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5.7 Further Differential Equations

Question Paper

Course DPIBMaths
Section 5.Calculus
Topic 5.7 Further Differential Equations
Difficulty Very Hard
Time allowed: 150
Score: /123
Percentage: /100
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Questionla
Consider the following system of coupled differential equations

x=x2+2ty
y=-—6x+y+14t
with theinitialconditionx = =2, y = — 12 when t=0.

a)
Use the Euler method with a step size of 0.1to find approximations for the values of x and y when ¢=0.5.

[6 marks]

Question1b

b)

i)

Show that the system has a single equilibrium point at time t = 0 and write down its coordinates.

ii)

Find the coordinates of the equilibrium points in terms of . Hence show that, fortimes ¢ > 0, the system has no equilibrium
points at which the values of both x and y are non-negative.

[5 marks]
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Question 2a

Considerthe following system of differential equations:
dx _ 23 N 5
e~ 14T 7Y
dy _ 15 N 1
a1 " 77

Giventhat x=8 andy=3whent=0,

a)
use a matrix method to determine the exact solution of the system.
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Question 2b
b)
Hence determine thelong-termratio of the value of x to the value of y.
[2 marks]
Question 3a
Therates of change of two variables, x and y, are described by the following system of differential equations:
W oax-21y Yo gix+33
T 3x-=21y - = Ax+33y
Th (_0'3 _2'1)h lues -3and 6. Initially x =0 and y =3
e matrix as eigenvalues -3andé. Initially x =0 and y =3.
\-8.1 33 )9 d d
a)
Usethe aboveinformation to find the exact solution to the system of differential equations.
[7 marks]
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Question 3b

Use the Euler method with a step size of 0.2 to find approximations for the values of x and y when ¢=1.

[6 marks]
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Question 3¢

c)
Compare theratio of the approximations from part (b) with the ratio of x to y that you would expectin the long term based

onyouranswerto part(a).

[2 marks]

Question 3d

d)

(i)

Find the percentage error of the approximations from part (b) compared with the exact values of x and ywhen t=1.

(i) Explain how the approximations foundin part (b) could be improved.

[4 marks]
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Question 4a

Chventhatihe mat (—0.2 2.41 (1.36 0.481 d(—z.zs 0.96\”h (3) d(—ﬂ _ t
Iiventna ema FICeS\ 14 1.2 ,\048 164/6!’1 \096 _172/&1 ave\4/an \3 }aselgenvec ors,

i)

sketch the phase portrait, and

ii)

state whether the point (0,0) is astable equilibrium point oran unstable equilibrium point
foreach of the systems of differential equations given below.

a)
O ox+24 Y o ax+12
- 02x+24y qr - 2Ax+ 12y
[5 marks]
Question 4b
b)
| 36x+0.48 W .48+ 1.64
qr = 1-36x+0.48y qr - 0-48x+ 1.6y
[5 marks]
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Question 4c
C)

dx dy
— =-2.28x+0.96y o

T 0.96x—-1.72y

[5 marks]
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& 10 Y 01x-3
dt X Y de xmy
wherex=1andy=1whent=0.
a)
Sketch the phase portrait of the system with the given initial condition.
Now considerinstead the following system of differential equations
& 10 Y0143
a * Y e XY

with the sameinitial conditions.

Question 5b
b)

[7 marks]

Describe briefly how the phase portrait for this system would differ from the phase portrait drawn in part (a). Be sure tojustify

youranswer.
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Question 6a
The amounts, x and y, of tworeactive chemicals in a solution are modelled by the following system of differential equations:

dy _

dX—S 8.5y+9.5
=5x—-8.5y+09. a

dy 4x—-5y—5

a)

dx d
Find the equations of the lines on which (i) E and (ii) d_}t/ are equalto zero, and hence determine the equilibrium point of the

system.

[4 marks]
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Question 6b

b)
Use the substitutions u=x — 10 and v=y — 7 to rewrite the equations as a system of coupled differential equations in 7 and
V.

[4 marks]

Question é6c

c)
Determine the nature of the solution trajectories forthe system of equations in u and v foundin part (b).

[4 marks]

Question é6d
Initiallyx=1andy=1.

d)
Useyouranswers to parts (a) and(c) to sketch a phase portrait showing the long-term behaviour of x and y. You may take
as a given thatboth x and y remain non-negative forallvalues of .

[4 marks]
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Question7a

Scientists are studying populations of a prey species and a predator species within a particularecosystem. They model the
two populations by the system of equations

dx dy
5 —la=by)x 5 = (ex—dy

where X represents the size of the prey population, y represents the size of the predator population, and a, b, ¢ and d are all
positive real parameters.

a)
Write down (i) the coordinates of the equilibrium points of the system, and (ii) the equations of the lines on which the (local)
minimum and maximum values of x and y willbe located. Give youranswersinterms of a, b, ¢ and d as appropriate.

[4 marks]
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Question7b
Parameter is sometimes referred to as the ‘prey population growth parameter’, while parameter d is sometimes referred to
as the ‘predator population extinction parameter’.

b)
Using mathematical reasoning, explain briefly (i) why those names are suitable for parameters a and b, and (i) what
parameters b and ¢ representin the model.

[6 marks]

Question7c
Leta=13,b=5,c=4and d=9, withx=1andy=1 when ¢=0.

c)

By first using the Euler method with a step size of 0.002 to find approximations for the values of x and y between t =0 and
t=0.64, sketch aphase portrait showing an approximate solution trajectory for the system with the given parametervalues
andinitial conditions.

[8 marks]
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Question 8a
Aparticle moves in a straightline, such thatits displacement x metres at time ¢ seconds is described by the differential
equation
Xx+5x+6x=0
a)

Show that the second order differential equation above can be rewritten as a system of coupled first order differential
equations.

[3marks]
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Question 8b
When t=0, the displacement of the particleis =3 mandthe velocityis —10ms~!.

b)
By applying Euler’'s method with a step size of O.1to the system of equations foundin part (a), find approximations for (i) the
displacement and (ii) the velocity of the particle at time t=0.5.

[6 marks]

Question 8c

c)
By first finding the exact solution to the system of equations foundin part (a), determine the percentage error of the values
forthe displacement and velocity attime t = (0.5 that were foundin part (b).

[7 marks]

Page 15 of 16

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, PastPapers



https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukformore awesomeresources

Question 8d

d)
Sketch the trajectory of your exact solution from part (c) on a phase diagram, showing the relationship between the particle’s
displacement andvelocity as time tincreases.

[4 marks]
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