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2.1Linear Functions & Graphs

2.1.1Equations of a Straight Line

Equations of a Straight Line
How do| find the gradient of a straight line?

e Findtwo points that the line passes through with coordinates (x;, y;) and (xo, y»)
¢ The gradientbetween these two pointsis calculated by
Y2 N

X 7%

m

o Thisis givenin the formulabooklet
¢ Thegradient of a straight line measures its slope
o Alinewith gradient Twillgo up Tunit forevery unitit goes to theright
o Alinewith gradient -2 will go down two units for every unit it goes to theright

What are the equations of a straight line?
e y=mx-+c
o Thisis the gradient-intercept form
o ltclearly shows the gradientmandthe y-intercept (O, c)
- Yoy s mx-x)
o Thisis the point-gradient form
o ltclearly shows the gradientmanda point on theline (x;, y;)
e ax+by+d=0
o Thisis the general form

d d
o You can quickly get the x-intercept (— ;, 0) andy-intercept (0, - 3)

How do | find an equation of a straight line?

¢ Youwillneedthe gradient
o Ifyou are given two points then first find the gradient
e [tis easiestto start with the point-gradient form
o thenrearrangeintowhatever formis required
= multiplying both sides by any denominators will get rid of fractions
¢ You cancheckyouranswerby usingyour GDC
o Graphyouranswerand checkit goes through the point(s)
o Ifyouhavetwo points thenyou can enterthesein the statistics mode and find the
regressionline y=ax+b
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O ExamTip YOURlNOTES

¢ Asketch of the graph of the straight line(s) can be helpful, even if not demanded
by the question
o UseyourGDC to plotthem
e Ensureyou state equations of straight lines in the format required
o Usually or

o Checkwhether coefficients need to beintegers (they usually are for

)

) Worked Example
° Theline Ipasses through the points (=2, 5) and (6, —7).

Findthe equation of /, givingyouranswerintheform ax+ by + d=0where a, b
and careintegers to be found.

Find the gradient between (-1,5) ad (b,-1)

Formu\‘q bookief

"% -5 -3

m: ——— =- Gradient formula m =02"h

b -1 2

Use the point -%mdieﬂ“’ 1CDrmu\6\

Equations of a straight = _
Formula booklet line Y=y =mx-x)

(x"kﬁ-\ : (-215) m= = %
Y- S: '% (x’:z)—\simp\i[g
y=-9:+ 3 (x+2)

( -8) = -3(x+2) ) Mu“'Plﬂ Bt} denominator
23 -10 = ‘33( \6 E)&par\d
3x ¥ 23 - L‘, = 0 > Rearmn%e
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Parallel Lines YOURNOTES
How are the equations of parallel lines connected? l

o Parallellines are always equidistant meaning they neverintersect
o Parallellines have the same gradient
o Ifthe gradient of line ljis myand gradient of line lyis m,then...

= m =m,=] &I, are parallel

. 11 & ]2 are parallel = m =m,

e Todetermineif twolines are parallel:
o Rearrangeinto the gradient-interceptform y=mx + ¢
o Comparethe coefficients of x
o Ifthey are equalthenthelines are parallel

Y yzqu +cC
y:m2X+ [#
/ 0 X
m,=m,
PARALLEL LINES

#)save myexams
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*9 Worked Example

Theline I passes through the point (4, - 1) andis parallel to the line with equation

2x—5y=3.

Findthe equation of I, givingyouranswerintheform y=mx+ c.

Rearrang)e into ysmx +c to find the gradienr
5\3= 2x-3 = Y= %x -% arodienf : %

Para I l e\

.2
m:=-3

Use 14\9.

Formula

('xn‘ﬂ\) :

UAH
t3+l

45
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lines = m,=m,

point -%mdierﬁ formula

y=y =m(x—-x))

booklef ﬁr?:ations of a straight
(k1) m-= %

5 (c-4)

G-t
x - g
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PerpendicularLines YOURNOTES
How are the equations of perpendicular lines connected? l

e Perpendicularlinesintersectatrightangles
e The gradients of two perpendicularlines are negative reciprocals
o Ifthe gradient of line ljis myand gradient of line l,is m,then...

= m Xm,=—1= I &I, are perpendicular

= [, &1, areperpendicular = m Xm,=—1

e Todetermineif twolines are perpendicular:
o Rearrangeinto the gradient-interceptform y=mx+ ¢
o Comparethe coefficients of x
o Iftheirproductis -1then they are perpendicular
¢ Becarefulwith horizontalandverticalllines
o x=pand y=q areperpendicularwhere pand g are constants

b

y=mx+c

7 X

= +
y=mxre m,xm, =—1
PERPENDICULAR LINES
#Fsavemyexams
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YOURNQOTES
*9 Worked Example !
° Theline ]1 is given by the equation 3x—5y=7.
1 5
Theline 12 is given by the equation y = i ?X'

Determine whether l1 and 12 are perpendicular. Give a reason foryouranswer.

Rearrar\ge [, into Y=ma+c form
3
53:31-4 => \:\: %J.- —5

)c\en’rﬁa arao\ien’rs

ml:% (Y\l:—i3

mxm, =-1 => Perpendicular lines

3 5
537

L, and ‘-z are perpendicular as Mmyxm,:=-l
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2.2 Further Functions & Graphs

2.2.1 Functions

Language of Functions
What is a mapping?
¢ Amappingtransforms one set of values (inputs) into another set of values (outputs)
e Mappings can be:

o One-to-one
= Fachinput gets mappedto exactly one unique output
= Notwoinputs are mapped to the same output
= Forexample: Amappingthat cubes theinput

o Many-to-one
= Eachinputgets mapped to exactly one output
= Multipleinputs can be mapped to the same output
= Forexample: Amappingthatsquares theinput

o One-to-many
= Aninputcanbe mappedto more than one output
= Notwoinputs are mapped to the same output
= Forexample: Amappingthat gives the numbers which when squared equal the

input

o Many-to-many
= Aninput can be mappedto morethanoneoutput
= Multipleinputs can be mapped to the same output
= Forexample: Amappingthat gives the factors of the input

MAPPING
INPUT P OUTPUT

e

o ————
Whatis a function?

¢ Afunctionis a mapping between two sets of numbers where eachinput gets mappedto
exactly one output

o Theoutputdoes not needtobeunique

¢ One-to-one andmany-to-one mappings are functions
¢ Amappingis a functionif its graph passes the vertical line test
o Any verticalline willintersect with the graph at most once
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MANY-TO-ONE MAPPINGS ONE-TO-ONE MAPPINGS
ARE FUNCTIONS ARE FUNCTIONS
#Fsavemyexams

What notationis used for functions?

» Functions are denotedusingletters (suchas f, v, g, etc)
o Afunctionis followed by a variable in a bracket
o This shows theinput forthe function
o Theletter fis used most commonly forfunctions and will be used for the remainder of
this revision note
. f(x) represents an expression for the value of the function fwhen evaluatedforthe
variable x
¢ Function notation gets rid of the need forwords which makes it universal
o f=35when x=2 cansimply bewrittenas f(2)=5

What are the domain and range of a function?

 Thedomainof afunctionis the set of values that are used as inputs
¢ Adomain shouldbe stated with a function
o |fadomainis notstatedthenitis assumedthe domainis allthe real values which would
work as inputs forthe function
o Domains are expressedin terms of the input
m x<2
* Therange of a functionis the set of values that are given as outputs
o Therange depends on the domain
o Ranges are expressedin terms of the output
= f(x)20
To graph a function we use theinputs as the x-coordinates and the outputs as the y-
coordinates
o f(2) =5 corresponds to the coordinates (2, 5)
Graphing the function can help you visualise therange
e Common sets of numbers have special symbols:
o R represents allthereal numbers that can be placed on anumberline
= x € R means xis arealnumber

a
o Q represents alltherational numbers ——where a andb areintegers andb =0

b

o Z represents all the integers (positive, negative and zero)
= 7% represents positive integers
o Nrepresents thenaturalnumbers (0,1,2,3...)
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VA

INTEGERS
0,£1,£2,%3,...

N

NATURAL
NUMBERS
o 235

Copyright © Save My Exams. All Rights Reserved

(") ExamTip
- . 0 g «n
¢ Questions may referto "the largest possible domain
o this would usually be unless natural numbers, integers or quotients

has already been stated
o there areusually some exceptions

= e.g. squareroots; forafunctioninvolving
= e.g. reciprocalfunctions; forafunction with denominator
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YOURNOTES

*9 Worked Example !

[ ]
Forthefunction f(x)=x3+1, 2<x<10:

a)
write down the value of (7).

Suhshfude % =t
(1) ¥+

{3 3tk

b)
findtherange of f(x)

Find the values of a3+l when 2¢x<I0
Lex <|0

x* <1000

x*+1 100!

¢ f(x) <100l

)

"

b
9
9
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Inverse Functions YOURNOTES
Whatis aninverse function? l

¢ Only one-to-onefunctions haveinverses
e Afunctionhas aninverseifits graph passes the horizontal line test
o Any horizontal line willintersect with the graph at most once
Given a function f(x) we denotetheinverse functionas £~1(x)
¢ Aninverse functionreverses the effect of a function
o f{2)=5means f-1(5)=2
¢ Inverse functions are usedto solve equations
o Thesolutionof Ax)=35is x=f"1(5)

INVERSE  FUNCTIONS

f(x)

7(x)

Fsavemyexams

What are the connections between a function andits inverse function?
¢ Thedomain of afunction becomes therange of itsinverse
e Therange of afunctionbecomes thedomainofitsinverse
e Thegraphof y= f‘l(x) is areflectionof the graph y = f(x) intheline y=x
o Therefore solutions to f(X) =Xxor f‘l(x) = x willalso be solutions to ﬂx) = f‘l(x)
= There couldbe othersolutions to l‘(x) = f_l(X) thatdon'tlieontheline y=x

Y,

47 y=¢e* P V=X
s
’
’
s
s
2-
s =
g y=Llnx
s
s
’
’
T T T T
-4 -2 2 s
s
’
7
s
7 =21
’
’
7
s
’
, W
#Fsavemyexams

(') Exam Tip

¢ Rememberthat,in general,
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YOURNOTES

*> Worked Example !

[ ]
Forthefunction fx)=x3+1, 2<x<10:

a)
write down the range of the inverse function, f‘l(x) .

The range of f'(x) is the doman of f()
L < fs\(x) ¢ 10

b)
findthevalueof f~1(217).

If x:f"(a) then f(x):a
x = £ (1)

Hx\ = A}
B4l =21 ) Use definition of function

x3 = 216 ) Subtract 1
X :é ) (.ul)e root
() =6
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Piecewise Functions

What are piecewise functions?
» Piecewise functions are defined by different functions depending on whichinterval the
inputisin
x+1 x<5
o Eg. flx)=
9 flx) {2x—4 5<x<10

¢ Theregion fortheindividual functions cannot overlap

e Toevaluate a piecewise function fora particularvalue x =k
o Findwhichintervalincludes k
o Substitute x = kinto the corresponding function

*) Worked Example

Forthe piecewise function
- -10<x<
-] e
a)
find the values of £0), f(10), f(20).
\den*ﬁg the wmect function o use
x:0 is n -lDex<ld » fl0):20)-5 =-5
x:10 is i -IDexelD > F00) - 2)-5 =15
x20 is mn x>ID > £(0): 3(0)+| = 6]

f0): -5 flo):15  F(20) =61

b)
state the domain.

Domain  is the set of inputs
0¢x¢lD and x>10

x>-10
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Graphing Functions
How dol graph the function y = f(x)?

e Apoint (a, b) liesonthegraph y= f(x) if 1‘(3) =b

¢ Thehorizontal axis is used for the domain

e Thevertical axisis usedfortherange

¢ You willbe able to graph some functions by hand

e Forsomefunctions you willneedtouseyourGDC

¢ You might be asked to graph the sum or difference of two functions
o UseyourGDCtograph y = f(x) + g(x) or y=f(x) — g(x)
o Justtypethefunctionsintothe graphing mode

Whatis the difference between “draw” and “sketch”?

o |faskedtosketchyoushould:
o Show the general shape
o Labelanykey points such as the intersections with the axes
o Labelthe axes
o |faskedtodraw youshould:
o Useapencilandruler
o Drawtoscale
o Plotany points accurately
o Joinpoints with a straightline orsmooth curve
o Labelanykey points such as theintersections with the axes
o Labelthe axes

How can my GDC help me sketch/draw a graph?

¢ YouuseyourGDC to plot the graph

o Checkthescales onthe graph to make sure you see the full shape
¢ UseyourGDC tofindany key points
¢ Useyour GDC to check specific points to help you plot the graph
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Key Features of Graphs YOURNOTES

What are the key features of graphs? l
¢ You should be familiar with the following key features and know how to use your GDC to find
them
e Localminimums/maximums
o Theseare points where the graph has a minimum/maximum fora smallregion
o They are also called turning points

= Thisis where the graph changes its direction between upwards and downwards
directions

o Agraph canhave multiple local minimums/maximums
o Alocalminimum/maximumis not necessarily the minimum/maximum of the whole
graph
= This wouldbe called the global minimum/maximum

o Forquadratic graphs the minimum/maximumis called the vertex
¢ Intercepts

o y-intercepts are where the graph crosses the y-axis
= Atthesepointsx=0

o x-intercepts are where the graph crosses the x-axis
= Atthesepointsy=0

= Thesepoints are also called the zeros of the function orroots of the equation
e Symmetry

o Some graphs havelines of symmetry
= Aquadratic willhave a verticalline of symmetry
¢ Asymptotes
o Thesearelines which the graph willget closerto but not cross
o Thesecanbehorizontal orvertical
= Exponential graphs have horizontalasymptotes

= Graphs of variables which vary inversely can have vertical and horizontal
asymptotes
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YOURNOTES
Y |
TURNING POINTS y="F(x)

SMOOTH
CURVE

/ \ X
y—AXIS
INTERCEPT
x—AXIS
INTERCEPTS
#Fsavemyexams
(’) ExamTip
* ¢ Most GDC makes/models willnot plot/show asymptotes just from inputting a
function

o Addthe asymptotes as additional graphs foryour GDC to plot

o You canthen check the equations of yourasymptotes visually

o Youmay have tozoomin orchange the viewing window options to confirm
anasymptote

e Evenifusingyour GDC to plot graphs and solve problems sketching them as
part of yourworking is good exam technique

o Labelthe key features of the graph and anything elserelevant to the

question on your sketch
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YOURNOTES

*> Worked Example !
[ J

Two functions are defined by

f(x)=x2—4x—5and g(x)=2+ P

a)
Draw the graph y = l‘(x)

Draw means O(curafels

Use GDC to find vertex, roots and y-intercepts
Vertex = (2, -)

Rots = (-1,0) and (5,0)

y-intercept = (0,-5)

\5: X,l-L\'X. ‘S

(2,-9)

b)
Sketchthegraph y= g(x) .
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Jketch means mugh but showing key points YOURNOTES

i
Use GDC fo find x and y-intercepts and asymptotes

JL"m’rer(ep’r : (’ % ' 0)

Y -infercept (0,3)

A53m9+o’re> c x| and 3=Z

(03)

-39
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How do | find where two graphs intersect? l

¢ Plotboth graphs onyourGDC
e Usetheintersect functiontofindtheintersections
¢ Checkif thereis more than one point of intersection

2x-y=3

21
ol / \ X
3x+y=7

o LINES INTERSECT AT (21
° SOLVING 2x-y=3 AND 3x+y=7
SIMULTANEOQUSLY IS x=2, y=1

#Fsavemyexams

How canl use graphs to solve equations?

¢ Onemethodtosolveequationsis touse graphs
Tosolve f(x) =a
o Plotthetwographs y= f(x) and y=aonyourGDC
o Findthe points of intersections
o The x-coordinates are the solutions of the equation
Tosolve ﬂx) = g(x)
o Plotthetwographs y= f(X) and y=g(x) onyourGDC
o Findthe points of intersections
o The x-coordinates are the solutions of the equation
¢ Usinggraphs makes it easier to see how many solutions an equation willhave

(") Exam Tip

* e You canuse graphs to solve equations
o Questions willnot necessarily ask for a drawing/sketch or make reference
to graphs
o Useyour GDC to plot the equations and find the intersections between the
graphs
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YOURNOTES

*9 Worked Example !
[ J

Two functions are defined by
4
flx)=x3-xand g(x)= <

a)
Sketchthegraph y= f(x)

Use GDC 1o find max , min , intercepts

(-0.5%3, 0.385)

(0.5%1,-0.335)

b)
Write down the number of real solutions to the equation x3 —x=2.

\dem"n% the number of infersections befween
%:aa—‘x, and ‘d=2

2
=X -
Ea

\3:1
1 idtersection

r0.385
1 solution

c)
Findthe coordinates of the points where y= f(X) and y=g(X) intersect.
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Use GDC 4o skerch looth graphs YOURlNOTES
t:\=13-x
Y- £

(-1.60,-2.90) ond (1602.50)

d)

4
Write down the solutions to the equation x3 —x = ; .

Sdltions o ‘13-x=§ are the x wordinates of
the points of intersection.

= ~1.60 and o =160
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2.2.3 Properties of Graphs

Quadratic Functions & Graphs
What are the key features of quadratic graphs?

 Aquadratic graphis of theform y = ax? + bx + cwhere a#0.
¢ Thevalue of a affects the shape of the curve
o Ifais positive the shapeis U
o Ifaisnegativetheshapeis N
e They-interceptis atthe point (O, c)
» Thezeros orroots arethesolutionsto ax? +bx+c=0
o Thesecan befoundusingyour GDC or the quadratic formula
o Thesearealso calledthe x-intercepts
o TherecanbeO,1or2x-intercepts

b
2a
o Thisis giveninyourformula booklet
o Ifthere are two x-intercepts then the axis of symmetry goes through the midpoint of

e Thereis an axis of symmetryat x= —

them
e Thevertexlies on the axis of symmetry
b
o Thex-coordinateis — =—
2a
b
o They-coordinate canbe foundusingthe GDC orby calculatingywhen x= — Z

o Ifais positive then the vertexis the minimum point
o Ifaisnegative then thevertexis the maximum point

° MAXIMUM POINT
0 / X 0
a>0 a<0
MINIMUM  POINT e

POSITIVE QUADRATIC NEGATIVE  QUADRATIC

Fsave myexams
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y
o y—AXIS INTERCEPT

#Fsavemyexams

YOURNOTES

. X—AXIS INTERCEPTS l

(’) Exam Tip

* e UseyourGDC to find theroots and the turning point of a quadratic function
o You donotneedtofactorise orcomplete the square
o |tis goodexam technique to sketch the graph from your GDC as part of
yourworking
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*9 Worked Example
[ J

a)
Write down the equation of the axis of symmetry forthe graph y =4x2—4x -3

Axis of symmetry of the )
graph of a quadratic f(x)=ax’ +bx+c = axis of symmetry is x=——
a

Formula booklet  [fmee
0zl b:-b ¢=-3

x='m)

]
Xy

b)
Sketchthegraph y=4x2—4x-3.

Use GDC 4o find vertex, roots and y-intercepts

Vertex - (i. -k)
Rots = (-3,0) and (%,0)

y-infercept = (0, -3)
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Cubic Functions & Graphs
What are the key features of cubic graphs?

« Acubicgraphisof theform y = ax3 + bx2 + cx + dwhere a#0.
¢ Thevalue of a affects the shape of the curve
o Ifais positive the graph goes from bottomIleft to top right
o Ifais negative the graph goes from top left to bottomright
e They-interceptis atthe point(O, d)
» Thezeros orroots arethe solutionsto ax3+ bx2+cx+d=0
o Thesecanbe foundusingyour GDC
o Thesearealso calledthe x-intercepts
o Therecanbel, 2 or3x-intercepts
= Thereis always atleast|
e There are either O or 2 local minimums/maximums
o Ifthereare O then the curveis monotonic (always increasing or always decreasing)
o Ifthereare2thenoneis alocalminimumandoneis alocalmaximum

Y,
" SMOOTH
\/(\ CURVE
"'\-l/
" y—AXiS
INTERCEPT

X

x-AXIS )
INTERCEPTS

#Fsavemyexams

(') Exam Tip

e YoucanuseyourGDC to find theroots, the local maximum and local minimum

of a cubic function
* When drawing/sketching the graph of a cubic function be sure to label all the
key features
o and axesintercepts
o thelocal maximum point
o thelocal minimum point
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YOURNOTES
*> Worked Example !
[ J

Sketchthegraph y=2x3—6x2+x—3.

Use GDC to find min, max, roots and y-intercept
Min = (193,-9.063)  Max= (0.0%%, -2.95%)
Rt = (3,0)

y-infercept = (0,-3)

y: 2x3-bxt4x -3

(3.0)
08,2953)

(o.-3g0

(vai3,-9.0u3)
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Exponential Functions & Graphs
What are the key features of exponential graphs?

¢ Anexponential graphis of the form
o y=ka*+cor y=ka X+ cwhere a>0
o y=keX+c¢
= Where eis the mathematical constant2.718...
e They-interceptis atthe point(0, k+c)
e Thereis a horizontalasymptoteaty=c
e Thevalue of kdetermines whether the graphis above or below the asymptote
o Ifkis positivethe graphis above the asymptote
= Sotherangeis y>c¢
o Ifkisnegativethe graphis belowthe asymptote
= Sotherangeis y<c
e Thecoefficient of xandthe constant k determine whether the graphis increasing or
decreasing
o Ifthe coefficient of xand k have the same signthen graphis increasing
o Ifthe coefficient of xand k have different signs then the graphis decreasing
¢ Thereis atmost1root
o ItcanbefoundusingyourGDC

Y
y=ka*+ ¢ y=ka* + ¢
or or
y=ke™+ c r<0 y=ke™+c r>0
_ B -

(') ExamTip

et ¢ You may have to change the viewingwindow settings on your GDC to make
asymptotes clear
o Asmallscale can makeitlook as though the curve and an asymptote
intercept
e Becarefulabout how two exponential graphs drawn on the same axes look
o Particularly which oneis "on top" either side of the -axis
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YOURNOTES
*> Worked Example
° l
a)
Onthe same set of axes sketch the graphs y=2% and y =3*.Clearlylabeleach
graph.
4:8"
$7
(0.)
b)

Sketchthegraph y=2e™3x+1.
Use GDC +o (ind intercept ad a$\3mp+0+c

y-infercept = (0,3)
As\dmp’ro‘re? lj=|

(0,3)
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Sinusoidal Functions & Graphs

What are the key features of sinusoidal graphs?

e Asinusoidal graphis of the form

o y=asin(bx)+d

o y= acos(bx) +d
¢ They-interceptis atthe point

o (0,d)for y=asin(bx) +d

o (0,a+d)for y=acos(bx)+d
e Theperiod of the graphis thelength of the interval of a full cycle

360°

b

e Themaximumvalueisy=a+d
¢ The minimumvalueisy=-a+d

¢ Theprincipal axis is the horizontalline halfway between the maximum and minimum values

o Thisisy=d

e Theamplitudeis the vertical distance from the principal axis to the maximum value

o Thisisa

AMPLITUDE

PERIOD

y=asin(bx)+d

y=d

[ \A}/ J

(’) Exam Tip

* * Pay careful attention to the angles between which you are required to use or
draw/sketch a sinusoidal graph

o e.g. 0°=x=360°
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YOURNOTES
*> Worked Example !
[ J

a)
Sketchthegraph y = 3sin(2x) + 1 forthe values 0 < x <360.

Use GDC to find max and min

ys 3sin(2x) +|
k +
ml\)
. q 150 bzl 360

b)
State the equation of the principal axis of the curve.

Pr‘mc&pa\ QXiS is in m\ddle of MaXimum and minimum

points
L + 72 - |

2
y=\

c)
State the period and amplitude.

Period is how often # repeats

360 _
30 -\

Period = 1950°

Ampltude is distance from principal axis o maximum

of  minimum
L-\ =1-"22=3
Amplitude =3
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2.3 Modelling with Functions

2.3.1Linear & Piecewise Models

Linear Models

What are the parameters of alinear model?

¢ Alinearmodel is of the form z‘(x) =mx+c
e Themrepresents therate of change of the function
o Thisis theamountthefunctionincreases/decreases whenxincreases by 1
= |fthefunctionisincreasingmis positive
= [fthefunctionis decreasingmis negative
o When the modelis represented as a graph this is the gradient of theline
¢ Thecrepresents thevalue of the functionwhenx=0
o Thisis thevalue of the function when the independent variable is not present
o Thisisusually referredto as theinitial value
o Whenthe modelis represented as a graph this is the y-intercept of theline

What can be modelled as alinear model?

o |fthe graph of the dataresembles a straight line
¢ Anythingwith a constantrate of change
o C(d)is the taxicharge fora journey of dkm
o B(m)is the monthly mobile phone billwhen m minutes have been used
o R(d)is therental fee fora carusedforddays
o d(t)isthedistance travelled by a carmoving ata constant speed fortseconds

What are possible limitations of a linear model?

e Linearmodels continuouslyincrease (ordecrease) atthe samerate
o Inreal-life this mightnotbe the case
o The function mightreach a maximum (or minimum)
¢ |fthevalue of mis negative then forsomeinputs the function will predict negative values
o Insomereal-life situations negative values willnot make sense
o Toovercome this you can decide on an appropriate domain so that the outputs are
nevernegative

¢) ExamTip
* ¢ Make sure that you are equally confident in working with linear models both

algebraically and graphically as it may be easier using one method over the
otherwhen tackling a particular exam question
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YOURNOTES
*> Worked Example !
[ J

Thetotalcost, C,in New Zealand dollars (NZD), of a premium gym membership at
FitFirst can be modelled by the function
C=1495¢t+30, t>0

where tisthetimeinweeks.

?Z)alculate the cost of the gym membership for 20 weeks.
Substitute £=20 .
((20) = 1&.95(20) +30 o]
20
329 NID
b)

Findthe number of weeks it takes for the total cost to exceed 1500 NZD.

Jubstitute (= 1500

(1) —
_—

1500 = 1495 +30 o

1495k = 1430
. 430 |
Ee g - 98321

/ Round up 1o the next integer
19 weeks
c)

Undernew management, FitFirst changes the initial payment to 20 NZD and the
weekly cost t019.25 NZD. Write the new cost function afterthese changes have
been.

((E) = mt +c
m is the (onstant rate per week m =19.25

C is the initial cost ¢= 20

C(e)=19.25¢ + 20
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Linear Piecewise Models YOURNOTES
What are the parameters of a piecewise linear model? l
¢ Apiecewiselinear modelis made up of multiple linear models fl.(x) =m X + c

¢ Foreachlinearmodel there willbe
o Therate of change forthatinterval m;
o Thevalueif theindependentvariable was not present c;

What can be modelled as a piecewise linear model?

¢ Piecewiselinearmodels can be usedwhen therate of change of a function changes for
differentintervals
o Thesecommonly apply when there are different tariffs orlevels of charges
¢ Anythingwith a constantrate of change forsetintervals
o C(d)isthetaxicharge forajourney of dkm
= The charge might double after midnight
o R(d)is therental fee fora carusedforddays
= The daily fee might triple if the caris rented overbank holidays
o s(t)isthe speedofa cartravelling fort seconds with constant acceleration
= The carmightreach a maximum speed

What are possible limitations of a piecewise linear model?

e Linearmodels have a constantrate of change
o Inreal-life this mightnotbe the case
o Afunction mightincrease (or decrease) gradually rather than at a constantrate

(’) ExamTip

e Make sure thatyou know how to plot a piecewise model on your GDC
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*> Worked Example

Thetotalmonthly charge, £ C, of phone bill can be modelled by the function

10+0.02m 0<m<100

C(m)={ 9+0.03m  m>100

where m is the number of minutes used.

a)
Find the totalmonthly charge if 80 minutes have been used.

5ul)6‘r'l’rufe m=D0 im0 the first function
C(%0)=10+ 0.02(30)
60

b)

Given that the totalmonthly chargeis £16.59, find the number of minutes that were

used.
Substitute C =16.59 ity the second ﬁm&ioq
16.59 = 9 +0.03m

0.03m- 139

154
0.03

253  minutes
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2.3.2 Quadratic & Cubic Models

Quadratic Models

What are the parameters of a quadratic model?

¢ Aquadratic modelis of the form f(x) =ax’+bx+c
¢ Thecrepresents thevalue of the functionwhenx=0
o Thisis thevalue of the function when the independent variable is not present
o Thisisusually referredto as theinitial value
e Theahasthebiggestimpact ontherate of change of the function
o Ifahasalarge absolute value then therate of change varies rapidly
o Ifahasasmallabsolutevalue then therate of change varies slowly

b

¢ The maximum (or minimum) of the function occurs when x = — 2—
a

o Thisis givenin the formula booklet as the axis of symmetry

What can be modelled as a quadratic model?

o Ifthe graph of thedataresemblesa U or N shape
e Thesecanbeusedif the graph has a single maximum or minimum
o H(t)is thevertical height of a football t seconds after being kicked
o A(x)is the area of rectangle of length xcm that can be made with a 20 cm length of
string

What are possible limitations of a quadratic model?

e Aquadratic has eithera maximum or a minimum but not both
o This means one endis unbounded
In real-life this might not be the case
The function might have both a maximum and a minimum
To overcome this you can decide on an appropriate domain so that the outputs are
withinarange
¢ Quadratic graphs are symmetrical
o This mightnotbe the caseinreal-life

o

o

o]

¢) ExamTip
* ¢ Readandre-readthe question carefully, try to getinvolvedin the context of the
question!

o |Imagine what happens to a stone as you throw it from a cliff, what would
the pathlooklike?
o Whatwouldit be like to manage a toy factory, would you expect profit to
rise or fallas youincrease the price of the toy?
¢ Sketcha graph of the function beingused as the model, use your GDC to help
you
e |fyou are completely stuck try “doing something” with the quadratic function -
sketchit, factoriseit, solveit
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YOURNOTES
*> Worked Example !
[

Acompany sells unicorn toys. The profit, £ P, of the selling one unicorn toy can be
modelled by the function

1
P(X)=E(—X2+20X—50)

where x is the selling price of the toy.

Find the selling price which maximises profit. State the maximum profit.

Sketch on GDC and find the maximum ~ point

(10,5)

)

Se"ins price El0
Ma)(\mum proFﬂ £5
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Cubic Models

What are the parameters of a cubic model?

« Acubicmodelis of theform f(x)=ax3+bx2+cx+d
¢ Thedrepresents thevalue of the functionwhenx=0
o Thisis thevalue of the function when the independent variable is not present
o Thisisusually referredto as theinitial value
e Theahasthebiggestimpact ontherate of change of the function
o Ifahasalarge absolute value then therate of change varies rapidly
o Ifahasasmallabsolute value then therate of change varies slowly

What can be modelled as a cubic model?
o |fthe graph of the data has exactly one maximum and one minimum within aninterval
¢ |fthe graph is monotonic with no maximum or minimum
o D(t)is thevertical distance below starting point of a bungee jumpertseconds after
jumping
o V(x)is the volume of a cuboid of length xcm that can be made with a 200 cm? of
cardboard

What are possible limitations of a cubic model?

¢ Cubic graphs have no global maximum or minimum
o This means the functionis unbounded
o Inreal-life this might not be the case
o The function mighthave a maximum or minimum
o Toovercome this you can decide on an appropriate domain so that the outputs are
withinarange

O Exam Tip
* ¢ Readandre-readthe question carefully, try to getinvolvedin the context of the
question!

¢ Always sketch the graph using your GDC to help
¢ Pay particularattention to the domain of the question
o |fthedomainis given, make sure thatyou focus only on that section when

you sketch the graph
o |fthedomainis not given, think about whether ornotitneeds to be
restricted based on the context of the question, e.g. can time be negative?

Page 38 of 53

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, PastPapers

YOURNOTES
i


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukformore awesomeresources

YOURNOTES

*> Worked Example !
[

The vertical height of a child above the ground, h metres, as they go down a water
slide can be modelled by the function

4
h(t) = 7(35 —12t+6£2-8),

where tis the time in seconds after the child enters the slide.

a)
State thevertical height of the slide.

Sketch on GDC
10 /\ He\3|r\+ of slide is the
initial hélﬁhi’ of the child

20 m

b)
Given that the childreaches the ground at the bottom of the slide, find the domain
of the function.

Sketch on GDC

0 (hld reaches the cdround

so fuaction stops here

o
n
o
n
(2]
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2.3.3 Exponential Models

Exponential Models
What are the parameters of an exponential model?

¢ Anexponential modelis of the form
o flx)=ka*+cor f(x)=ka X+ cfor a>0
o flx)=ke™+c
= Where eis the mathematical constant2.718...
o Thecrepresents the boundary for the function
= |[tcanneverbe this value
o Theaorrdescribes therate of growth or decay
= Thebiggerthevalue of a orthe absolute value of rthe faster the function
increases/decreases

What can be modelled as an exponential model?

e Exponential growth ordecay
o Exponential growthis represented by
= a¥wherea>1
= a ¥where0<a<l
= eX wherer>0
o Exponentialdecay is represented by
= a¥where(0<a<l
= a Xwherea>1
= ¢ wherer<(0
e Theycanbeusedwhen there a constant percentageincrease ordecrease
o Such as functions generated by geometric sequences
e Examplesinclude:
o V(t)is thevalue of caraftertyears
o S(t)istheamountin a savings account aftertyears
o B(t)istheamount of bacteria on a surface aftertseconds
o T(t)is thetemperature of a kettle t minutes afterbeing boiled

What are possible limitations of an exponential model?

¢ Anexponential growth model does not have a maximum

o Inreal-life this mightnotbe the case

o Thefunction mightreach a maximum andstay at this value
¢ Exponential models are monotonic

o Inreal-life this mightnotbe the case

o Thefunction might fluctuate
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O ExamTip YOURlNOTES

¢ Lookout forthe word "initial" or similar, as way of asking you to make the power
equalto zero to simplify the equation

¢ Questions regarding the boundary of the exponential model are also frequently
asked

*9 Worked Example

[ ]
Thevalue of acar, V (NZD), can be modelled by the function

V() =25125 x 0.8/ + 8500, t>0
where tis the age of the carinyears.

a)
State theinitial value of the car.

|n‘d’ial value is when t=0

V(0) = 25125 X0 + 8500  *7° \

33625 NzD 48500

b)
Findthe age of the carwhenits valueis 17500 NZD.

Set V) =17500 and solve

on GDC 3325

25125 xDg +8500 < 750D " 48500
t: &.600%..

460 years
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Direct Variation

What is direct variation?
e Twovariables are said to vary directly if theirratio is constant (k)
o Thisis also calleddirect proportion
« If yand x™ (for positive integern) vary directly then:
o |tisdenotedas y o« x”
o y=kx" forsome constantk

= This can be written as X k
XII
e The graphs of these models always start at the origin

How dol solve direct variation problems?

« |dentify which two variables vary directly
o Itmightnotbexandy
o Itcouldbe x3 andy

¢ Usethegiveninformation to find theirconstantratio k
o Also called constant of proportionality
o Substitute the given values of x and y into your formula
o Solvetofindk

¢ Write the equation which models theirrelationship
o y=kx"

¢ Youcanthenusetheequation to solve problems
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*> Worked Example

Acomputerprogramsorts alist of numbers into ascending order. The time it takes,
t milliseconds, varies directly with the square of the number of items, n, in thelist.
The computer program takes 48 milliseconds to order a list with 8 items.

Find an equation connecting fand n.

'deaniF“ the variables that vary direc‘rlg
tx nt

Form an eatuaﬁon

t= kn*
Use t:= 48 and n=% to !
Find the value of k
48 = k()
bh k= 48
. 48
k = b - 0.5
E: 0.35n%

Findthetimeit takes to orderalist of 50 numbers.

Subditude =50 into the e@uafion
t= 0.35(50)

1335 milliseconds
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Inverse Variation
What isinverse variation?

e Twovariables are saidto vary inversely if their product is constant (k)
o Thisis alsocalledinverse proportion
 If yand x" (for positive integern) vary inversely then:

o |tisdenoted yx —
XH

k

o y=— forsomeconstantk
XH

= This canbewritten x7y = k
e The graphs of these models allhave a vertical asymptote at the y-axis
o This means thatas x gets closerto O the absolute value of y gets furtheraway from O
o x canneverequalO

How dol solveinverse variation problems?

¢ |dentify which two variables vary inversely
o |tmightnotbex andy
o ltcouldbex3andy
¢ Usethegiveninformation to find theirconstant product k
o Also called constant of proportionality
o Substitute the givenvalues of x and y into yourformula
o Solvetofindk
Write the equation which models theirrelationship

k
oy=;

You can then use the equation to solve problems

(') ExamTip

* e Reciprocal graphs generally have two parts/curves
o Only one - usually the positive - may be relevant to the model
o Think aboutwhy x/t/8 can only take positive values - refer to the context of
the question
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YOURNOTES
*> Worked Example !

(] . . . o
Thetime, thours, it takes to complete a project varies inversely to the number of

peopleworkingonit, nn. If 4 people work on the project it takes 70 hours to
complete.

a)
Write an equation connecting tand n.

MenJriFg\ the variobles that vary diredlg

t oy

Form an e%uafion

be ¥
n

Use t=30 and n=t +

Find the volue of k

.k
10~4

k=4x30 = 280
. 280
E= n

b)
Given that the project needs to be completed within 18 hours, find the minimum
number of people needed towork oniit.

Substitde E:1% into the eq/uaﬁm

230 _ |
% 5.585.. .|
16 people
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2.3.5 Sinusoidal Models

Sinusoidal Models
What are the parameters of a sinusoidal model?

¢ Asinusoidal modelis of the form
o f(x)=asin(bx) +d
o f(x)=acos(bx) +d
¢ Thearepresents the amplitude of the function
o Thebiggerthevalue of a the bigger the range of values of the function
e Thebdetermines the period of the function
o Thebiggerthevalue of b the quicker the function repeats a cycle
e Thedrepresents the principal axis
o Thisis thelinethat the function fluctuates around

What can be modelled as a sinusoidal model?

¢ Anythingthatoscillates (fluctuates periodically)
e Examplesinclude:
o D(t)is the depth of waterat a shore t hours after midnight
o T(d)is thetemperature of a city ddays afterthe Ist January
o H(t)is verticalheight above ground of a person t second afterentering a Ferris wheel

What are possible limitations of a sinusoidal model?

¢ Theamplitudeis the same foreach cycle

o Inreal-life this mightnotbe the case

o Thefunction might get closerto the principal axis overtime
e Theperiodis the same foreach cycle

o Inreal-life this mightnotbe the case

o Thetimetocomplete a cycle might change overtime

@ ExamTip
* ¢ Readandre-readthe question carefully, try to getinvolvedin the context of the
question!

e Sketch a graph of the function beingused as the model, use your GDC to help
you and focus on the given domain
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YOURNOTES

*> Worked Example !

The waterdepth, D, in metres, at a port can be modelled by the function
D(f) =3sin(15°X ) + 12, 0<t<24
where tis the elapsedtime, in hours, since midnight.

a)
Write down the depth of the water at midnight.

Substitute £:0 for m\dnishf
D(0): 35in(15 * 0) +12

12 m 'l/\/
b)

Find the minimum water depth and the number of hours after midnight that this
depth occurs.

Use GDC to find the minmmym

Minimum = 4 m
13 hours after m'ndn\ﬁhf n/\</(|$,q)
c)

Calculatehow long the waterdepthis atleast 13.5 metres each day.

Use GDC o find D(¥) =135
3sn(15E)+12= 135
E=2 and t=10
Find the difference between

the  times

10-2 :%
D hours
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2.3.6 Strategy forModelling Functions

Modelling with Functions
What is a mathematical model?

+ Amathematical model simplifies a real-world situation soit can be described using
mathematics
o Themodelcanthen beusedto make predictions
¢ Assumptions about the situation are made in order to simplify the mathematics
¢ Models can berefined (improved) if furtherinformation is available orif the modelis
compared toreal-world data

How dol set up the model?

e Thequestion could:
o giveyou the equation of the model
o tellyou about therelationship
= [tmightsay therelationshipis linear, quadratic, etc
o askyoutosuggest asuitable model
= Useyourknowledge of each model
= E.g.ifitiscompoundinterest then an exponential modelis the mostappropriate
e Youmay haveto determine areasonable domain
o Considerreal-life context
= E.g.if dealingwith hoursin a day then
= E.g.if dealing with physical quantities (such as length) then
o Considerthe possibleranges
= |fthe outcome cannot be negative then you want to choose a domain which
corresponds to arange with nonegative values
= Sketchingthe graphis helpful to determine a suitable domain

Which models do |l need to know?

e Linear

o Piecewiselinear
e Quadratic

e Cubic

¢ Exponential

¢ Directvariation
¢ Inversevariation
¢ Sinusoidal
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¢) ExamTip YOURIl\lOTES

¢ Youneed to be familiar with the format of the different types of equations and
the general shape of the graphs they produce, you need to always be thinking
"does my answer seem appropriate forthe given situation?"
¢ Sketchinggraphsis key
o Make sure that you use your GDC to plot the relevant function(s)
o Sometimes you may have to play around with the zoom function or the
axes to make sure that you are focused on the relevant domain

) Worked Example

Acliff has a height x metres above the ground. Astoneis projected from the edge
of the cliff and it travels through the air until it hits the ground and stops. The vertical
height, in metres, of the stone above the ground t seconds after being thrown is
given by the function:

() =95+6t-52.

a)
Statethevalue of x.

\n’u’ria| Va\ue is the he\ghf olc the dnq
h(0)=45 +6(0) -S(0)"

45 m

as

b)
Determine the domain of h(?).

Stone ﬁop\s at %rour\d when h(t) =0

95 +bt -Ot*= 0
k=5 or =-3% a5
t
Reject as time an't 5
l)e ne_sahve

Dsts<h
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Finding Parameters YOURNOTES
What do | do if some of the parameters are unknown? l

e Forsome models you can use yourknowledge to find unknown parameters
o Foralinearmodel f(X) = mx + cyou can calculate the m by finding the gradient
o Foranexponential model f(x) = ka* + cyou can calculate the a by finding the
percentage change
o Forasinusoidalmodel ﬂx) = asin(bx) + d you can calculate a by finding the
amplitude
¢ Ageneralmethodis to form equations by substitutingin given values
o You can form multiple equations and solve them simultaneously using your GDC
= You couldbe expectedto solve a system of three simultaneous equations of
three unknowns
o This method works forallmodels
¢ Theinitial valueis the value of the function when the variableis O
o Thisis normally one of the parameters in the equation of the model

(’) ExamTip

w q
e Make sure thatany sketches you are asked to make are fully labelled with the
coordinates of any important points, e.g. intersections with the axes or other
lines, local maxima/minima etc.
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YOURNOTES
*> Worked Example !
[

Thetemperature, T °c, of a cup of coffeeis monitored. Initially the temperatureis
80°C and5 minutes lateritis 40°C. Itis suggested that the temperature follows
the model:

T(t)=ka"t+16, t>0
where tis the time, in minutes, after the coffee has been made.

a)
Statethevalue of k.

ln'|+ia||5 temperature is 30°C

T(0)=80 .

ka® +16 = %0 K
k +lb = 80 e
k< bl

b)
Findthevalue of a.

Afler O minules the Tfemperature is &0°C
T(5) &b

bha™> +Ib = k0
Solve using Ganc
a=1.21632..

az 122 (3sF)
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