0<gq
[4 marks]
Question 4c
c) 0<p<gq
[4 marks]
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Question 5a
The behaviourof two variables, xand y, is modelled by the following system of differential equations:

& s, YL
e YT a7

wherex=1and y=1when t=0.

3 -5
The matrix( )has eigenvaluesof 1 +iand1 —i.

dx

dy
(a) (i) Findthevalues of ar and A atthe point (0,1).

(i) Hencesketchthe phase portrait of the system with the giveninitial condition.

[4 marks]
Question 5b
Itis suggestedthatthe variables might better be described by the system
dx 3x—5 dy N
dy_ xToy dt —XTY
with the sameinitial conditions.
(=)
b) Calculatethe eigenvalues of the matrix
R
[3 marks]
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Question 5¢
c)
Hence describe how your phase portrait from part (a)(ii) would change to represent this new system of differential equations.

[2 marks]

Question 6a

Scientists have been tracking levels, x and y, of two atmospheric pollutants, and recording the levels of each relative to
historical baseline figures (so a positive value indicates an amount higher than the baseline and a negative value indicates an
amountless than the baseline). Based on knowninteractions of the pollutants with each otherand with other substancesin
the atmosphere, the scientists propose modelling the situation with the following system of differential equations:

dx 3 5
a7
dy _
a 7Y
dx dy
a) Findthevalues of ar and A atthepoints (1,0) and (0,1).
[2 marks]
Question éb
b)
1 -2
Find the eigenvalues of the matrix | -1
[3marks]
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Question 6c
At the start of the study both pollutants are above baseline levels, withx =5 and y =3.

c)
Use the aboveinformation to sketch a phase portrait showing the long-term behaviourof x and y.

[4 marks]

Question7a
Scientists are studying populations of a prey species and a predator species within a particular region. They initially model

dx d
the two species by the system of differential equations A =1.9x-0.2yand T)t/ =0.3x+2.6y,where x represents the

size of the prey population (in thousands) and y represents the size of the predator population (in hundreds). Initially there
are 2000 animals in the prey population and 450 in the predator population.

a)

1.9 -0.2 -1 -2
Giventhattheeigenvaluesofthematrix(o.3 26 )are2.5 and2,withcorrespondingeigenvectors( 3 )and( | )

sketch a possible trajectory for the change in the populations of the two animals overtime.

[4 marks]

Page 10 of 14

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, PastPapers



https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukformore awesomeresources

Question7b

Research suggests that neither species will disappear from theregion in the foreseeable future.

b)
Criticise the model above, particularly in light of this research result.

[1mark]

Question7c

dx
T
where tis measuredin decades (1decade=10years).

dy _

(10—2y)X and T

Itis suggestedthat the system of equations (3x- 6)y shouldbeusedas amodelinstead,

c)
Determine the equilibrium points forthe system under this model.

[2 marks]

Question7d

d)

i)

Use the Eulermethod with a step size of 0.002 to find approximations for the values of x and y at one-yearintervals upto 8
years afterthe start of the study.

ii)

Usethevalues from (d)(i) to sketch a possible trajectory for the change in the populations of the two animals overtime, and
state what this suggests about the long-term behaviour of the two animal populations under the revised model.

[9 marks]
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Question 8a
Aparticle movesin a straightline, such thatits displacement x metres at time ¢ seconds is described by the differential
equation

d2x

d
O 1 i 13x=109
d£ dt

dx d2x
where E and F represent the particle’s velocity and acceleration respectively.

a)

dx
By letting y = E , show that the differential equation above can be written as a system of first order differential equations.

[2 marks]
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Question 8b
When t=0, the displacement of the particle is zero and the velocity is =2 ms 1.

b)

By applying Euler's method with a step size of O.1to the system of equations foundin part (a), along with the given initial
condition, find approximations for the

i)

displacement

ii)

velocity

ofthe particleattimet=0.5.

[6 marks]
Question 8c
c)
Usethe Eulermethod to determine thelong-term stable value of the particle’s displacement.

[2 marks]
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Question 8d

d)
Useyouranswerfrom part (c) to explain why the long-term stable value of the particle’s velocity must be zero.

[1mark]
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