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5.6 Differential Equations

Question Paper

Course DPIBMaths
Section 5.Calculus
Topic 5.6 Differential Equations
Difficulty Hard
Time allowed: 100
Score: /76
Percentage: /100
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Question1

Consider the first-order differential equation

d
& x3 =2sinx

dx

Solve the equation given that y =0 when x =0, giving youranswerin the form y = f(x).

[5marks]
Question 2a
Use separation of variables to solve each of the following differential equations:
(a)
dy
— =10x3y3
dx Y
[4 marks]
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Question 2b
(b)

d
_y =X(X2 - 1)363_)/
dx

[5 marks]

Question 3a
Use separation of variables to solve each of the following differential equations for y which satisfies the given boundary
condition:

(a)

dy_cos3x_ m\_
Ay ’y(6)_ :

[5 marks]
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Question 3b
(b)
dy T
X— = 2 v = —
e i o8y ¥(0) 1
[5 marks]
Question 4a

Radiangast the Beigeis chief mathemagician of the wizards’ council. Afteranimals begin fallingillin the forest where he lives,
Radiangastrealises thatan evilmagic has begun spreading through the forest. After studying the situation, he believes that
atany pointintime, t, therate of change of the area, A, affected by the evilmagicis inversely proportional to the square root

of the area already affected.

a)
Write down a differential equation representing Radiangast’s model, and solveit to find the general solution. Be sure to
define any constants that occurin your equation or solution.

[5 marks]
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Question 4b

At the time when Radiangast first noticed its presence, the evilmagic was affecting an area of 16 acres of forest. One week
laterhe noticedthatthe area hasincreasedto 41acres.

Radiangast knows that as long as the wizards’ council convenes to weave spells before the area affected by the evilmagic
exceeds 100 acres, then they willbe able to stop the evilmagic from spreading further.

b)
From the time that Radiangast first noticed the presence of the evilmagic, determine how long the wizards’ councilhas to
convene toweave spells, if they are to stop the evilmagic from spreading further.

[6 marks]
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Question 5a

Afteraninvasive species of insect has been introducedto a new region, itis estimated that atany pointin time therate of
growth of the population of insects in the region will be proportional to the current population size P. At the start of a study of
theinsects in a particularregion, researchers estimate the population size to be 1000 individuals. Aweek lateranother
population survey is conducted, and the population of insects is found to have increased to 1150.

(a)
By first writing and solving an appropriate differential equation, determine how longit will take for the population of insects in
theregiontoincreaseto10 000.

[8 marks]
Question 5b
(b)
Comment on the validity of the model forlarge values of t.

[2 marks]
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Question 6a

The graph below shows the slope field for the differential equation

0<x<10and0<y<10.

dy (0.2x-0.85)y
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a)

, X>0, y>0,intheintervals

Find the equations of the lines on which will lie the points where the solution curves to the differential equation have (i)

horizontal and (ii) vertical tangents.

Question 6b

b)

On the graph above sketch:

i)

thelines identifiedin part(a)

ii)

the solution curve that passes through the point (8, 6)
iii)

the solution curve that passes through the point (4, 6)
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Question7a
Consider the differential equation

dy (L y_¥
dx eV'x cos x Jx

TU
with the boundary condition y(?\ =0.

)
(a)
20T +3
Apply Euler's method with a step size of h =0.01 to approximate the solution to the differential equation at x = 60
[3marks]
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Question 7b
It can be shown that the exact solution to the differential equation with the given boundary condition is

_ tanx—ﬁ
- 2

y x

b)
i)

20T +3
Compare your approximation from part (a) to the exact value of the solutionat x = 60
ii)
Explain how the accuracy of the approximation in part (a) could be improved.
Question7c
(c)
(i)

20T +3
Compare your approximation from part (a) to the exact value of the solutionat x = 60

(ii)

Explain how the accuracy of the approximation in part (a) could be improved.
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[3 marks]
Question 8a
Aparticle movesin astraightline, such thatits displacement x at time tis described by the differential equation
t sin £
X= , t>0
COS X
Attimet=0, x= — %
a)
By using Euler’'s method with a step length of 0.2, find an approximate value for x attime ¢t =0.6.
[3marks]
Question 8b
b)
Solve the differential equation with the given boundary condition.
[5 marks]
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Question 8c

c)
Hence find the percentage errorin your approximation for x attime t=0.6.

[2 marks]
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