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1.1Number & Algebra Toolkit

1.1.1Standard Form

Standard Form

Standard form (sometimes called scientific notation or standard index form) gives us a way
of writing very big and very smallnumbers using powers of 10.

Why use standard form?

e Somenumbers are too big ortoo small to write easily or foryour calculatorto display at all
o Imagine the number 5059, the answer would take 84 digits to write out
o Trytyping 50%Pinto your calculator, you will see it displayed in standard form
» Writing very big orvery smallnumbers in standard form allows us to:
o Writethem more neatly
o Compare them more easily
o Carry out calculations more easily
e Exam questions could ask foryouranswerto be writtenin standard form

How is standard form written?

« Instandard form numbers are always written in the form a X 10k where a and k satisfy the
following conditions:
o 1 <ax<l10
= Sothereis onenon - zero digit before the decimal point
o k €7
= So kmustbeaninteger
o k>0 forlargenumbers
= How many times ais multiplied by 10
o k<0 forsmallnumbers
= How many times ais divided by 10

How are calculations carried out with standard form?

e YourGDC willdisplay large and smallnumbers in standard form when it is in normal mode
o Your GDC may display standard formas aEn
= Forexample,2.1 X 1075 willbe displayedas2.1E—5
= |fso, be carefulto rewrite the answer givenin the correct form, you willnot get
marks for copying directly fromyour GDC
¢ Your GDC willbe able to carry out calculations in standard form
o Ifyou putyour GDC into scientific mode it willautomatically convert numbers into
standard form
= Beware thatyour GDC may have more than one mode when in scientific mode
= Thisrelates to the number of significant figures the answer will be displayedin
= Your GDC may add extra zeros to fill spaces if working with a high number of
significant figures, you do notneed to write these in youranswer
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» Toaddorsubtract numbers writteninthe form a X 10k withoutyour GDC you willneed to
write themin full form first

 Tomultiply or divide numbers writtenin the form a X 10k without your GDC you can either
write themin full form first oruse thelaws of indices

(’) ExamTip

* e Your GDC will give very big or very small answers in standard form and willhave a

setting which will allow you to carry out calculations in scientific notation
e Make sureyou are familiar with the form that your GDC gives answersin as it
may be different to the form you are required to use in the exam
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*9 Worked Example

Calculate the following, giving youranswerin the form a x 10X, where1 <a< 10

3780 x 200

Usin% GOC: Choose scientific mode.

Input directly into GDC os ordinacy
numbers.

3780 x 200 = .56 x10°

GDC will au{-nmaiicnu.\:) ojive. onSuRS tn
standord form.

Without GDC:

Calculote the value:
3180 x 200 = F56000

Convert +o stondod Lorm:
756000 = 7.56 x10°

756 % 10°

i) (7 x 105) = (5 x 104)
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Usin% G.OC: Choose scientific mode. YOURNOTES

l
Input directly into GDC

7x10°-5x10* =6.5 x10°
This may be
displaged. as 6.5ES

Without GDC:

Convert to ocdinacy numbers:
7x10° = 100000
5x10* = 50000
Coxrs out the calculotion:
300000 - 50000 = 650000
Convest, o standord Locm:
650000 = 4.5 x10°

6.8 x 10>

i)
(3.6x1073)(1.1 x 1075)
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Input diveckly who GDC:
(Choose. scientific mode).

(3.5 x 10°2)(1.1 x10™%) = 3.26x10°°

396 x 1078

Nohe,? -3 -5

t0”° x 10" = o~ %

N )
(2.6 x \0’3)(\.| X \o's) = 3.4a6x10 B

N

3.6x\| =396
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Laws of Indices
What are the laws of indices?

e Laws ofindices (orindexlaws) allow you to simplify and manipulate expressions involving
exponents
o Anexponentis a powerthatanumber(calledthebase)israisedto
o Laws of indices can be used when the numbers are written with the same base
¢ Theindexlaws youneedtoknow are:

° (Xy)m = mem

G5
o | —| =—
y ym

o xn=1L/xm

¢ Theselaws are notin the formula booklet so you mustrememberthem

How arelaws of indices used?

¢ Youwillneedto be able to carry out multiple calculations with the laws of indices
o Takeyourtime and apply each law individually
o Work with numbers first and then with algebra
¢ Indexlaws only work with terms that have the same base, make sure you change the base
of the term before using any of theindexlaws
o Changingthe base means rewriting the numberas an exponent with the baseyou
need
o Forexample, 94 =(32)4=32x4=38
o Usingthe above canthem help with problems like 94 +37 =38 +37=31=3

(’7 Exam Tip
* ¢ Indexlaws arerarely a question on theirown in the exam but are often needed to
help you solve other problems, especially when working with logarithms or
polynomials
¢ Lookout fortimes when thelaws of indices can be applied to help you solve a
problem algebraically
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*9 Worked Example !

Simplify the following equations:
i)
(3x2)(2x%y?)

(6x2y)

Apply, eoch low Separately :
3x2=6
(@1 2 y?)
6x?y

eme\&
. nuwmevotor
x*x x? = ¢

VRS
(6x?)(x3y?)
6

C ON‘_aLL{vS
S..2

Exy
J S x®+act=x52 ot
oy,
(3x2)N2x2y*) _ _3
6x?y

i)
(4x2y=4)3(2x3y~1)2,
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(4113-'1')3(2x33—l)-2

a3 Rewrite as
(43&"3 "‘) o fraction
(223y")"
expond
numevotor
2 and
6 "_ x_é & denominckoer
4 o8 5-1
Comell(g

2
b4 2y
xF Gyl
% 5 The nesox\-.'we exponents cawn
be reTritken os thelr

Yeciprocols
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1.1.3 Partial Fractions

Partial Fractions

What are partial fractions?

» Partial fractions allow us to simplify rational expressions into the sum of two ormore
fractions with constant numerators and linear denominators
o This allows forintegration of rational functions
¢ Themethod of partial fractions is essentially the reverse of adding or subtracting fractions
o When adding fractions, acommon denominatoris required
o Inpartial fractions the common denominatoris splitinto parts (factors)
« |fwehavearational function with a quadratic on the denominator partial fractions can be
usedtorewriteitas the sum of tworational functions with linear denominators
o This works if the non-linear denominator can be factorised into two distinct factors
ax+b A B
(ex+d)(ex+1f)  cx+d * ex+f
» |fwehavearational function with alinearnumeratorand denominator partial fractions can
beusedtorewriteit as the sum of a constant and a fraction with a linear denominator
o Thelineardenominator does not need to be factorised
ax+b B
cx+d =AY cx+d

= Forexample:

o Forexample:

How dol find partial fractions if the denominator is a quadratic?

e STEP1
Factorise the denominatorinto the product of two linearfactors
o Checkthenumeratorand canceloutany common factors
5x + 5 5x + 5

2 +tx—-6 (x +3)(x - 2)

= eg

e STEP2
Split the fraction into a sum of two fractions with single linear denominators each having
unknown constant numerators
o UseAandBtorepresent the unknown numerators
5x + 5 A B
" &9 (x+3)(x -2 - X+3+X—2
e STEP3
Multiply through by the denominatorto eliminate fractions
o Eliminate fractions by cancelling allcommon expressions
= eg 5x+5 =A(x-2)+B(x+3)
e« STEP4
Substitute values into theidentity and solve for the unknown constants
o Usetheroot of eachlinear factor as a value of to find the unknowns
= eg.letx=2:5(2)+5 =A((2)-2) + B((2) +3) etc
o Analternative methodis comparing coefficients
= eg 5x+5 =(A+B)x+(-24+3B)
e STEP5S
Write the original as partial fractions
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o Substitute the values you found for A and Binto your expression from STEP 2
5x + 5 2 3

- = +
e'g'X2+X—6 x+3 x-2

How dol find partial fractions if the numerator and denominator are both
linear?
¢ |fthe denominatoris nota quadratic expression you will be given the form in which the

partial fractions should be expressed
12x = 2
e Forexample express Sx -1 intheform A + 3x -1
e STEP1
Multiply through by the denominator to eliminate fractions
o eg 12x-2 =A(3x-1)+B
e STEP2
Expandthe expression on theright-hand side and compare coefficients
o Compare the coefficients of xand solve for the first unknown
= e.g. 12x=3Ax
= thereforeA=4
o Comparethe constant coefficients and solve forthe second unknown
= eg.-2=-A+B=-4+B
= thereforeB=2

e STEP3
Write the original as partial fractions
12x — 2 2

o}

=1 4t 3o

How do | find partial fractions if the denominator has a squared linear
term?

¢ Asquared linearfactorin the denominatoractually represents two factors ratherthan one
¢ This must be takeninto accountwhen therational functionis splitinto partial fractions
o Forthesquaredlinear denominator(ax+b)? there willbe two factors: (ax +b) and (ax +
b)?

A B
o Sotherational expression ( becomes

ax + b)? ezx+b+ (ax + b)2
¢ InIByouwillbe given the forminto which you should split the partial fractions
o Puttherational expression equalto the given form and then continue with the steps
above
¢ Thereis more than one way of finding the missing values when working with partial fractions
o Substituting values is usually quickest, howeveryou shouldlook at the number of
times a bracket is repeated to help you decide which methodto use
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O ExamTip YOURlNOTES

o Anexam question will often have partial fractions as part (a) and then
integration orusing the binomial theorem as part (b)
o Make sureyou useyour partial fractions foundin part (a) to answer the next
part of the question
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YOURNOTES
*> Worked Example
° l
a)
2x — 13
Express in partial fractions.

xX2-x-2
Joc - 13 _ 2x-13
xt-ox-2 (+1)(x-2)

~
The denominodor is o guadretic
So factorise first.
P> -1 = A N B
e dx-n xe1 | x-z

Multiply through by the denominokor
to eliminoke frackions

7x-1% = A(x-2) + B(x+1)

Choose  wvolues of == *to substitute ko e
fo\e,nl:}h\\s thok Wl eliminoke eoch constont:

Let x=2: 2(2)-13 = R((2)-2)+ B((2)+1)
Vs -9 =38
oK =2 B = —3

Lek oc:/\—l'- 2(-1)-13 = A(-0)-2) + B((-)+1)

x+1 =0 —|5=—3R
x=-1 R=75
22-13 . 5 _ _3
xl_x_z x + | x -2
b)
. x(3x — 13) o thef A N B N C
Xpress  + Dix = 3)2 inthe form G+ x-3 -3
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Mu\tip\xj Parough by the  denomnotor:
x(3-13) = Al -3 + Blx+1)(x-3) + c(x+1)
(e +1)(x -3)" (o +1)(x -3)"

Eliminate feactions ond exponal :
x(3x -13) = A(x* -bx +9) + B(x*-2x¢-3) +Cx +C
3x? - 3% = (A+8)x® +(-6R-2B +C)xX +9A -3B +C
T‘Coe(-‘(liden\: of =x* tCOe(-‘FicienE of =
Compwe coefficients:
A+® = 3 ®© (coefficients of x*)

-en-28 +C = =13 @ (coefficients of =)
QA -38 +C =0 ® (constant terms)

\?\eowoms& ® ond  sustituke inke @ ond @
A=3-% = -6(3-8)-2B +C = -3
-I3+68-2B +C = -3
4% +C = 5 @
> 9(3-8)-38 +c =0
2#-98-3@ +C = 0
2e -C = 2% ®
So\v'v/\fj @ od @ 4B +rC =5
2R - C = 27
B=2,C=-3
Suestitube inko @ A = 3-8 =3-2 = |

x@x-1B) _ _+ .2 __3
(e +)(x -3  (x+1) (x-3) (x-3)*
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1.2 Exponentials & Logs YOURlNOTES

1.2.1Introduction to Logarithms

Introduction to Logarithms

What are logarithms?
¢ Alogarithmis theinverse of an exponent
o Ifgx = bthenloga(b) =xwherea>0,b>0,az%1

= Thisisinthe formula booklet
= Your GDC willbe able to use this function to solve equations involving exponents

e Trytogetusedto ‘reading’ logarithm statements to yourself
o loga(b) = x wouldbereadas “the powerthatyouraise ato,toget b, is x”

o Solog5125 = 3 wouldbereadas “the powerthatyouraise 5 to, to get 125, is 3”

e Twoimportantcases are:
o 1nx=loge(x)
= Where eis the mathematical constant2.718...
= Thisis called the naturallogarithm and willhave its own button on your GDC
° logx=log10(x)

= Logarithms of base 10 are used often and so abbreviated tolog x

Why use logarithms?

¢ |ogarithms allow us to solve equations where the exponent is the unknown value
o We cansolve some of these by inspection
= Forexample, forthe equation 2¥=8 we know that xmustbe 3
o Logarithms allow use to solve more complicated problems
= Forexample, the equation 2¥=10 does not have a clearanswer
. Instead,wecanuseourGDCstoﬁndthevalueoflogle

¢) ExamTip

* ¢ Before goinginto the exam, make sure you are completely familiar with your
GDC andknow how to useits logarithm functions
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YOURNOTES
Worked Example !
Solve the following equations:
i)
x= log327,

x = log32F & 3*=27%

We can see from (nspeckion:
3%2=923 & =17
oc =19
OR: Use GOC *o find orswer direckly .

ii)

2x=21.4, givingyouranswerto3s.f.

2% =214 This connot be seen
‘pmm (.n.spe,ck.ioni

2* =214 & 9C=LO57_2|.‘|-

Ute GOC +to find oncwer direckly.

Log, 2l.4 = &.&l9S..

oc = 4.42 (3 s£)
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1.2.2 Laws of Logarithms

Laws of Logarithms
What are the laws of logarithms?

e |aws of logarithms allow you to simplify and manipulate expressions involving logarithms
o Thelaws of logarithms are equivalent to the laws of indices
e Thelaws youneedtoknoware, givena > 0:

° logaxy= logax+ logay

= Thisrelatesto a* X a¥=axty

X
° loga; = logax - logzy

= Thisrelatestoa* + a¥=2aX"Y
° logaxm= mlogax

= Thisrelatesto (a")y =axy

e Theselaws areinthe formula booklet soyou donotneedtorememberthem
o Youmust make sure you know how to use them

log,xy = logx + logy ‘ | RELATES TO a*xa’=a*
log, (%) = logyx — loggy ‘ ‘ RELATES TO &= a*

log, x¥ = klog,x RELATES TO (a¥'= o

Useful results from the laws of logarithms
e Givena >0,a=#1
° logal =0
= Thisis equivalentto a®=1
 |fwesubstitute b forainto the givenidentity in the formula booklet
o a¥X=p & logab = xwherea > 0,b >0,a=1
o g¥ =ae logaa = xgivesal = a & logaa =1

= Thisisanimportantanduseful result
Substituting this into the third law gives the result
o log ak= k

Taking theinverse of its operation gives theresult

1
o g %= x

From the third law we can also conclude that

° loga;= —log x
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. YOURNOTES
THE POWER YOU RAISE

log.a=1
o a TO, TO GET q, IS 1" l

log,a* = xlog,a

log,a*=x
=X

AN  OPERATION AND

Qs — x
ITS INVERSE

log1=0 a%=1

Logu% =log X"

log, a = -logx
lax a =—log,X

e Theseusefulresults are notinthe formula booklet but can be deduced fromthelaws that
are
o Beware..
o ...loga(x +y) = logax + loggy
» Theseresults apply toln x (logex) too

o Two particularly useful results are
s IneX =x
- elnx = x
e |Laws of logarithms canbeusedto..
o simplify expressions
o solvelogarithmic equations
o solve exponential equations

(f) ExamTip

* ¢ Rememberto check whetheryoursolutions are valid
o log (x+k)is only definedif x> -k
o You willlose marks if you forget to reject invalid solutions
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YOURNOTES
*> Worked Example
° l
a)
Write the expression2 log 4 — log 2 intheformlog k,wherek € Z.

U\sins the \law \03,,%"‘ = mlogs
2logt = Los‘rl = loglé
2‘03‘!— - losZ = Loslr"‘- LoSZ
= \.03 6 - L032

Msina the \law ‘030.5 = LOSQx - LOSAS

log 16 - Log2 = Log-'zi = Log %
Zloa‘l- - log2 = Los%

1
b) Hence, orotherwise, solve2 log 4 —log 2 = —log =
To solve Zlos‘l- - losZ = Losé rewrite oS

\
Log 8 = —log x
A9 4
feom
part (o)
Use the index law = ="

L03‘8 = —Los'x-—
2 \Oﬁoﬁxm= mLoSo,x
L033 = Los:x
§ = x
x =9
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Change of Base YOURNOTES
Why change the base of alogarithm? l

e Thelaws of logarithms can only be usedif the logs have the same base
o If aprobleminvolves logarithms with different bases, you can change the base of the
logarithm and then apply the laws of logarithms
¢ Changing the base of alogarithm can be particularly useful if you need to evaluate alog
problem without a calculator
o Choosethebase suchthatyouwould know how to solve the problem from the
equivalent exponent

How dol change the base of alogarithm?

e Theformula forchangingthe base of alogarithmis

log, x

1 =
08, log,a

¢ Thisisinthe formulabooklet
e Thevalueyou choose forb does not matter, howeverif you do not have a calculator, you
can choose b such that the problem will be possible to solve

(’) ExamTip

* e Changingthebaseis a key skill which can help you with many different types of
questions, make sure you are confident with it
o |tis a particularly useful skill forexaminations where a GDC is not permitted
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YOURNOTES

*> Worked Example !
[ J

By choosing a suitable value for b, use the change of base law to find the value of
log8 32 withoutusing a calculator.

Cko.vxse of Yvase low: LOSmx = logo>
log &
{7_5=32
\O 332
3)‘
2*=¢

Choose. b=2 to ollow for o salukion by inspeckion

- L03132 - é
\03332 Logzg 3

\03332 = |%
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1.2.3 Solving Exponential Equations

Solving Exponential Equations

What are exponential equations?
¢ Anexponential equationis an equation where the unknown is a power
o Insimple cases the solution can be spotted without the use of a calculator
o Forexample,

52x =125
2x =3

3
x=3

¢ Inmore complicated cases thelaws of logarithms should be used to solve exponential
equations

¢ Thechange of baselaw can beusedto solve some exponential equations without a
calculator
o Forexample,

27x =9
X=10g279
10g39
- log327
2
e

How do we use logarithms to solve exponential equations?

¢ Anexponential equation can be solved by takinglogarithms of both sides
e Thelaws of indices may be needed to rewrite the equation first
Thelaws of logarithms can then be usedto solve the equation
o In(loge)is oftenused
o Theansweris oftenwrittenin terms of In
e Aquestion my askyou to giveyouranswerin a particularform
Follow these steps to solve exponential equations
o STEP 1: Takelogarithms of both sides
STEP 2: Use the laws of logarithms to remove the powers
STEP 3:Rearrange toisolate x
STEP 4: Uselogarithms to solve forx

o

o]

o

What about hidden quadratics?

e Lookforhidden squaredterms that could be changed to form a quadratic
o Inparticularlook out forterms such as
- 4x:(22)x:22x:(2x)2
- er:(eZ)xz(eX)Z
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¢ Always check which form the question asks you to give youranswerin, this can
help you decide how to solveit

o |[fthe questionrequires an exactvalue you may needtoleaveyouransweras a

logarithm

*9 Worked Example

Solvethe equation4x —3(2x*1) + 9 =0. Give youranswer correct to three
significant figures.

Spot the hidden quadratic: 4 = (24)7 = (2%

By ftwe \lows of indices 22Xt 2 gx, 9
v

(29" -3(2**) +9=0 = 2227
() -3%x2x2"+9 =0

()" = bxo= +9=0

Let w =2 W-6u+9=0

(w-3)(u-3)=0

u=3 .. 2* =3

Solve the exponential egquokion 2 =3

Step

\: Toke Logawithms of loth sides @ |, (‘2*) = n(3)

Step 2: Use +the law \°3°‘xm = mlogax  2In2 = |03

Step 3: Reorrange %o (solake = o = n3

In2

Sktep &: Solve
x = le_3 = 1.584%
In2
x = 1.58 (3s.f)
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1.3 Sequences & Series YOURlNOTES

1.3.1Language of Sequences & Series

Language of Sequences & Series

What is a sequence?

¢ Asequenceis an orderedset of numbers with a rule for finding all of the numbers in the
sequence
o Forexamplel, 3,5,7,9,..is asequencewith therule ‘start at one andadd two to each
number’
e Thenumbersin a sequence are often called terms
¢ Theterms of a sequence are often referred to by letters with a subscript
o InIBthis willbe theletteru
o Sointhesequenceabove,u;=1,uy=3,us=5andsoon
e EFachterminasequence canbefoundby substituting the term numberinto formula for
thent"term

Whatis a series?

¢ You get a series by summingup the termsinasequence

o E.g.Forthesequencel, 3,5,7,..theassociatedseriesis1+3+5+7+ ..
 Weusethenotation S, torefertothe sum of the firstntermsin the series

o Sp=Uj+Up+Uz+..+Up

o SofortheseriesaboveSs=1+3+5+7+9=25

What are increasing, decreasing and periodic sequences?

e Asequenceisincreasingif u,,;> u,forall positive integers
o i.e.everytermis greaterthan the term beforeit

¢ Asequenceisdecreasingif u,,;<up,forall positive integers
o j.e.everytermislessthanthetermbeforeit

¢ Asequenceis periodicif thetermsrepeatinacycle
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YOURNOTES
Worked Example

!
Determine the first five terms and the value of S5 in the sequence with terms
definedbyu, =5-2n.

Un = 5-2n

Z Lerm number
‘(‘ir\i the term you
want by '1'\’\’@{""3
n wikhh W's volue,

Ciest 20, = S - 2(|) =3 ) rgcas.\\"s& e poktern.
verm w, = 5-2(2) =1 ‘)’ )
ws = 5-2(3 = -1 e
B _3L) -9 e twle s
Wg = 5- 2(%) = Subbtrock 2

Wg = 5-2(8)=-5
‘Stark  with 3 and sutrack 2 fom emch  number .

Sg=3+1+(-)+(-)+(-5) =-5

2
the sum o
the (irst S teems
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Sigma Notation YOURNOTES
What is sigma notation? l

¢ Sigma notationis usedto show the sum of a certain number of terms in a sequence
e ThesymbolZis the capital Greek letter sigma
e Y stands for‘sum’
o Theexpression totheright of the X tells you whatis being summed, and the limits
above andbelow tell you which terms you are summing

THESE LIMITS TELL YOU THAT
YOU ARE SUMMING (2r—1) USING

THE VALUES r=1,r=2,.. UP TO r=5 ®
Dl2r-N=1+3+5+7+9
=D

SUBSTITUTE r=1,r=2,r=3,r=4,r=5
INTO (2r-1) TO FIND THE FIVE TERMS
THAT ARE BEING SUMMED

Fsavemyexams
e Becareful, thelimits don’thaveto startwith 1
4 14
o Forexample 2. (2k+1) or 2. (2k—-13)
k=0 k=7
o randkarecommonly used variables within sigma notation

(’) Exam Tip

* e Your GDC willbe able to use sigma notation, familiarise yourself with it and
practice usingitto checkyourwork
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YOURNOTES

*9 Worked Example !
[ J

Asequence canbedefinedby u = 2 x 30~ lforn€ 7+.

a)

Write an expression foru, + u, + u, + ...+ ug using sigma notation.

1

Un = 2x3%7', n € Z% #nis Beses
of ol posttive
\'.v\'t.e,se.rs

WUst noy sigma notokion

6
Wy + Uy ...+ U = ZL\K
k=1

i (2 x 3k-|>

k=)

b)
Write an expression for u, + U + u, + ...+ lllzusingsigma notation.
Un = 2x3"7", n € Z" «nis theset
of o\l posttive
(x\\-.e.sex-s

WUst noy sigma notokion

12
Uz+ Ug ...+ U = Z Wk
k=3

> (23"
k=F
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1.3.2 Arithmetic Sequences & Series

Arithmetic Sequences
What is an arithmetic sequence?

¢ Inanarithmetic sequence, the difference between consecutive terms in the sequenceis
constant
¢ This constant differenceis known as the common difference, d, of the sequence
o Forexample, 1,4,7,10, .. is an arithmetic sequence with therule ‘start at one and add
three toeachnumber’
= Thefirstterm, uy, is 1
= Thecommondifference, d, is 3
o Anarithmetic sequence can beincreasing (positive common difference) or
decreasing (negative common difference)
o Each term of an arithmetic sequenceis referred to by the letter u with a subscript
determiningits placein the sequence

How do| find a termin an arithmetic sequence?

 Thentterm formula foran arithmetic sequenceis given as
uH=u1+(n—1)d

o Where u, is the first term, and d is the common difference

o Thisis givenin the formula booklet, you do not need to know how to derive it
¢ Entertheinformationyouhaveinto the formula anduse your GDC to find the value of the
term
e Sometimes you willbe given a term and asked to find the first term orthe common
difference
o Substitute theinformation into the formula and solve the equation
= You coulduseyour GDC for this
¢ Sometimes you willbe given two terms and asked to find both the first term and the
common difference
o Substitute theinformationinto the formula and set up a system of linear equations
o Solvethe simultaneous equations
= You coulduseyour GDC for this

(’) ExamTip

* ¢ Simultaneous equations are often needed within arithmetic sequence

questions, make sure you are confident solving them with and without the GDC
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YOURNOTES
*> Worked Example

l
The fourth term of an arithmetic sequenceis 10 and the ninth termis 25, find the first
term and the common difference of the sequence.

Ue =10 , Wq =125

Focmuwla Qo n™ tecn of
on ocibthmekic sSenes:

Un= W +(n-V)d

Swo in Wy =10 and WUq =25

W= Wi+ (4-Vd = W +34 =10

Wq= W, +(a-V)d W, + 8 = 25

Solve wa\‘as GOoC :
lek W =2¢ ond ok::j
x+3y =10

x =1 /3:3

W,

=\
=3
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Arithmetic Series YOURNOTES
How do| find the sum of an arithmetic series? l

e Anarithmeticseriesis the sum of the terms in an arithmetic sequence
o Forthearithmetic sequencel,4,7,10, .. the arithmetic seriesis1+4 +7+10 +...
¢ Usethefollowing formulae to find the sum of the first n terms of the arithmetic series:

n n
SH=5(2U1+(11—1)d) ; Sn=5(u1+ un)

" u, is the first term

= disthecommon difference
= u. isthelastterm

o Both formulae are given in the formula booklet, you do not need to know how to derive
them
e You canusewhicheverformulais more convenient fora given question
o Ifyouknow the first term and common difference use the first version
o Ifyouknow thefirstandlasttermthenthe secondversionis easiertouse
¢ Aquestion willoften give you the sum of a certain number of terms and askyou to find the
value of the first term orthe common difference
o Substitute theinformationinto the formula and solve the equation
= You coulduseyour GDC for this

O Exam Tip
* e Theformulae you need for arithmetic series are in the formula book, you do not
needtorememberthem
o Practice finding the formulae so that you can quickly locate themin the
exam
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YOURNOTES
*> Worked Example !
[ J

The sum of the first 10 terms of an arithmetic sequenceis 630.

a)
Find the common difference, d, of the sequenceif the firsttermis 18.

S|o = 630

Focrula. Sor the sum of
on ocibhmekic senes:

Sn= F(2u, + (n-0d)

Sub n Sie =630, W, =18

Sio= = (208)+ (10-0d) = 630
S(36+94d)= 620

Solve : 36 + 94 126

9d. = Q0
d.= 10

d =10

b)
Find the first term of the sequence if the common difference, d, is 11.

Page 32 of 133

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukformore awesomeresources

l
Sio= lz‘-’-(z w, +(lo-D()) = 630
5(2u. + 9q) = 630
Solve : 2w+ 99 = 126
2w, = 2%
u, = 13.5
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1.3.3 Geometric Sequences & Series

Geometric Sequences

What is a geometric sequence?

¢ Inageometric sequence, thereis acommonratio, r, between consecutive termsin the
sequence
o Forexample, 2,6,18,54,162, ...is a sequence with therule ‘start at two and multiply
eachnumberby three’
= Thefirstterm, u;, is 2
= Thecommonratio, r,is 3
¢ Ageometric sequence can beincreasing (r>1) ordecreasing (O <r<1)
e |fthecommonratiois a negative number the terms will alternate between positive and
negativevalues
o Forexample,1,-4,16,-64,256, ..is asequence with therule ‘start at one and multiply
each numberby negative four’
= Thefirstterm, uy, is 1
= Thecommonratio, r,is -4
e Eachterm of ageometric sequenceis referred to by theletteru with a subscript
determiningits placein the sequence

How dol find a term in a geometric sequence?

 The n' termformula fora geometric sequenceis given as
u =u !
n 1

o Where u is the first term, and ris the commonratio

o This formula allows you to find any termin the geometric sequence
o Itis giveninthe formula booklet, you do not need to know how to deriveit
¢ Entertheinformationyouhaveinto the formula anduse your GDC to find the value of the
term
¢ Sometimes you willbe given a term and asked to find the first term orthe common ratio
o Substitute theinformationinto the formula and solve the equation
= You coulduseyour GDC for this
e Sometimes you will be given two ormore consecutive terms and asked to find both the first
term andthe commonratio
o Findthe common ratio by dividing a term by the one before it
o Substitute this and one of the terms into the formula to find the first term
« Sometimes you may be given a term and the formula for the nt term and asked to find the
valueofn
o You cansolve these usinglogarithms onyour GDC
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O Exam Tip YOURlNOTES
* ¢ You willsometimes needto use logarithms to answer geometric sequences
questions

o Make sureyou are confident doing this
o Practiceusingyour GDC for different types of questions
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*> Worked Example

The sixth term, U, of ageometric sequenceis 486 and the seventh term, u,, is

1458.
Find,

i)

the commonratio, r, of the sequence,

We = 436

4

uz = 1458

The common rokio, r, (s given by

= U2 = Us
u| M?_

Su\o w We =

=... = Uns
Un

436 , Uz = 1458

r= W2 = 1458 _ 3

U 486

rFr =23

ii)

the first term of the sequence, u,.

Focmuwla for 1™ tecm of o 3eame,\:ric. senes:

Un = W,

n-1

r

Suwo n r=3 ond eldrey We= 486 or Uz = 1458

we = W' =
Solve: 243 U, =
U| =

u =2

436

46
2
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Geometric Series YOURNOTES
How do | find the sum of a geometric series? l

* Ageometricseries is the sum of a certain number of terms in a geometric sequence
o Forthe geometric sequence 2, 6,18, 54, .. the geometric seriesis2+6+18 +54 + ...
¢ Thefollowing formulae willlet you find the sum of the first n terms of a geometric series:

ul(r"— 1) _ ul(l - M)

SH= r—1 1-r

- u, is the first term

= risthecommonratio
o Both formulae are given in the formula booklet, you do not need to know how to derive
them
¢ You canusewhicheverformulais more convenient fora given question
o Thefirstversion of the formulais more convenientif r > 1 andthe secondis more
convenientifr < 1
¢ Aquestion willoften give you the sum of a certain number of terms and askyou to find the
value of the first term, the common ratio, or the number of terms within the sequence
o Substitute theinformationinto the formula and solve the equation
= You coulduseyour GDC for this

O Exam Tip
* e The geometric series formulae are in the formulae booklet, you don't need to
memorise them

o Make sureyou canlocate them quickly in the formula booklet
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YOURNOTES
l

*9 Worked Example

Ageometric sequencehas u, = 25andr = 0.8. Findthevalue of u, and S5.

W, =25, r=08

Focmwla for n™ tecm of o sepme,hric_ senes:

n-1
Un = \A-\ r

Suwp in W, =25, r=0-¢8

us = 25(0.8)% = 10.24
Focmula. for the sum of o 3epme,\:r§c. Senes !

W™= = u(-+¢")

Sn_ =

o e r <l so this

version s
Sup (n W, =25, r=0¢% eosier to wuse.
s
So = Wli-¢) _ 25(1-08%) _ g4
> V=V | -0.%
Us = 10.24
Ss = 8¢. 04
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Sum to Infinity YOURNOTES
What is the sum to infinity of a geometric series? l

e Ageometric sequence will eitherincrease or decrease away from zero or the terms will get
progressively closer to zero
o Terms willget closerto zeroif the commonratio, r, is between 1and -1
¢ |ftheterms are getting closerto zero then the series is said to converge

o This means thatthe sum of the series willapproach a limiting value
o Asthenumberof termsincrease, the sum of the terms will get closer to the limiting
value

How do we calculate the sum to infinity?

o |faskedtofind outif a geometric sequence converges findthevalue of r
o If|r] <1 thenthesequenceconverges
o If|lr] > 1 thenthesequencedoes notconverge andthe sum toinfinity cannotbe
calculated
o |r] <1means—1<r<1
o If|r] < 1,thenthe geometric series converges to a finite value given by the formula

4
S = |r] <1

c© 1—-r’

° u, is the first term

o risthecommonratio
o Thisisinthe formulabook, you donotneedtorememberit

(’) ExamTip

* ¢ Learnandrememberthe conditions forwhen a sum to infinity can be calculated
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YOURNOTES

*9 Worked Example !
[ J

The first three terms of a geometric sequenceare 6, 2, ? . Explain why the series

converges and findthe sum toinfinity.

s[g ol

W= 6, U=12, Uj

Find the value of v: r

Irl <1 so the sertes converges

Uy
Find the sum to «'r\(‘\'nit3= S = I -

U b _ £
Sw=? =m§ = 7./3 = 9
Seo =q
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1.3.4 Applications of Sequences & Series YOUR TOTES

Applications of Arithmetic Sequences & Series

Many real-life situations can be modelled using sequences and series, including but not limited
to: patterns made when tiling floors; seating people around a table; therate of change of a
population; the spread of a virus and many more.

What do | need to know about applications of arithmetic sequences and
series?

« |faquantityis changingrepeatedly by having a fixedamount added to or subtracted from
it then the use of arithmetic sequences and arithmetic series is appropriate to model the
situation

o Ifasequenceseems to fitthe pattern of an arithmetic sequenceitcanbe saidto be
modelled by an arithmetic sequence

o Thescenario can be modelled using the giveninformation and the formulae from the
formula booklet

* Acommon application of arithmetic sequences and series is simpleinterest

o Simpleinterestis when aninitialinvestmentis made and then a percentage of theinitial
investmentis added to this amount on aregularbasis (usually peryear)

¢ Arithmetic sequences can be usedto make estimations about how something willchange
inthe future

(") Exam Tip
-
* Exam questions won't always tellyou to use sequences and series methods,
practice spotting them by looking for clues in the question
¢ |fagivenamountis repeated periodically thenitis likely the question is on
arithmetic sequences or series
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YOURNOTE
) Worked Example OURNOTES
[ J

l
Jasperis saving foranew car. He puts USD $100 into his savings account and then
each month he puts in USD $10 more than the month before. Jasperneeds USD
$1200 forthe car. Assuming no interest is added, find,

i)
the amount Jasperhas saved after fourmonths,
|dentif Y e orikhmekic Seguence

W =10 , d=10

After & wmonths Tasper will hove saved:
W + Uz + U3 + Ueg =Sq_

Focmula. for the sum of on ocibhmekic senes

Sn= F(2u, + (n-0d)
S¢ = £ (2w, +(+-Nd)

Sub (n W, =100 and d =10

S¢ = £ (2(100)+ («-1)(10))
2 (200 + 30)

2 (2320)

I

S = $460

ii)
themonth in which Jasperreaches his goal of USD $1200.
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Swb Sn =1200, W, =100, d =10 {nto Lormula :

2 (20100) + (n-1)(0))

1200

Solve. using alogbraic Solver on GocC:

= 8.67F.. or m=-2% 6%
Qo“sfebwe\ as N connoct

be V\e&o&.ive.
Sg < 1200
Sq > 1200 veoches ol in 9™ month

Josper will veach WSO $1200
n the ™ ponth.
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Applications of Geometric Sequences & Series YOURNOTES

What do | need to know about applications of geometric sequences and l
series?

e |faquantityis changingrepeatedly by a fixed percentage, or by being multiplied
repeatedly by a fixed amount, then the use of geometric sequences and geometric series
is appropriate to model the situation

o Ifasequenceseems to fitthe pattern of a geometric sequenceit can be saidto be
modelled by a geometric sequence

o Thescenario can be modelled using the giveninformation and the formulae from the
formula booklet

e Acommon application of geometric sequences and series is compound interest

o Compoundinterestis when aninitialinvestmentis made andtheninterestis paid on
theinitialamount and on the interest already earned on aregularbasis (usually every
year)

¢ Geometric sequences can be usedto make estimations about how something willchange
inthe future

e Thequestions won’talways tell you to use sequences and series methods, so be prepared
to spot ‘hidden’ sequences and series questions

o Lookout forquestions on savings accounts, salaries, sales commissions, profits,
population growth and decay, spread of bacteria etc

(f) Exam Tip

* e Exam questions won't always tellyou to use sequences and series methods,
practice spotting them by looking for clues in the question
e |fagivenamountis changing by a percentage or multiple thenitis likely the
question is on geometric sequences or series
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YOURNOTES
*9 Worked Example !
[ J

Anewvirusis circulatingon aremoteisland. On day one there were 10 people
infected, with the number of new infections increasing at arate of 40% per day.

a)
Find the expected number of people newly infected on the 7! day.

\de.n\-.i(‘:s the seovvw.br{c_ seguence :

w, =10 ) Y = \.L‘_
RO 40/ wncrense so G0V

of the clou\.'s ve fore

New <Afections : Uz
Foconwla for n™ tecn of o aepmehr{c_ senes

n-t
Un= W, r

Sl&b \.I\. ul =‘OI \"=‘,L'-

Uz = IO(l.‘(-)é = 35.29...

Expected number of new dnfections = F5

b)
Find the expected number of infected people after one week (7 days), assuming no
onehasrecoveredyet.

Totol cnfections: S=

Focrula, for the sum of o Sepme_brit senes:

Swo= W™= o) s ths

-1 : .
verswon s

eoster o wse.

Suwo in w =10, r=\L¢

>
Ss = 00E?-1) - 93853,
Ve — |\

Expecked number of totol dafections = 239
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1.3.5 Compound Interest & Depreciation

Compound Interest

What is compound interest?

¢ Interestis a small percentage paid by a bank orcompany thatis added on to aninitial
investment
o Interestcan alsorefertoan amount paid on aloan ordebt, however|B compound
interest questions will always refertointerest oninvestments
e« Compound interestis whereinterestis paid on both theinitial investment and any interest
thathas already been paid
o Make sure you know the difference between compoundinterest and simple interest
= Simpleinterestpays interestonly on theinitialinvestment
¢ Theinterest paid each time willincrease as itis a percentage of a highernumber
¢ Compoundinterest willbe paidininstalmentsin a given timeframe
o Theinterestrate, r, willbe perannum (peryear)
= This could be writtenr % p.a.
o Lookout forphrases such as compounding annually (interest paid yearly) or
compounding monthly (interest paid monthly)

o
= If a% p.a.(perannum)is paid compounding monthly, then E % willbe paid each

month
= Theformula forcompoundinterest allows for this so you donot have to
compensate separately

How is compound interest calculated?

¢ The formula for calculatingcompoundinterestis:

I kn
FV=PVX (l + 1001{)

o Where
= FVisthefuturevalue
PVis the presentvalue
nis the numberof years
kis the number of compounding periods peryear
r % is the nominal annualrate of interest
o This formulais givenin the formula booklet, you do not have torememberit
¢ Becarefulwiththekvalue
o Compoundingannuallymeans k=1
o Compoundinghalf-yearly means k=2
o Compounding quarterly means k=4
o Compoundingmonthly means k=12
¢ Your GDC willhave a finance solverapp on it which you can use to find the future value
o This may also be called the TVM (time value of money) solver
o You willhave to entertheinformation from the question into your calculator
e Beawarethatmany questions willbe set up such that you willhave to use the formula
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o Soforcompoundinterest questionsitis betterto use the formula fromyour formula YOURNOTES
booklet thanyour GDC 1
(’) Exam Tip

- . : .
e Your GDC willbe able to solve some compoundinterest problems soitis a good

idea to make sure you are confident usingit, howeveryou must also familiarise
yourself with the formula and make sure you can find it in the formula booklet

7 Worked Example

Kiminvests MYR 2000 (Malaysian Ringgit) in an account that pays a nominal
annualinterestrate of 2.5% compounded monthly. Calculate the amount that Kim
willhaveinheraccount after5 years.

Comp ound. nterest  formaula :

tnterest voke
. e &= number of years

Fv =PV(I+IOOK

A T ‘
Future eresenb Compo umdu\j
volue value periods

Suwoskikture volues ('

PV = 2000 (inltiol investment)
k=12 (Compo\mdiv\\ts monthly)
v = 257

w =5 (numver of aeours)

(1zx s)

Fv

2.5
ZOOO ( I+ (IOO)((z))

= 2266.002...

FY = MYR 2270 (3s€)

Page 47 of 133

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukformore awesomeresources

Depreciation YOURNOTES
What is depreciation? l

e Depreciationis when somethinglooses value overtime
o Themost common examples of depreciation are the value of cars and technology or
the temperature of a cooling cup of coffee

How is compound depreciation calculated?

e Theformula for calculating compound depreciationis:

(-
FV=PVXx \1 100 )
o Where
= FVisthefuturevalue
= PVisthepresentvalue
= nisthenumberofyears
= r%is therate of depreciation
o This formulais not givenin the formula booklet, howeveritis almost the same as the
formula forcompoundinterest but
= with a subtractioninstead of an addition
= thevalue of kwillalways be
¢ Your GDC could again be used to solve some compound depreciation questions, but
watch out forthose which are setup such that you willhave to use the formula

(") Exam Tip
* ¢ Although the formulais not the same as the one given in the formula booklet for

compound interest, itis very similar
o Practice finding this formula and recognising the differences
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i

*> Worked Example
Kyle buys a new carfor AUD $14 999. The value of the car depreciates by 15% each

year.
a)
Findthevalue of the carafter5 years.
Depreciokion formula : o
voke of o\eprec\o&-on
(-/H_(_ number of years
Fv =PV(|_ 100 )
I
fukuce present
volue value

Suwestituke volues ('

14999 (initiol cost)

PV =
Y = |5/
n =5 (numvber of :jcws)

IS S
FV = 14999 (1 - 7557 )

6655.13 ...

Il

AUD $6660 (3s€)

®

Fv

b)
Find the number of years and months it will take for the value of the carto be

approximately AUD $9999.
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FV =pv(I- m‘; ¥ YOURlNOTES
Fv = 9999

PV = 14999

v = IS/

Suwoskitukte values (n:
1S n

9999 =~ 14499 (|- 755" )

Use. GCDC to solve :

r tw
2 ‘dQQ(S Q.44s O$ [N Se&f

Converkt to Years ondk  monkhs :

2 Ueq.rs + 0.49S... %12 months

~’

2 yeors ond 6 months
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1.4 Simple Proof & Reasoning

1.4.1 Proof

Wh

Language of Proof
atis proof?
Proofis a series of logical steps which show a result is true for all specified numbers
o ‘Seeing’ thataresult works fora few numbers is not enough to show that it will work for

allnumbers
o Proof allows us to show (usually algebraically) that the result willwork for all values

You must be familiar with the notation andlanguage of proof

LHS andRHS are standard abbreviations for left-hand side andright-hand side

 Integers are used frequently in the language of proof

o Thesetofintegersis denotedby 7
o Thesetof positiveintegers is denotedby Z *

How do we prove a statement is true for all values?

e Mostofthetimeyou willneedtouse algebra to show that the left-hand side (LHS) is the
same as theright-hand sside (RHS)

o Youmust not move terms from one side to the other
o Startwith one side (usually the LHS) and manipulateit to show thatitis the same as the
other

¢ Amathematical identity is a statement thatis true forall values of x (or #in trigonometry)

o Thesymbol = isusedtoidentify anidentity
o If you seethis symbolthenyou can use proof methods to show itis true

e You cancompleteyour proof by stating that RHS = LHS orwriting QED

¢) ExamTip

¢ You willneedto show each step of your proof clearly and set out your methodin
alogicalmannerin the exam
o Becarefulnotto skip steps
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%9 Worked Example YOURlNOTES
Provethat 2x=2)(x=3) +2(x-1)=2(x-2)(x - 1).

Work withh LHS fiest:

Expand brockets:
(Fou.

LHs: (2% -2)(x-3) + 2(%-1)
%/
2x? - fx -2x +b6 +2x -2
S;""?U'F'-\’B, toke cave wceth neaabivzz,:
2x? - b + &
Foctorise the 2:
2 (e* -3¢ +72)

Foctorise remalninoy quadwokic :

2 (x-2)e-1) = RHS oas vequiced,

(2=-2)(x-3) + 2(x-1) = 2(x-2)(x-1)
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Proof by Deduction
What is proof by deduction?

¢ Amathematicalandlogical argument that shows that aresultis true

How dowe do proof by deduction?

¢ Aproof by deduction question will ofteninvolve showing that aresultis true for allintegers,
consecutiveintegers oreven orodd numbers
o Youcanbeginby lettinganintegerben
= Useconventions foreven(2n)andodd(2n - T) numbers
« You willneed to be familiarwith sets of numbers (N, Z, Q, R)
o N -thesetof natural numbers
o 7 -thesetofintegers
o Q -thesetof quotients (rational numbers)
o R -thesetofrealnumbers

(V) 2)e

#save myexams

What is proof by exhaustion?

e Proof by exhaustionis a way to show that the desiredresult works forevery allowedvalue
o Thisis agood methodwhen there are only a limited number of cases to check
e Using proof by exhaustion means testing every allowed value not just showing a few
examples
o Theallowedvalues could be specific values
o Theycouldalso be splitinto cases such as even andodd

(’) ExamTip
* e Trytheresultyou are proving with a few different values
o Useasequenceofthem(egl, 2, 3)
o Try different types of numbers (positive, negative, zero)
e This may helpyou see a pattern and spotwhatis goingon
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*9 Worked Example

YOURNOTES
l
Prove that the sum of any two consecutive odd numbers is always even.
Let 2n -1 be on 0dd number
f

must e even

Let two consecukive o0dd Cn&egers be.:

-t ’2m+v|\ next odd number
Th-EJ\ theyr sSum (s:

2 -1 + 2n+1 = 4n

fl

2 (2n)

Any mulkigle of 2 must be even.
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Disproof by Counter Example
What is disproof by counter-example?

¢ Disprovingaresultinvolves finding a value that does not workin the result
e Thatvalueis called a counter-example

How do | disprove a result?

¢ Youonly needtofindonevalue that does not work

* ook outforthe setof numbers for which the statementis made, it will often be justintegers
ornaturalnumbers

¢ Numbers thathave unusualresults are often involved
o |tis oftenagoodideatotry thevalues O and1first as they often behavein different
ways to othernumbers
o Thenumber?2 also behaves differently to othereven numbers
= |tis theonly even prime number
= [tistheonlynumberthatsatisfiesn+n = n”
o Ifitis the set of realnumbers considerhow rational andirrational numbers behave
differently
o Thinkabout how positive and negative numbers behave differently
= Particularly when working with inequalities

0:ZERO DOESN'T
T e, F (IRRATIONAL)

ALWAYS  BEHAVE
CAN BE UNUSUAL LIKE OTHER NUMBERS
|+1>1x|

2 IS THE ONLY UNUSUAL MULTIPLICATION
EVEN PRIME RESULTS NORMALLY GIVES
NUMBER \\/ A LARGER RESULT
242=2
LOOKS STRANGE,
BUT IS TRUE!
Fsavemyexams

O Exam Tip

* Readthe question carefully, looking out for the set of numbers forwhich you
needto prove theresult
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*> Worked Example YOURNOTES
[ J

i
Foreach of the following statements, show that they are false by givinga
counterexample:

a)
Givenn €77 ,if n? is amultiple of 4, then n is also a multiple of 4.
n €Z:— Set of posi&'\va (,nheﬂexs onta
We ove only intecested w posikive integees so stact
b“j Wjir\j |, 2 ekc.
\2 = | (not o mulkiple of &)
2 =4 =k (musiple of &)

n =2 (not o mulkiple of &)
Let n=2:n* =& (muxiple of &)

n =2 (not o mukiple of &)

b)
Given x € Z then 3x is always greaterthan 2x.
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X € +— set of inteqers only

We are interested in both positive ond negokive
integers and 2zero so consider how eoch of
Hhese groups Yehave :

Posikive Cn&eﬁers, eo. lek =)

2% =2

3o =3 33 >2x

Levo:

let x =0

2% = O

3x =0 3x =2 (thie is enough to  disprove
the vesult)

Nesat.‘we anecg)efs, eo. lek o= -\

2% = -2

3= -3 o 2x>3x (‘;\“3 neqakive inteopr Coan
disprove the resulk)
Lt x=0
23& s O
320 . 3xplx
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1.5 Further Proof & Reasoning

1.5.1Proof by Induction

Proof by Induction
What is proof by induction?

¢ Proofbyinductionis a way of proving aresultis true for a set of integers by showing that
ifitis true for oneinteger thenitis true for the next integer
e |tcanbethoughtofas dominoes:
o Alldominoes will falldown if:
= The firstdomino falls down
= Each domino falling down causes the next domino to fall down

What are the steps for proof by induction?

e STEP1:Thebasicstep
o Showtheresultis trueforthebase case
o Thisisnormally n=1or 0 butitcouldbe anyinteger

n
1
= Forexample:To prove Z 2= gn(n +1)2n+1)is trueforall integersn=1you
r=1

wouldfirstneedto showitis trueforn=1:

1
L Te= g+ De0 -+

¢ STEP 2: Theassumptionstep
o Assumetheresultis true forn = k forsomeintegerk

k
1
= Forexample:Assume 2. 12 = gk(k+ 12k +1)istrue

r=1
o Thereis nothingto do forthis step apart from writing down the assumption
o STEP 3: Theinductive step
o Using the assumption show theresultis trueforn=k +1
o Itcanbehelpfulto simplify LHS & RHS separately and show they are identical
o The assumption from STEP 2 willbe needed at some point

k+1
1
= Forexample: LHS= 2. r? and RHS = g(k+ D&+ 1)+ 1D)Q2Kk+1)+1)
r=1

o STEP 4:The conclusion step
o Statetheresultis true
o Explaininwords why theresultis true
o Itmustinclude:
= |[ftrueforn=kthenitistrueforn=k+1
= Sincetrueforn=T1thestatementistrueforallne z,n =1 by mathematical
induction
o Thesentence willbe the same foreach proofjustchange the base casefromn =1if
necessary

What type of statements might | be asked to prove by induction?
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« Sums of sequences YOURNOTES
o Ifthetermsinvolve factorials then (k+ 1)! = (k+ 1) x (k!) is useful 1
n
o Thesecanbewrittenintheform Z z‘(r) = g(n)
r=1

k+1 k
o Ausefultrick fortheinductive stepis using Z f(r) = f(k+ 1) + Z f(r)

r=1 r=1

Divisibility of an expression by aninteger
o These canbe writtenin the form f(n) =mX q, where m & g, areintegers
o Auseful trick for theinductive stepis using ak 1 = a x ak
e Complexnumbers
o You canuse proof by induction to prove de Moivre’s theorem
¢ Derivatives
o Suchas chainrule, productrule & quotientrule
o Thesecanbewrittenintheform f(ﬂ)(x) = g(x)

d
o Auseful trick forthe inductive stepis using % +1(x) = a(f(k)(x))

o You willhave to usethe differentiationrules

(') ExamTip

et e |earnthe steps for proof by induction and make sure you can use the method
foranumber of different types of questions before goinginto the exam
e Thetrickto answering these questions wellis practicing the pattern of using
each stepregularly
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YOURNOTES
*9 Worked Example !
[ J

n

1
Prove by inductionthat 2. {r—3) = gn(n —4)(n+1)forn€Z*.

r=1

Narﬁ to  prove Z':_r(f%): %ﬂ(ﬁ-k)(ﬂ-tl)

(]

Busic dep | oL 5oy <0y - -2
Show +rue for n-l . 'Z'r(r ) x )
RHS = 00004 = =2 LAS =RHS 50 tue e nel

A on
Tue = !

'“Audive sk RHS = L(kﬂ)(‘kﬂ\-l\')((kﬂ)? =1 ki ) k-
4”% e o noken : 1) = 3 (kn)(k-3(kr2)

LS = F'e(e) - (en)(ien)-3) + 2 r(e-9)
: (n)(i-2) ¢ k(kew)(en) T Uong dssumphon
_ '_(k+|)[3 fadorise 3 (ke+1)
= 3 (l-2) + k(k-k)] s

- ‘73 (k+\)[kz‘l< _‘7]

. Ls(w)(k-s)(ml)

L LMS TRUS o tue for =kl

W‘L f true for n=k then true for nzkst
Sine # is te for 0=l the statement
is drue for all neZ’

Y c(e-2) = 5 alo-wow)

ol
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l
Proof by Contradiction

What is proof by contradiction?

¢ Proof by contradictionis a way of proving aresultis true by showing that the negation
cannotbetrue
¢ |tisdoneby:
o Assumingthe negation (opposite) of theresultis true
o Showingthatthis thenleads to a contradiction

How do | determine the negation of a statement?

e Thenegation of a statementis the opposite
o |tis the statement that makes the original statement false

» o«

e Tonegate statements that mention “all”, “every”, “and” “both”;
o Replacethesephrases with “thereis atleastone”, “or” or “there exists” andinclude the
opposite
¢ Tonegate statements thatmention “thereis atleastone”, “or” or “there exists”:
o Replacethese phrases with “all”, “every”, “and” or “both” andinclude the opposite
e Tonegateastatementwith “if Aoccurs then B occurs”:
o Replacewith “Aoccurs and the negation of Boccurs”

e Examplesinclude:

Statement Negation

aisrational aisirrational

every even numberbiggerthan2| there exists an even number
canbewritten as thesumoftwo | biggerthan2which cannotbe
primes written as a sum of two primes

nis even and prime nisnotevenornis not prim

D

thereis at least one odd perfect
number

all perfect numbers are even

nis amultiple of 5 ora multiple of |nis not a multiple of 5 and nis not
3 amultiple of 3

if n2iseventhennis even n2isevenandnis odd

What are the steps for proof by contradiction?

e STEP1: Assume the negation of the statement s true
o Youassumeitis true but then try to prove yourassumption is wrong
= Forexample: To prove that thereis no smallest positive numberyou start by
assumingthereis a smallest positive numbercalleda
e STEP 2: Find tworesults which contradict each other
o Usealgebrato help with this
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o Considerhow a contradiction might arise
= Forexample:Vzais positive anditis smallerthan a which contradicts thata was the
smallest positive number
e STEP 3. Explain why the original statement is true
o Inyourexplanation mention:
= Thenegationcan’tbetrueasitledtoacontradiction
= Therefore the original statement must be true

What type of statements might | be asked to prove by contradiction?
e Irrational numbers
o Toshow?/ p isirrational where pis a prime

a
= Assumel/p = D where a & b are integers with no common factors andb = 0

= Usealgebratoshowthatpisafactorofbotha &b
o Toshow thatlogp(q) isirrationalwhere p & g are different primes

% where a & b areintegers withno common factorsandb 0
= Usealgebratoshow gP=p?
o Toshowthataorbmustbeirrational if their sum or productis irrational
= Assumea & b arerationalandwrite as fractions
= Showthata+borabisrational
¢ Primenumbers
o Toshow a polynomialis never prime
= Assumethatitis prime
= Showthereis atleast onefactorthat cannotequall
o Toshow that thereis aninfinite number of prime numbers
= Assumetherearen primes py, Py, ..., Pn
= Showthatp=1 +p,Xp,X...Xp isaprimethatis biggerthanthen primes

. Assumelogp(q) =

¢ Oddsandevens
o Toshowthatnisevenifn2iseven
= AssumenZisevenandnis odd
= ShowthatnZ2is odd
¢ Maximum and minimum values
o Toshow thatthereis no maximum multiple of 3
= Assume thereis a maximum multiple of 3 called a
= Multiplyaby 3

(") Exam Tip
* e Aquestionwon'talways state that you should use proof by contradiction, you
willneed torecognise thatitis the correct method touse
o Therewillonly be two options (e.g. a numberis rational orirrational)
o Contradictionis often used when no other proof seems reasonable
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? Worked Example

Prove the following statements by contradiction.

a)
Foranyinteger n, if n? is amultiple of 3then n is a multiple of 3.

Assume the negafion is true for o (ontradiction.

Assume n* is o multiple of 3 and n is ndt a multiple of 3.
EVerg m’reger can be writen ag one of k-1, 3k ksl for some ke
As o is not multiple of 3 then n=3k+l or n=3k-l for some keZ

Fon=3kel s b= (3kel) =9k bk +l =5(3kl+2‘<)+| so not a multide of 3
H: n=3k'| : nl = (Sk'nl ’c‘kl- ek +l =3(3kl'2k) + 50 not a mu“’iPle OF 3
. n is oot a mul’riple of 3

This wntadids the stotement "o is a multiple of 3"

“\erefore the assumpgtion is  in correct.

Therefore i ot is multigle of 3 then nis a multiple of 3.

b)
\/ 3 isanirrational number.

Assume the negafion is tue for (onfradiction.

Assume 3 is rational o can be wrten B‘-% where
a and b are infegers wih no ommon facors  and b#0
Square both sides and rearrange

z 2
3= %z > 3b':a" » 0’ is o miltigleof 3 > is o mulhige of 3

Let a=3k for some ke Z

3bt=gd » 3 =9k* > b-3s b¥isa muHip\e of 3

b and o are multiples of 3

This wntadids the stofement 0 and b have no Gommon facters”

D\erefore the assumP’ﬁon is incorrect.

n\ereﬁ)re E (13 irm*iono‘.
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1.6 Binomial Theorem

1.6.1 Binomial Theorem

Binomial Theorem

What is the Binomial Theorem?
¢ The binomial theorem (sometimes known as the binomial expansion) gives a method for
expanding a two-term expression in a bracketraised to a power
o Abinomial expressionisin factany two termsinside the bracket, howeverin IB the
expression willusually be linear

e Toexpanda bracket with a two-term expressionin:
o Firstchoosethe mostappropriate parts of the expressiontoassigntoaandb
o Thenuse the formula for the binomial theorem:

(a+b)n=an+ "C 2" 'b+ .. +7Ca""h+ 4D

n!
o~
o where Cr— PICE]

= See below formore information on ”CI

n
= Youmay also see"Cr written as (r) or HCr

e Youwillusually be asked to find the first three or four terms of an expansion
¢ Lookoutforwhetheryou should give youranswerin ascending or descending powers of x
o Forascending powers start with the constant term, a"
o Fordescending powers start with the term with xin
= You may wishto swapaandb oversothatyou can follow the general formula
givenin the formula book
e |fyou are notwriting the full expansion you can either
o showthatthe sequence continues by putting an ellipsis (...) afteryour finalterm
o orshow thatthe terms you have found are an approximation of the full sequence by
using the sign forapproximately equals to (=)

How do| find the coefficient of a single term?
¢ Mostof thetimeyou willbe asked to find the coefficient of a term, rather than carry out the

whole expansion
¢ Usetheformula forthe generalterm

HCr aH -r bI‘

¢ The question will give you the power of x of the term you are looking for
o Usethistochoosewhichvalue of r you willneed to usein the formula
o This willdepend on where the xis in the bracket
o Thelaws of indices can help you decide which value of r touse:
= For(a + bX)" tofind the coefficient of x"use a? ~ (bX)’
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n-—r

I YOURNOTES
= For(a + bx2)" tofindthecoefficientof xusea 2 (bx2)2 1

b.n
= For(a + ;) look at how the powers will cancel out to decide which value of r to

use

2\8
= Sofor (3X + ;) to find the coefficient of x2 use thetermwith r = 3 andto find

the constanttermusethetermwithr = 4
= Thereare alot of variations of this soitis usually easierto see this by inspection of
the exponents
¢ Youmay also be given the coefficient of a particularterm and asked to find an unknownin
the brackets
o Usethelaws ofindices to choose the correct term and then use the binomial theorem
formula to form and solve and equation

(’) ExamTip

- . : . . .
¢ Binomial expansion questions can get messy, use separatelines to keep your
working clearand always put terms in brackets

> Worked Example

Find the first three terms, in ascending powers of x, in the expansion of (3-2x)5.
o=3 =-2x nN=95
Sulsstitwte. values o the focenulon dor (a1

(&*b}“= Of-tﬁc\o\n‘\b + +ﬁC( O\n—rbr_‘_ ...‘\‘bn

Queskion oske (-)w ascem\(nj powecs of 26 So stact With
the constont teem, a’.

(3 -2x)% =35 + 5¢, (3)°7'(-2¢) + 5c¢, (3)° 7 (-2x)"+...

ki ouk
cw:m& ~ 2463 &+ SxBIx-2% + 0% 27 x o~
neopkive

2 243 — 10x + 1080 x*

(3 _zoc)s ~ 243 — 810>x + |080 x*
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The Binomial Coefficient nCr
Whatis “Cr?

¢ |fwewantto findthe number of ways to choose ritems out of n different objects we can
use the formula for"C_
n!

o Theformula forrcombinations of nitemsis "C = ———
r (n—1)!

o This formulais givenin the formula booklet along with the formula for the binomial
theorem

o Thefunction HCr can be written (H

r
= Make sureyou canfindanduse the button onyour GDC

) or nCr andis oftenreadas ‘nchooser’

How does nCr relate to the binomial theorem?

n!

e Theformula "C = ——— is also known as a binomial coefficient
r (n-1)!

« Forabinomialexpansion(a + b)" the coefficients of each term will be”CO,”C1 andsoon
uptonCH
o The coefficient of the rf term will be"Cr

n _n _
. CH— Co—l

¢ Thebinomial coefficients are symmetrical,so"Cr ="C

n-—r
o This canbe seen by considering the formula for"Cr

H n! n!
‘ Cn—r_ (n=0'(n-(n-10)! B rl(n=1)! B HCI

(') Exam Tip

w
* You willmost likely need to use the formula fornCrat some pointin yourexam
o Practiceusingitanddon'talways rely on your GDC
o Make sureyou can findit easily in the formula booklet
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*9 Worked Example

Without using a calculator, find the coefficient of the term in x3 in the expansion of

(1 + x)°.

N :q,

a=1, b=ox

Substitute values ito the formulan foc e binomial theorem :

n
(4o =00+ ... + Cr o NS N T T
\!
e =h.—
wheve < (YPrsY
. t(n-nt (Coe(‘@(cie_n& of
q 9 a-r g 3
(l +oc) = éo Cr(l) (I_) o OCE S

=3

when =3,

3]ve_s 1 Cay % (1)4‘3(1,—)3

Non -calcwlokor, 20 work oub "c, se@o\m’cdgd .

qu

_ q! — AxBxZxhn FrHxFx 2
3 (9-3) (3’(2)([& Bx % x Ix2)
—9Ax8x7 - 34
6

50 the term when r=3 (s 8% x (1)fx =3

= 84—%3

Coekicienk of =23 = B4

Page 67 of 133

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, Past Papers

YOURNOTES
l


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukformore awesomeresources

Pascal's Triangle YOURNOTES
What is Pascal’s Triangle? l

e Pascal’s triangleis a way of arranging the binomial coefficients and neatly shows how they
are formed
o Eachtermis formed by adding the two terms above it
o Thefirstrow has justthe number]
o Eachrowbegins andends with a number]
o Fromthethirdrow the terms in between the 1s are the sum of the two terms above it

PASCAL'S  TRIANGLE

CORRESPONDS TO

#Fsavemyexams
How does Pascal’s Triangle relate to the binomial theorem?
e Pascal’s triangleis an alternative way of finding the binomial coefficients, HCI

o Itcanbeuseful forfinding forsmallervalues of n without a calculator
o However forlargervalues of nitis slow and prone to arithmetic errors

. Takingtheﬁrstrowaszero,(OCO = 1),eachrowcorrespondstothen”’ row andtheterm

within that row corresponds to the rf term

(’) ExamTip
* ¢ Inthenon-calculatorexam Pascal's triangle can be helpful if you need to get
the coefficients of an expansion quickly, provided the value of nis not too big
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YOURNOTES

*> Worked Example !
[ J

Write out the 7™ row of Pascal’s triangle and use it to find the value of 6 C4.

" vow of  Yoscols Tnbmg\e,:

oCO
| ! / |
Co - ‘/ <
| 2 |
3 3 |
s 6 4 |

[ 5 0 10 5 I
N N N N N
™ o | 6 IS 20 15 6 |

/! A

6c, bcy

" vow of Poscols Taargle: 1,6,15,20,18,6, |
bc, =18
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1.6.2 Extension of The Binomial Theorem

Binomial Theorem: Fractional & Negative Indices

How do |l use the binomial theorem for fractional and negative indices?

e Theformula givenin the formula booklet for the binomial theorem applies to positive
integers only

o (a+b)n=2an+ 2C,a" b+ ...+ 1C an = rhr+ .+ b"

n!

o where?C =—F——~
r l(n—r1)!

¢ Fornegative orfractional powers the expressionin the brackets must first be changed
suchthatthevalueforais1

o (a+b)ﬂ=aﬂ(l+%)n
o (a+b)"=a”(1+n(%) +H(H2—?1)(%)2 + ... ),HEQ

o Thisis giveninthe formulabooklet
e |fa=1andb =xthebinomialtheoremis simplifiedto
n(n—-1) n(n—-1)(n-2)

2 3
X x2+ 31 x3+., n€Q, |x|<1
o Thisis notinthe formula booklet, you must rememberit orbe able to derive it from the
formula given

e Youneedtobeabletorecognise anegative or fractional power

o The expression may be on the denominator of a fraction

o (1+x)"=1+nx+

" (a+b)n =la+b)™

o Orwritten as a surd

m
= Y (a+b)m=(a+b)"
« Forn € N theexpansionisinfinitelylong
o Youwillusually be askedto find the first three terms
« Theexpansionis only valid for |x| < 1
o Thismeans —1 <x<1
o Thisis known as theinterval of convergence

a

a
o Foranexpansion(a + bx)”theinterval of convergence would be —; <x< F

How do we use the binomial theorem to estimate a value?
e Thebinomial expansion can be usedto form an approximation foravalue raised to a power
« Since |x| <1 higher powers of xwillbe very small
o Usually only the first three or four terms are needed to form an approximation
o Themoreterms usedthe closerthe approximationis to the true value

¢ Thefollowing steps may help you use the binomial expansion to approximate a value
o STEP1: Compare the value you are approximating to the expression being expanded
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I i YOURNOTES
= eg. (1 -x)2 =0.962 1

o STEP 2:Findthe value of x by solving the appropriate equation

=eg ] -x=0.96
x = 0.04

o STEP 3: Substitute this value of xinto the expansion to find the approximation
1 1
= eg. 1- 3(0.04) -3 (0.04)2=0.9798

¢ Checkthatthevalue of xis within the interval of convergence for the expression
o Ifxis outside theinterval of convergence then the approximation may not be valid

(") Exam Tip

e Students often struggle with the extension of the binomial theorem questions
in the exam, however the formula is given in the formula booklet
o Make sureyou can locate the formula easily and practice substituting
valuesin
o Mistakes are often made with negative numbers or by forgettingtouse
brackets properly
= Writing one term perline can help with both of these
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YOURNOTES

*9 Worked Example !

1
Consider the binomial expansion of .
9 - 3x

a)
Write down the first three terms.
| "
Rewrike T5o33 in the foren k(1 +3)

|
| L _4 -7

Fas = (3-3)° = 9701-38)

= 3(1-%3)

Quloskitmte. volues o the foconlo Lor (1 +=2)"
é(u-%)‘lg[w(—) 5)+ (1)( £5) -]

x’L

- L -+ i + i -+
3 ") 32
| \ x x"
—_— L+ X ¢
3 ®3 "1® 32

b)
State theinterval of convergence forthe complete expansion.

N=0 and Nn€IN, so the Series converges  when |><] < |

(l‘ 3)_T

K__ ¢ -term

|-3§—| < |

|x| <3 = -3<x<3

Cowweraes for -3em><3

c)

. . 1 . .
Usetheterms foundin part (a) to estimate — . Give youranswer as a fraction.
Vv 10
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| e YOURNOTES
find the value of = for wWhich [9-3x ° Tio !
q—39<.=l0l -3<x23 so can
=-3 use the expansion

. . |
Substibute DC=—L3 tnko the expancion for 3%

—_— L.y,
1-3(3)*3 "R * 32
4 . 205
Jio ~ s4g
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1.7 Permutations & Combinations

1.7.1Counting Principles

Counting Principles
What is meant by counting principles?

e Thefundamental counting principle states that if there are mways todo one thingandn
ways to do anotherthere are m x n ways to do both things
¢ Applying counting principles allows us to...
o ..analyse patterns and make generalisations about real work situations
o ..findthe number of permutations of nitems
o ..findthe numberof ways of choosing anitem froma list of nitems
o ..findthe number of ways of choosing ritems from nitems
o ..findthe numberof ways of permutating ritems fromnitems
¢ Thetopic of counting principles is a particularly interesting part of mathematics that can
leadto the development of working with very large numbers
e |tis always vitalto considerwhetherobjects taken from each list can berepeated ornot
o Forexample a four digit PIN from ten numbers where each number can beused
repeatedly wouldbe 10 x 10 x 10 x 10
= There are 10 options for the first and ten options forthe second numberandsoon
o Ifthenumbers could only be used once then the number of options foreach digit
would reduce with each digit
= There are 10 options for the first, nine options forthe second, eight for the third
andsoon
= This conceptwillbe explored furtherin the permutations revision note

How dolchoose anitem from alist of mitems AND anotheritem from alist
of nitems?

¢ Ifaquestionrequires you to choose anitem from onelist AND an item from anotherlist you
should multiply the number of options in each list
o Ingeneralif you see the word'AND' you willmost likely need to 'MULTIPLY"
e Forexampleif you are choosing a pen and a pencil from 4 pens and 5 pencils:
o Youcanchooselitem from 4 pens AND Titem from 5 pencils
o Youwillhave 4 x 5 different options to choose from

How dol choose anitem from alist of mitems OR another item from a list
of nitems?

e |faquestionrequires youto choose anitem fromonelist ORanitem from anotherlistyou
should add the number of optionsin each list
o Ingeneralif you see the word'OR' you willmost likely need to 'ADD'
e Forexampleif you are choosinga pen ora pencil from 4 pens and 5 pencils:
o Youcanchooselitemfrom4 pens OR1item from 5 pencils
o Youwillhave 4 + 5 different options to choose from
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O Exam Tip YOURlNOTES

e Counting principles and factorials are tightly interlinked with permutations and
combinations

e Make sureyou fully understand the concepts in this revision note as they will be
fundamentalto answering perms and combs exam questions

*> Worked Example

(] . . . . . .
Harry is goingto a formalevent andis choosingwhat accessories to add to his

outfit. He has seven different ties, four different bow ties and five different pairs of
cufflinks. How many differentways can Harry getready if he chooses:

a

Ei)thera tie, a bow tie or a pair of cufflinks?
Ho\ﬂ‘lﬁ has T +4+5 different kems to choose from
He wonts o tie OR o bow tie OR o poir of cufélinks
OR means ADD T +4+5 =16

16 different ways

b)
Apair of cufflinks and either a tie ora bow tie?

He wonts o tie AND o poir of cuf€links
OR o bow tie AND o poir of cufflinks
AND means MULTIPLY

A tie AND cufflicks = + X5 = 35 waus
A bowkiec AND cufflicks = 4 X 5 = 20 woys

OR means ADD 35 + 20 =55 ways

55 different woys
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1.7.2 Permutations & Combinations

Permutations

What are Permutations?

* Apermutationis the number of possible arrangements of a set of objects when the order
of thearrangements matters

¢ Apermutation can eitherbe finding the number of ways to arrange nitems or finding the
number of ways to arrange rout of nitems

How many ways can n different objects be arranged?

¢ When consideringhow many ways you can arrange a number of different objects in a row
considerhow many of the objects can goin the first position, how many can goin the
secondandsoon
e Forn=2therearetwo options forthe first position and then there will only be one option to
gointhesecondposition so:
o Thefirstobjecthas twoplacesitcould goandthe second objecthas oneplace
o Bythefundamental counting principle both objects have 2 x 1places to go
o Forexampletoarrangetheletters AandBwehave
= ABandBA
e Forn=3thereare three options for the first position and then there will be two options for
the second position and one for the third position so
o Thefirst objecthas three places it could go, the second object has two places and the
third objecthas oneplace
o Bythefundamental counting principle the three objects have 3 x 2 x 1 places to go
o Forexampletoarrangetheletters A,Band C wehave
= ABC,ACB,BAC,BCA,CABand CBA
e Fornobjects there are n options for the first position, n - 1options for the second position
andso onuntil thereis only one object left to goin final position
¢ Thenumber of permutations of n different objects is n factorial (n!)
o Wheren! =n X(n=1)x(n=2)x.. x2 x1
o For5differentitemsthereare5! =5 X4 X3 X2 =120 permutations
o Forédifferentitemsthereare6! =6 X 5 X4 X3 X2= 720 permutations
o |tis easytoseehow quickly the number of possible permutations of differentitems
canincrease
o For10 differentitems thereare10!=3 628 800 possible permutations

What are factorials?

e Factorials are a type of mathematical operation (justlike +, -, x, +)
e The symbolforfactorialis!
o Sototakeafactorial of any non-negativeinteger, n, it will be written n! and pronounced
‘n factorial’
The factorial function forany positive integer, n,isn! =n X (n—-1)x(n-2)x.. x2 x1
o Forexample, 5factorialis5!=5 X4 X3 X2 X1
The factorial of a negative numberis not defined
o Youcannotarrange a negative number of items
e Ol=1
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o Thereareno positiveintegers less than zero, so zero items can only be arranged once
¢ Your GDC willhave a mode for calculating factorials, make sure you can put yours into the
correctmode
e Mostnormalcalculators cannothandle numbers greaterthan about 70!, experiment with
yours to see the greatest value of x such that your calculator can handle x!

What are the key properties of using factorials?

e Someimportantrelationships to be aware of are:
o nl=nx(n-1)

n!
= Therefore m =n

o n!'=n X(n—l) X(n—2)!
!

n!
= Therefore 7——=—
(n-

DT X(n—1)

e Expressions with factorials in can be simplified by considering which values cancel outin
the fraction
o Dividing alarge factorial by a smaller one allows many values to cancel out
8! 8 X7 X6 X5 X4 x3 x2 X1

'§= 5 X4 X3 x2 %1 = 8 X7 x6

How do we find r permutations of nitems?

e |fweonly wantto findthe number of ways to arrange a few out of n different objects, we
should consider how many of the objects can goin the first position, how many can goin
thesecondandsoon

« |fwewantedto arrange 3 out of 5 different objects, then we would have 3 positions to
place the objectsin, but we would have 5 options forthe first position, 4 for the second and
3 forthe third

o Thiswouldbe 5 x 4 x 3ways of permutating 3 out of 5 different objects
L . 5! 5!
o Thisis equivalentto o W

o Ifwewantedtoarrange 4 out of 10 different objects, then we would have 4 positions to
place the objectsin, but we would have 10 options for the first position, 9 for the second, 8
forthe third and 7 for the fourth

o Thiswouldbe 10 x 9 x 8 x 7 ways of permutating 4 out of 10 different objects
L . 10! 10!
o Thisisequivalentto — = ——+
6! (10—4)!

e |fwewantedtoarrangerout of n different objects, then we would have rpositions to place
the objects in, but we would have n options for the first position, (n— 1) forthe second,
(n-2)forthethirdandsoonuntilwereach (n—(r—1))

o Thiswouldbe nx(n—1)X...x (n—r+ 1) ways of permutating r out of n different objects
o Thisis equivalentto ﬁ
!

n
e Thefunction m can bewritten as "Pr

-

o Make sureyou canfindanduse this button on your calculator
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¢ Thesamefunction works if we have n spaces into which we wantto arrangerobjects,
consider
o forexample arranging five people into a row of ten empty chairs

Permutations when two or more items must be together

e |ftwoormoreitems must stay togetherwithin an arrangement, itis easiest to think of these
items as ‘stuck’ together

¢ Theseitems willbecome one within the arrangement

¢ Arrange this ‘one’item with the others as normal

Arrange the items within this ‘one’ item separately

Multiply these two arrangements together

Permutations when two or more items cannot be all together

¢ [ftwoitems must be separated ..
o considerthe number of ways these two items would be together
o subtract this from the total number of arrangements without restrictions
¢ |fmore thantwoitems mustbe separated...
o considerwhetherall of them mustbe completely separate (none can be nexttoeach
other) orwhetherthey cannot all be together (but two could still be next to each other)
o Ifthey cannot allbe together then we can treatitthe same way as separating two
items and subtract the number of ways they would all be together from the total
number of permutations of the items, the finalanswer willinclude all permutations
where twoitems are still together
o Iftheitems mustallbe completely separate then
= |layouttherestof theitemsin alinewith a spacein between each of them where
one of theitems which cannot be togethercould go
= rememberthatthis couldalsoinclude the space before the firstand afterthelast
item
= You wouldthen be able to fit theitems which cannot be togetherinto any of these
spaces, using therpermutations of nitems rule (”P)

= Youdonotneedtofillevery space

Permutations when two or more items must be in specific places

¢ Mostcommonly this would be arranging a word where specific letters would go in the first
andlastplace
¢ Orarranging objects where specificitems have to be at the ends/in the middle
o Imagine these specificitems are stuckin place, then you can find the number of ways
toarrange therest of theitems around these ‘stuck’ items
e Sometimes theitems must be grouped
o forexample allvowels must be before the consonants
o Oralltheredobjects mustbe ononeside andthe blue objects mustbe on the other
o Findthe number of permutations within each group separately and multiply them
together
o Becarefultocheck whetherthe groups could bein eitherplace
= e.g.thevowels on oneside and consonants on the other
= orif they must bein specific places (the vowels before the consonants)
o Ifthe groups couldbein either place than youranswerwould be multiplied by two
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o Ifthere were n groups that could bein any order then you’re answerwould be YOURNOTES
multiplied by n! 1
(') Exam Tip

* Thewordingis veryimportantin permutations questions, just one word can

change how you answer the question

* Lookout for specific details such as whether three items must all be separated
orjustcannotbe alltogether(thereis a difference)

e Pay attention to whetheritems must bein alternating order(e.g.red andblue
items must alternate, either RBRB... or BRBR...) orwhether a particularitem must
come first (red then blue and so on)

¢ |fitems shouldbe atthe ends, look out forwhetherthey can be at eitherend or
whetherone must be at the beginning and the otherat the end

*> Worked Example

Find the number of ways nine different tasks can be carried out given that two
particulartasks mustnotbe carried out consecutively.

Stact b‘j Caﬂs{d\e\f{ng the tosks thot Con be carried ouk c:msec»\h'wc\j'-
T T T, T T T,
Thece. ore F! woys of Corcyingy ouk the other Seven tasks.
Then considec the tosks with restrictions :
X hox hxTa xTaxTle xTe x Iz x positions where Tg
oc Tq could 9

Thece ore B positions in which khe bwo kasks coutd o but only
2 tosks to fill the spaces = 8xF optiong

= 3P2
(g options foc Tz ond

Totol = F! x3%F = 282240 ways # options for Ta )

Altecnakive  metiod :
Put the btuwo Yosks hs&kher and then suttract from the Lotal.

TTszﬂTSTZT;

Number of M:f k"me {::uo boisks
withouk  resktrictions o{:;'e_ Stock
ether
‘{', - (8! x 21) ¥
é‘r - Thece oxe 2! ways of

g-\us e&\e{:ﬁ Carryingy out the buse

tosks ‘Stuck’ ‘Stuwck’ tasks

togetner.
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Combinations
What s the difference between permutations and combinations?

* Acombinationis the number of possible arrangements of a set of objects when the order
of the arrangements does not matter
o Ontheotherhanda permutationis when the order of arrangement does matter
¢ Acombination will be finding the number of ways to chooserout of nitems
o Theorderinwhich theritems are chosenis notimportant
o Forexampleif we are choosing two letters from the word CAB, AB and BAwould be
considered the same combination but different permutations

How do we find r combinations of nitems?

o Ifwewantto findthe number of ways to choose 2 out of 3 different objects, but we don’t
mind the orderin which they are chosen, then we could find the number of permutations of
2items from 3 and then divide by the number of ways of arranging each combination

o Forexampleif wewanttochoose2letters fromA, BandC
= There are 6 permutations of 2 letters:

AB, BA,AC,CA,BC,CB

Foreach combination of 2 letters there are 2 (2 x 1) ways of arranging them

(forexample, ABand BA)

Sodivide the total number of permutations (6) by the number of ways of arranging

each combination (2) to get 3combinations

e |fwewantto findthe number of ways to choose 3 out of 5 different objects, butwe don’t
mind the orderin which they are chosen, then we could find the number of permutations of
3items from 5 and then divide by the number of ways of arranging each combination

o Forexampleif wewanttochoose 3letters fromA, B, C,DandE
= There are 60 permutations of 3 letters:
= ABC,ACB, BAC,BCA, CAB, CBA,ABD, ADB, etc
= Foreach combination of 3letters there are 6 (3 x 2 x1) ways of arranging them (for
example, ABC, ACB, BAC, BCA, CABand CBA)
= Sodivide the totalnumber of permutations (60) by the number of ways of
arranging each combination (3! = 6) to get 10 combinations

¢ Ifwewantto findthe numberof ways to chooseritems out of n different objects, butwe
don’tmind the orderin which they are chosen, then we could find the number of
permutations of ritems from n and then divide by the number of ways of arranging each
combination
¢ Recallthatthe formula forrpermutations of nitems is
n!
o NP = ————
r (n-1)!
e Thiswouldinclude r' ways of repeating each combination
¢ The formula forrcombinations of nitems is
np
r n!
o — = 7T/ ——
r! (n—=0)'r!
n!
e Thefunction 77—~
(n-0'r

n
canbewrittenas "Cr or ( 1 andis oftenreadas ‘nchooser’
r
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o Make sureyou canfindanduse this button on your calculator
¢ Theformulae for permutations and combinations satisfy the followingrelationship:

np
r
o NC = —
rorl
n!
e Theformula2C = can befoundin the formula booklet
r l(n—r1)!

What do | need to know about combinations?

e Theformula "Cr= is also known as a binomial coefficient

n!
(n=)'r!
o I =N =

Cn CO 1

o Itis easytoseethatthereis only one way of arranging n objects out of nandalso there
canonly be oneway of arranging O objects out of n
o By considering the formula for this, it reinforces the fact that O! Must equal 1

e Thebinomial coefficients are symmetrical, so ”Cr= UCH _,

o This canbe seen by considering the formula for"Cr

n! n!
n = = = 1
° CH‘Y (n=0!(n—-(n-0)! (n—1)! Cf

How do | know when to multiply or add?

e Many questions willask you to find combinations of a group of differentitems from a bigger
group of a specified number of those differentitems
o Forexample, find the number of ways five questions could be chosen from a bank of
twenty different pure and ten different statistics questions
o Thehintinthis exampleis the word'chosen’, this tells you that the orderin which the
gquestions are chosen doesn't matter
¢ Sometimes questions willhave restrictions,
o Forexample there should be three pure and two statistics chosen from the bank of
questions,
o Ortheremustbe atleasttwo pure questions within the group
¢ |funsure about whetherto add or multiply your options, ask yourself if Aand B are both
needed, orif AorBis needed
o Always multiply if the answeris and, and add if the answeris or
o Forexampleif we needed exactly three pure and two statistics questions we would
findthe amount of each and multiply them
o If we couldhave either five statistics or five pure questions we would find them
separately and add the answers
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YOURNOTES

(’) Exam Tip .

e |tisreallyimportantthatyou can tellwhethera question is about permutations
orcombinations
o Lookout forkey words such as arrange (for permutations) or choose or
select (forcombinations)
* Don’tbe confusedif a question asks forthe number of ways, this could be for
eithera permutations ora combinations question
o Lookout forotherclues
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YOURNOTES
*9 Worked Example !
[ J

Oscarhas to choose fourbooks from areadinglist to take home overthe summer.
There are fourfantasy books, five historical fiction books and two classics available
forhimto choose from. Inhow many ways can Oscarchoose fourbooks if he
decides tohave:

i)
Two fantasy books and two historical fictions?

Choos(ng two -(omho\ss Leom four: &4C2L

Choos(ng Lwo  historical Ffiction from Ffive: 5C2

Tokal = 4€2 x 52 = 6x 10

60 options

ii)
Atleast one of each type of book?
To choose bwo of one and one of each of the obhers:
Let £ represent o cw\{:osg book, H represeat historical
fickion and C represent o clossic:
o bhese are the numbers of

options Oscar con choose from

m &
IS

1)

H ——"and’ so muktip\‘xj.
\ | 2 4C) x BSCI x 2¢2 = 4xSx|

these. are

the choices{ | 2 | 4C) x SCLx 2¢) = 4 x10x2

hecon moke | 5 11 L sCI X 201 bxsx2

Oscar con choose from one of Hnese opkions so we odd them:

20 + R0 + 40
‘o' so odd

160 options

iii)

Atleasttwo fantasy books?
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choose. kwio,  bacee or Lour 4“"‘&-“5 ooks. |b does
whetner e other books are clossics ar histerical

fickion. Tois is jusk ‘Nob Ffuntesy
L (5H+20)

FoooNe
2 A 4C2 =7¢cz = 6 x 21 = 126
3 | 4C3 x 7Cl = 4 x F = 9%
b O 4c4 x7c0 = 1x1 = |
T .

Use & system to moke swe You dont  forget

any. Chece thot ol the options add wp to &

Tokal number of aptions = 126 + 23 + |

155 Opkions
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1.8 Complex Numbers

1.8.1Introto Complex Numbers

CartesianForm
What is animaginary number?

o Upuntilnow, whenwe have encountered an equation suchas x2 = — 1 wewouldhave
stated that there are “noreal solutions”
o Thesolutionsarex = * \/—_lwhich arenotrealnumbers
¢ Tosolvethisissue, mathematicians have defined one of the square roots of negative one
as1i;animaginary number
o \/—_1=1
o i2=-1
e Thesquareroots of othernegative numbers can be found by rewriting them as a multiple of
JT
o using+/ab =y/ax./b

Whatis a complex number?

e Complexnumbers have both areal partand animaginary part
o Forexample:3 +4i
o Therealpartis 3andtheimaginary partis 4i
¢ Complexnumbers are often denoted by z
o Werefertotherealandimaginary parts respectively using Re(z)and Im(z)
¢ Two complex numbers are equalif, and only if, both the real andimaginary parts are
identical.
o Forexample, 3 +2iand3 + 3i arenot equal
e Thesetof allcomplexnumbers is given the symbol C

Whatis Cartesian Form?

¢ There are a number of different forms that complex numbers can be written in
e Theformz=a +biis known as Cartesian Form
o a,belR
o Thisis the first form given in the formula booklet
e Ingeneral, forz=a+bi
o Re(z)=a
o Im(z)=b
e Acomplexnumbercan be easily represented geometrically whenitis in Cartesian Form
Your GDC may call this rectangular form
o WhenyourGDC is setinrectangular settings it will give answers in Cartesian Form
o Ifyour GDCis not setin a complex modeitwillnot give any outputin complex number
form
o Make sureyou can find the settings forusing complex numbers in Cartesian Form and
practice inputting problems
Cartesian formis the easiest form foradding and subtracting complex numbers
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O Exam Tip YOURNOTES

* ¢ Remember that complexnumbers have both a real partand animaginary part !
o lis purely real(its imaginary part is zero)
o iis purelyimaginary (its real part is zero)
o l+iisacomplexnumber(boththerealandimaginary parts are equalto1)

*9 Worked Example

[ J
a)
Solvetheequation x2= —9
I = =9
x =9
Usinﬂ lob =fax{b = =+ [=7
x=*3
b)
Solve the equation (x+7)2=-16, givingyour answers in Cartesian form.

(c+7)" =-16

x +F =im

x + 7 =-_'_J]_6F

x+7? = F4i KUsin%@daxm

Rearmnse ownswes ko Covtegion
form:

X =-7 T4
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Complex Addition, Subtraction & Multiplication

How do | add and subtract complex numbersin Cartesian Form?

e Addingandsubtracting complex numbers should be done when they are in Cartesian form
¢ When adding and subtracting complex numbers, simplify the real andimaginary parts
separately
o Justlikeyouwouldwhen collecting like terms in algebra and surds, or dealing with
different components in vectors
o (a+bi)+(c+di)=(a+c)+(b+d)i
o (a+bi)—(c+di)=(a—c)+(b-d)i

How do | multiply complex numbers in Cartesian Form?

e Complexnumbers can be multiplied by a constantin the same way as algebraic
expressions:
o k(a+ bi) = ka+ kbi
e Multiplying two complexnumbers in Cartesian formis donein the same way as multiplying
two linear expressions:
o (a+bi)(c+di)=ac+(ad+ bc)i+ bdi2 = ac+(ad+ bc)i — bd
o Thisis a complex numberwith real part ac — bd andimaginary part ad + bc
o Themostimportant thing when multiplying complexnumbers is that
n i2=—1]
¢ Your GDC will be able to multiply complex numbers in Cartesian form
o Practisedoingthis anduseitto checkyouranswers
¢ [tiseasytoseethat multiplying more than two complex numbers togetherin Cartesian
formbecomes alengthy process prone to errors
o |tis easierto multiply complexnumbers when they are in different forms and usually it
makes sense to convert them from Cartesian form to either Polar form or Euler’s form
first
e Sometimes when a question describes multiple complex numbers, the notation Z)s Zys e is

usedtorepresenteach complex number

How do | deal with higher powers of i?
e Becausei? = —1 this canleadto someinteresting results for higher powers of i
o B=xi= —i
4= (iz)z = (_1)2 =1
iP=(2)? xi=i
i=(2)p3=(-10= -1
» We canuse this same approach of usingi? to deal with much higher powers
o B=(2)xi=(-)xi= —i

o Justrememberthat-Traisedtoanevenpowerislandraisedtoanoddpoweris -1

(e}

o]

o
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ExamTip

¢ Whenrevising foryourexams, practice using your GDC to check any
calculations you do with complex numbers by hand

o This willspeed up usingyour GDC in rectangular form whilst also giving you
lots of practice of carrying out calculations by hand

Worked Example
a)
Simplify the expression 2(8 — 61) — 5(3 + 4i).

Expand the  brockets

z@) —@y 16 —120 - 15 -20¢
Collect the .reaL and imaﬂ\'«\o\ra parts
6 =15 - 1ZL - 20¢

SimP\iQ%

| -32%1

b)

Given two complexnumbers z, =3 +4iand z, =6+71i,find z, X z,.

1 2

Expond. 4he  brockeks
(3@0 =18 +21L + 240 + 28
<~

=18 +210 + 24t +(22)(-Y)

Using t=-d
Colleck the real and imagmavtﬁ ports
I8 + 210 +24¢ =28 = 1828 + (21 + 241
SimP\@(:La
-0 +45¢
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Complex Conjugation & Division
When dividing complex numbers, the complex conjugate is used to change the denominator
toarealnumber.

What is a complex conjugate?
 Foragiven complexnumber z= a + bi, the complex conjugate of zis denoted as z”,
where z* = a— bi
o Ifz=a—bithenz"=a+ bi
¢ Youwillfindthat:
o z+ z"isalways realbecause (a+ bi) + (a— bi) =2a
= Forexample: (6 +5i) + (6—5i) = 6+6+5i—5i = 12
o z—z"isalwaysimaginary because (a + bi) — (a — bi) =2bi
= Forexample: (6 +5i) — (6—5i) = 6-6+5i—(-5i) = 10i
o zX z"isalways realbecause (a+ bi)(a— bi) = a% + abi — abi — b2i2 = a2 + b2 (as
i2=-1)
= Forexample: (6 +5i)(6 —5i) = 36 +30i — 30i —25i2 = 36— 25(—1) = 61

How dol divide complex numbers?

¢ Todivide two complex numbers:
o STEP 1. Express the calculation in the form of a fraction
o STEP 2: Multiply the top and bottom by the conjugate of the denominator:
atbi  a+bi c—di
c+di c+di | c—di
= This ensures we are multiplying by 1; so not affecting the overall value
o STEP 3: Multiply out and simplify youranswer
= This should have arealnumberas the denominator
o STEP 4:Writeyouranswerin Cartesian form as two terms, simplifying each term if
needed
= ORconvertinto therequired formif needed
¢ Your GDC willbe able to divide two complex numbers in Cartesian form
o Practise doing this anduseit to checkyouranswersif you can

(’) ExamTip

* e We can speedup the process for finding by using the basic pattern of
e We can apply this to complex numbers:

(usingthe factthat )
o So multiplied by its conjugate would be
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Worked Example YOUR TOTES
Findthevalue of (1 +7i) + (3 —1).
RQ,UJY'“.Q as o ‘CY‘O\CE'\O(\: |+ F¢

. complex conjugokbe

E R_of 3-L is B*L
Multiply top ond bottom of the fraction b
the complex conjugoke of the denominator.

I+3  3+L - (1+F)(3+1)
3-1 3+1 (3-0)(R3+0)

ol
3414200 +F"
9 +3(-30-L"
othe imaginary pocts
eliminoke each othecr

. 3+220+(-3)
a-()
S'\mp\((-'j = -4 +22¢
10
Wrive in Cortesian = —& 422
form 1o o
-2 .00 S'\mp\(Fj finol answer.
S §
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Modulus & Argument
How do find the modulus of a complex number?

e Themodulus of a complex numberis its distance from the origin when plotted on an
Arganddiagram
 Themodulus of zis written |z|
e If z=Xx+1iy, thenwe canusePythagoras toshow...
o lzl=\/x+y2

¢ Amodulusis nevernegative

What features should | know about the modulus of a complex number?

¢ themodulusis relatedto the complex conjugate by...
o zz"=7"z=|z|?
o Thisis because zz* = (x +iy)(x —iy) = x2 + y2
* Ingeneral, |Z1 +22| Z |Z1 | + |Z2|

o eg.bothz = 3+4iand z,= - 3 +4ihaveamodulus of 5, butz, + z, simplifies to 8i

which has a modulus of 8

How dol find the argument of a complex number?

¢ Theargument of acomplexnumberis the angle thatit makes on an Argand diagram
o Theangle must be taken from the positivereal axis
o Theangle mustbein a counter-clockwise direction
e Arguments are measuredinradians
o Theycanbe givenexactinterms of Tt
e Theargumentof zis written arg z
¢ Arguments can be calculated using right-angled trigonometry
o Thisinvolves usingthe tanratio plus a sketch to decide whetheritis positive/negative
and acute/obtuse

What features should | know about the argument of a complex number?

¢ Arguments areusuallygivenintherange—m <argz < 1
o Negative arguments are forcomplex numbers in the third and fourth quadrants
o Occasionally you could be askedto give argumentsintherange0 < arg z < 27
= The question willmakeit clearwhichrangetouse
e Theargument of zero, arg 0 is undefined (no angle can be drawn)

What are the rules for moduli and arguments under multiplication and
division?

¢ When two complexnumbers, z andzz,aremultipliedtogivez z_,theirmoduli are also

1 172’

multiplied
° |lezl - |Zl||22|
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Z YOURNOTES
e When two complex numbers, z, and z, are divided to give —, theirmoduli are also 1
2
divided
12| 2]
SEANEA
| % | | 2|
e When two complex numbers, z, and z, are multiplied to give z,z,, theirarguments are
added
o arg (z1 Zz) =arg z, +arg z,
Z
¢ When two complex numbers, z, and z,,are divided to give 7 theirarguments are
2
subtracted
O Exam Tip
w

¢ Always draw a quick sketch to help you see what quadrant the complex number
lies inwhen working out an argument
¢ Look fortherange of values within which you should give your argument

o Ifitis then you may need to measureitin the negative
direction
o Ifitis then you will always measurein the positive direction

(counter - clockwise)
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YOURNOTES
*9 Worked Example
° l
a)
Find the modulus and argumentof z=2 + 3i
|zl = Jzv+3* = i3
Drow o sketch to help find the orgument.:
o
3 1 k 2 +3i
—E\e a‘s“mewt is E T 9 =+&f\-\(%)
ﬂf\e Counker - E 3 = 0.4827%F
token £rom the J Z >Re
positive X-owxis
=z

Mod =
arg &

Izl = Ji3
O = 09383 (3sf)

b)
Findthe modulus andargumentof w= —1— \/?i

lwl = Jen +@@)F =J&
Im

I e msument IS
S le T R meosured clockwise
ara w Leom thne positive

-B x-oxme then & will
Find tnis ' be. e
angle fiest negRTIve
and Swokrock [z
Erom TC.

ol =+an_‘(J—T3_'> =+0\V\-‘(E) = %

N
Modz = |2l = 2
arg 2 =-6=-2‘TK
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1.8.3 Introduction to Argand Diagrams

Argand Diagrams
Whatis the complex plane?

e Thecomplexplane, sometimes also known as the Argand plane, is a two-dimensional
plane on which complex numbers can be represented geometrically
¢ |tis similarto a two-dimensional Cartesian coordinate grid
o Thex-axis is known as thereal axis (Re)
o They-axisis known as the imaginary axis (Im)
¢ Thecomplex plane emphasises the fact that a complex numberis two dimensional
o i.eithastwo parts, arealandimaginary part

o Whereas arealnumber only has one dimension represented on a numberline (the x-
axis only)

Whatis an Argand diagram?

¢ AnArganddiagramis a geometrical representation of complexnumbers on a complex
plane

o Acomplexnumbercan berepresented as eithera point oravector

e The complexnumberx + yiis represented by the point with cartesian coordinate (x, y)
o Thereal partis represented by the point on the real (x-) axis

o Theimaginary partis represented by the point on theimaginary (y-) axis
e Complexnumbers are oftenrepresented as vectors

o Alinesegmentis drawn from the origin to the cartesian coordinate point
o Anarrow is addedin the direction away from the origin

o This allows for geometrical representations of complexnumbers
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YOURNOTES
i

THE IMAGINARY PART OF
THE COMPLEX NUMBER IS
REPRESENTED ON THE
IMAGINARY AXIS

10

z=2+6i

THE REAL PART OF
THE COMPLEX NUMBER
IS REPRESENTED ON
w=5+] THE REAL AXIS

0 5 10 15 Re

(’) Exam Tip
* * When settingup an Argand diagram you do not need to draw fully scaled axes,

you only need the essentialinformation for the points you want to show, this will
savealot of time

Page 95 of 133

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, PastPapers



https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukformore awesomeresources

YOURNOTES
*> Worked Example !
[ J

a)
Plotthe complexnumbers z; =2 + 2i and z, = 3 - 4ias points on an Argand diagram.

Lobel the iﬂwginou—b oxis Im

2 2+2i
Lobel the veal

L/axis Re
>Re

Yo o“\tﬁ need to lobel bhe \.m?o(tmb poitS on the owxes,

b)
Write down the complex numbers represented by the points Aand B on the Argand
diagram below.

Im

x A

Y

Re

A 1+30
B: =2 -1
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YOURNOTES
l

1.9 Further Complex Numbers

1.9.1Geometry of ComplexNumbers

Geometry of Complex Addition & Subtraction

What does additionlooklike on an Argand diagram?
¢ |n Cartesian form two complex numbers are added by adding therealandimaginary parts
¢ When plotted on an Argand diagram the complex number z; + z, is the longer diagonal of
the parallelogram with vertices at the origin, z;, zy and z; + z,

lm/
THE COMPLEX NUMBER
10 z+w |S REPRESENTED ON
AN ARGAND DIAGRAM AS
THE DIAGONAL OF THE
PARALLELOGRAM WITH
2l = 7l T VERTICES O, z, w AND z +w
ra
5
w
0 5 10 15 | Re

What does subtraction look like on an Argand diagram?

¢ |In Cartesian form the difference of two complex numbers is found by subtracting thereal
andimaginary parts

¢ When plotted on an Argand diagram the complex number z; - z2 is the shorter diagonal of
the parallelogram with vertices at the origin, z;, -z and z; - z2
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THE COMPLEX NUMBER

z —w IS REPRESENTED ON
AN ARGAND DIAGRAM AS
THE DIAGONAL OF THE
PARALLELOGRAM WITH
VERTICES z,—w AND z —w

“3///0 5 10 Re

REMEMBER TO PLOT THE POINT —w BEFORE DRAWING THE PARALLELOGRAM

What are the geometrical representations of complex addition and
subtraction?
e Letwbeagiven complexnumberwith real part aandimaginary partb
o w=a+bi
e |etzbeanycomplexnumberrepresented onanArgand diagram
e Addingwtozresultsinzbeing:

a
o Translated by vector (b)

¢ Subtractingwfromzresultsinzbeing:

o Translated by vector (_ a )
-b

(f) ExamTip

w q q
o Take extra care whenrepresenting a subtraction of a complex number

geometrically
o Rememberthatyouranswerwillbe a translation of the shorter diagonal of
the parallelogram made up by the two complex numbers
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YOURNOTES
Worked Example

l
Considerthe complexnumbers z;=2 + 3iandz, = 3 - 2i.

On an Argand diagramrepresent the complex numbers z;, z,, z; + zoand z; - z5.

Ficst fiod z.+22 and Z %

Z o+ 22 = (2+3) +(3-21) =5+

Z, -2, = (2+3)) -(3-2i) =-1+5
Im
N
Z-22=-1+5:
—Z'Lx:
-3
The

eomelricol ?Topefb\gg con ‘oe_
Seen \o\\j o\clcl'\r\ﬁ nwo -2, =-3+2%
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Geometry of Complex Multiplication & Division
What do multiplication and division look like on an Argand diagram?

e The geometrical effect of multiplying a complex number by a realnumber, a, willbe an
enlargement of the vectorby scale factora
o Forpositivevalues of a the direction of the vectorwillnot change but the distance of
the point from the origin willincrease by scale factora
o Fornegativevalues of a the direction of the vector willchange and the distance of the
point from the origin willincrease by scale factora
e The geometrical effect of dividing a complexnumberby areal number, a, willbe an
enlargement of the vector by scale factor1/a
o Forpositive values of a the direction of the vector willnot change but the distance of
the point from the origin willincrease by scale factor1/a
o Fornegativevalues of a the direction of the vector willchange and the distance of the
point from the origin willincrease by scale factor1/a
¢ The geometrical effect of multiplying a complex number by i will be a rotation of the vector
90° counter-clockwise
o i(X+yi)=-y+Xi
e The geometrical effect of multiplying a complex number by animaginary number, ai, will be
arotation 90° counter-clockwise and an enlargement by scale factora
o ai(x+yi)=-ay+axi
¢ The geometrical effect of multiplying or dividing a complex number by a complex number
willbe an enlargement and arotation
o Thedirection of the vectorwillchange
= Theangle of rotation is the argument
o Thedistance of the point from the origin willchange
= Thescalefactoris the modulus

What does complex conjugation look like on an Argand diagram?

¢ The geometrical effect of plotting a complex conjugate on an Argand diagramis a
reflection in the real axis
o Thereal part of the complex numberwill stay the same and theimaginary part will
change sign

(’) Exam Tip

e Make sure youremember the transformations that different operations have on
complexnumbers, this could help you check your calculationsin an exam
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YOURNOTES

Worked Example !

Considerthe complexnumberz=2-i.

On an Argand diagramrepresent the complex numbers z, 3z, iz, z* and zz*.

Fiest find 32, 12 and =*

z2=2-1

3z =3(2-1)= 6-3

iz =1(2-1) = 2i-1% = 2i-(-0) = | +2
2¥ = 2+

zz* = (2-)(2+) = 4-i* = 4-(-1) =5
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Modulus-Argument (Polar) Form
How do| write a complex number in modulus-argument (polar) form?

 The Cartesian form of a complexnumber, z= x + iy, is written in terms of its real part, x,
anditsimaginary part, y
« Ifweletr=|z and =arg z, thenitis possible to write a complex numberin terms of its
modulus, r, andits argument, 6, called the modulus-argument (polar) form, given by...
o z=rcos  +isin 6)
o Thisis oftenwrittenasz=rcis 6
o Thisis givenin the formula book under Modulus-argument (polar) form and exponential
(Euler) form
e Itisusualtogiveargumentsintherange—m < 0@ < mor0) < 0 <2m
o Negative arguments should be shown clearly

o e.g.z—2(cos( —\+1sm( ?)) = 2c1s( %)

= without simplifying cos(— ?) to either cos(?ﬂ) or E

¢ The complex conjugate of rcis fis rcis (-0)
e |facomplexnumberis givenin theform z= 1(cos 0 —isin 0), thenitis notin modulus-
argument (polar) form due to the minus sign
o Itcanbe converted by considering transformations of trigonometric functions
= —sinf = sin(—0) and cosf = cos(— 6)
o So z=r{cosf —isinf) = z= r{cos(—0) +isin(—0)) = rcis(—6)
¢ Toconvert frommodulus-argument (polar) form back to Cartesian form, evaluate thereal
andimaginary parts

o Eg. Z=2(cos(—?n) + isin(—?n)) becomes z= 2(% + i(— @)} 1-J/3 i

How do | multiply complex numbers in modulus-argument (polar) form?

e Themain benefit of writing complex numbers in modulus-argument (polar) formis that they
multiply and divide very easily
¢ Tomultiply two complex numbers in modulus-argument (polar) form we multiply their
moduli and add their arguments
zZ Z z
° |7a)= 1417
o arg (z1 2) arg z, +arg z,
e Soifzj=rcis(0y) andz, =r, cis (07)
© Z1Zp=rry Cis (6 +67)
» Sometimes the new argument, 91 +02,does notlieintherange—1m < @ < m(or

0 £ 0 < 2mifthisis beingused)

o Anout-of-range argument can be adjusted by either adding or subtracting 2 Tt

_2m o AL
o E.g.lf@l—Tandez—? then 91+92 =%

o Thisiscurrentlynotintherange—m < 6 < 1
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T 5Tt

o Subtracting 2Tt from ? togive —? ,anew argumentis formed

= Thisliesinthecorrectrange andrepresents the same angle on an Argand diagram
¢ Therules of multiplying the moduli and adding the arguments can also be applied when...

o ..multiplyingthree complex numbers together, Z,z,z,,0ormore

o ..finding powers of a complex number (e.g. z2 can be written as zz)
¢ Therules formultiplication can be proved algebraically by multiplyingz;=rycis (61) by zo =2
cis (02), expanding the brackets and using compound angle formulae

How dol divide complex numbers in modulus-argument (polar) form?

¢ Todivide two complexnumbers in modulus-argument (polar) form, we divide their moduli
andsubtract their arguments

| %1 |Zl|
o || =L
| % |2,

arg z, —arg z,

[\e)

(o]
o
o
B bl
| N
Il

e Soifzj=rcis(06y) andz, =r, cis (0,) then
Z 0 n
o —=—cis(0 -6
1 2
Z, "1, s (070)
e Sometimes the new argument, 91 - Oz,canlieout oftherange— 1 < 0 < m(ortherange
0 < @ < 2mifthisis beingused)
o You canadd orsubtract 2Tt to bring out-of-range arguments back inrange
e Therules fordivision can be proved algebraically by dividing z; = r; cis (07) by zo = > cis (02)
using complexdivision and the compound angle formulae

O ExamTip
* ¢ Rememberthatrcis donly refers to
o |fyou seeacomplexnumberwritten in the form then you

willneed to convertit to the correct form first
o Make sureyou are confident with basic trigidentities to help you do this
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Worked Example
o 3m T .. (m

Letz = 4./2 cis 4 andz, = \/@(cos(j) - 1s1n(?))

a)

Find z, z,, givingyour answer in the form r{cos + isinf) where0< 0 <27
z = 4]z cs ('%c) , Za = ﬁ(cos () +isin(-&) = 2JZ cis (-%)
Foe 2,2,, m\Alt\p\J the Modull ond odd the arguments

(«1Z c%s(sTn))(Zﬁ c_'\s(—%))

(+2)2f2) cis (3 (%)

lbcis (%)

Z, 22

22 = lb(cos Tt + isin i)

b)
%
Find 5 giving your answer in the form r{cosf + isinf) where =t <0< 1
2

Foe ; ) divide the moduli and subkrack the arguments
Z, 4JZ cis(%) 2 12 C(S<3_7L_(.£))

—_ = ——— & Zﬁ & 2z

22 27 cis(-%)

Zcis(sfm) 5_:: is not in the

vange -TL <O < T
‘« (BT N
Zais (T —7_7C) SO Subtract 27T

to br‘w\s it wto ronge

n

:_; - Z(Cos (%) + I.S;r\ (%))
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Exponential (Euler's) Form
How do we write a complex number in Euler's (exponential) form?

o Acomplexnumbercan be writtenin Euler's form as z= rei?
o Thisrelates tothe modulus-argument (polar) formas z= reif?=rcis 0
o This shows a clearlink between exponential functions and trigonometric functions
o Thisis givenin the formula booklet under'Modulus-argument (polar) formand
exponential (Euler) form'
e Theargumentis normally givenintherange O <6 <2m
o Howeverin exponential form otherarguments can be used and the same convention
of adding or subtracting 21 can be applied

How do we multiply and divide complex numbersin Euler's form?
e FEuler's form allows for quick and easy multiplication and division of complex numbers
e ifz =re’tandz =reth
z,=re 'andz,=rge en
i(6,+6,)

o X =
Z1 22 1'11'26

= Multiply the moduliand add the arguments

z r, .
5 1 _ _161(91 ~0,)
Z, h

= Divide the moduliand subtract the arguments
¢ Usingtheserules makes multiplying and dividing more than two complex numbers much
easierthanin Cartesian form
¢ When a complexnumberis written in Euler's formitis easy to raise that complexnumberto a
power
o If z=rel?, 22 =r2e?10 and z? = renid

What are some common numbers in exponential form?
e Ascos(2m)=1andsin(2m) =0 you can write:
o | =e2mi
e Usingthe sameideayou can write:
o 1 =0 =e2Ti=pdMi=gbmi=_2kmi
o wherekis anyinteger
 Ascos(m) = —1 andsin(m) =0 you canwrite:
o efli=—]
o Ormore commonly writtenas ei™+1 =0
= Thisis known as Euler's identity andis considered by some mathematicians as the
most beautiful equation

T (T
o As cos(—\ =(0and s1n(—\ =1 you can write:
\2) \2)~"7
I
oi=¢?
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YOURNOTES

O ExamTip .

¢ Euler's form allows for easy manipulation of complex numbers, in an examit is
often worth the time converting a complexnumberinto Euler's form if further
calculations needto be carried out
o Familiarise yourself with which calculations are easierin which form, for
example multiplication and division are easiest in Euler's form but adding
andsubtracting are easiestin Cartesian form

*> Worked Example
[

1
Considerthe complexnumber z=2e 3 . Calculate Z2 givingyouranswerin the
form reif,

N YL 2(Fi

2" = <29.3'> =<2e3'><2?_37|> =4e 5i)
\mu\\h}p\j the modull
odd  khe arguments
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Conversionof Forms YOURNOTES

Converting from Cartesian form to modulus-argument (polar) form or l
exponential (Euler's) form.

e Toconvert from Cartesian form to modulus-argument (polar) form or exponential (Euler)

formuse
o r=lzl=\x+y
e and
o f=argz

Converting from modulus-argument (polar) form or exponential (Euler's)
form to Cartesian form.

e Toconvert frommodulus-argument (polar) formto Cartesian form
o Writez=r(cos6+isinf)asz=rcosf+(rsin6)i
o Findthevalues of the trigonometric ratios rsind and rcoso
= You may need to useyourknowledge of trigexact values
o Rewriteasz=a+biwhere
= a=rcosfandb=rsind
« Toconvert from exponential (Euler’s) form to Cartesian form first rewrite z=re® in the formz
=rcosb +(rsind)iandthen follow the steps above

(’) ExamTip

w 0 . . '
¢ When converting from Cartesian form into Polar or Euler's form, always leave
your modulus and argument as an exact value
o Roundingvalues too early may resultininaccuracies lateron
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YOURNOTES
*> Worked Example !

g 27 .

-1
Two complex numbers are given by z, =2+2iand Zz=3e 3

a)

Write z, in the form reif.

Z, =2+2
Find the modulus: |2] = J2*«2* = J§ =202
Drow o sketeh 4o help find the argument:

2+2i e =+an—‘(%) =-}-o.n—\(l)

uH
&
2= 2]z ¢

b)
Write z, in the form r{cos@ + isind) and then convert it to Cartesian form.

T

=1 2.TC o @
Z, = 33 B(Cos—g— + \$m2-§75

3(-z + i ()

E?—= %(—l + E|)

1
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1.9.3 Complex Roots of Polynomials

Complex Roots of Quadratics
What are complexroots?

e Aquadratic equation can eitherhave tworealroots (zeros), a repeatedrealroot ornoreal
roots
o This depends on the location of the graph of the quadratic with respect to the x-axis
e |faquadratic equation has norealroots we would previously have stated thatithas noreal
solutions
o The quadratic equation willhave a negative discriminant
o This means taking the squareroot of a negative number
e Complexnumbers provide solutions for quadratic equations thathave noreal roots

How do we solve a quadratic equation when it has complexroots?

o Ifaquadratic equation takes the form ax? + bx + ¢ = O it can be solved by eitherusing the
quadratic formula orcompleting the square
« Ifaquadratic equation takes the formax? + b = Q it can be solved by rearranging
e Thepropertyi=v-Tisused
o Jma=yax—T=yaxy=T
¢ |fthe coefficients of the quadratic are real then the complexroots willoccurin complex
conjugate pairs
o Ifz=m+ni(n £ 0)is aroot of aquadratic with real coefficients thenz* =m-niis alsoa
root
e Thereal part of the solutions willhave the same value as the x coordinate of the turning
pointon the graph of the quadratic

¢ When the coefficients of the quadratic equation are non-real, the solutions will not be
complexconjugates
o Tosolvetheseyoucanuse the quadratic formula

How do we factorise a quadratic equationif it has complexroots?

« Ifwearegivena quadratic equationin the formaz? +bz+c =0, wherea, b,andce r,a#0
we can useits complexroots to writeitin factorised form
o Usethe quadratic formulato findthetworoots,z=p+qiandz*=p - qi
o Thismeansthatz-(p+qi)andz- (p - gi) must both be factors of the quadratic
equation
o Thereforewe canwrite az2+bz+c =(z- (p+qi))(z- (p-qi))
o This canberearrangedinto theform(z-p - qi)(z- p +qi)

How do we find a quadratic equation when given a complex root?

¢ If weare givenacomplexrootin the formz=p + giwe can find the quadratic equationin the
formaz? +bz+c=0,wherea,b,andcer,a+0
o Weknow thatthe secondrootmustbez*=p-qi
o Thismeansthatz-(p+qgi)andz- (p - gi) must both be factors of the quadratic
equation
o Therefore we canwrite azZ +bz+c =(z- (p+qi))(z- (P - qi))
o Rewriting this as ((z- p) - qi))((z- p) + gi)) makes expanding easier
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o Expanding this gives the quadratic equation z2 - 2pz + (p? + q?) YOURNOTES
= g=1] l
= b= —2p
. c=p?+q?

« This demonstrates theimportant property (x - 2)(x - z*) = x2- 2Re(2)x + | 2|2

(’) Exam Tip

w
¢ Onceyou haveyourfinalanswers you can check yourroots are correct by
substituting your solutions backinto the original equation
o Youshouldget O if correct! [Note: O is equivalent to 1
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YOURNOTES

*9 Worked Example !

([ ] a)

Solve the quadratic equation z2- 2z+5 = 0 and hence, factorise 22 - 2z +5.

Use the quaclro\tsc focmulon or Compleking the
Squaore 1o find de Solutions,

a=|
Soluti9nsofaquadraﬁc w thrie—0 = x=_btm,u=ﬁ0 b = 'Z
equation 2a C = S
2 oD EYED)-a)s) - 210-16
2(1) Z
-2+ 06)
7
= 2k
7
Z2,=1+21 Zp=1-2
If the solutions ore Z, =142 oand 2. =\-%

then the foctors must be =z -(1+2i) ond z-(1-2i)

22 -9z +5 = (2-(0+2)(=-(1-21))
(z-1-2)(2-1+2i)

b)
Given that oneroot of a quadratic equationis z=2 - 3i, find the quadratic equation
intheformaz?+bz+c=0,wherea,b,andcer,a=0.

I 2-3i is one vook then 2+31 must be tie other
oot ond. the bt fackors must be 2-(2-2) and
z2-(2+31).

(z-2-3))z -(2+3) =0

ﬂ
(z-2)+3)(E-2-3) =0
%/
(z-2)* - By =0
YR — i =
25T vk q/: © it=-] . -q* =14
242 +\3 =0
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Complex Roots of Polynomials

How many roots should a polynomial have?

* Weknow that every quadratic equation has two roots (not necessarily distinct orreal)
e Thisis a particularcase of amore generalrule:
o Every polynomial equation, with real coefficients, of degree nhas nroots
o Thenroots are not necessarily all distinct and therefore we need to count any
repeated roots that may occurindividually
From the aboverule we can state the following:
o Acubic equation of the form ax3 + bx? + cx + d =0 can have either:
= 3realroots
= Orlreal rootandacomplex conjugate pair

 Aquartic equation of the form ax* + bx3 + cx? + dx + e = 0 willhave one of the following
cases forroots:
o 4realroots
o 2real and 2 nonreal (a complex conjugate pair)
o 4 nonreal (two complex conjugate pairs)

¢ When areal polynomial of any degree has one complexrootit willalways also have the
complex conjugate as aroot

How do we solve a cubic equation with complexroots?

e Stepstosolve a cubic equation with complexroots
o Ifwearetoldthatp+qiisaroot,thenweknow p - giis also aroot
o Thismeansthatz-(p+qi)andz-(p - gi) must both be factors of the cubic equation
o Multiplying the above factors together gives us a quadratic factor of the form (Az2 + Bz
+C)
o Weneedto findthe third factor(z- a)
o Multiply the factors and equate to our original equation to get
s (AZ2+Bz+O)(z—a)=ax3+bx2+cx+d
o Fromthere either
= Expand and compare coefficients to find
= Oruse polynomial divisionto find the factor(z- o)
Finally, write your threeroots clearly

(e}

How do we solve a polynomial of any degree with complex roots?

¢ When askedto findtheroots of any polynomial when we are given one, we use almost the
same method as for a cubic equation

o Statetheinitialroot andits conjugate and write theirfactors as a quadratic factor(as
above) we willhave two unknown roots to find, write these as factors (z- o) and (z- B)

o Theunknown factors also form a quadratic factor(z- a)(z- )

o Then continue with the steps from above, either comparing coefficients orusing
polynomial division

= |fusing polynomial division, then solve the quadratic factoryou get to find the
roots aandf

How do we solve polynomial equations with unknown coefficients?
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¢ Steps to findunknown variables in a given equation when given aroot:

o Substitute the givenrootp + giinto the equationf(z) =0

o Expand and group togetherthereal andimaginary parts (these expressions will
contain ourunknown values)

o Solve as simultaneous equations to find the unknowns

o Substitute the valuesinto the original equation

o Fromhere continue using the previously described methods for finding otherroots for
the polynomial

How do we factorise a polynomial when given a complexroot?

e |fwearegivenaroot of a polynomial of any degreeintheformz =p +qi

o Weknow that the complex conjugate,z*=p - giis anotherroot

o Wecanwrite(z- (p+qi))and(z- (p-qi)) as two linearfactors

= Orrearrangeinto one quadratic factor

o This canbe multiplied out with another factor to find further factors of the polynomial
e Forhigherorderpolynomials more than oneroot may be given

o Ifthefurthergivenrootis complexthenits complex conjugate willalso be aroot

o This willallow you to find further factors

(’) Exam Tip

* e You can speedup multiplying two complex conjugate factors together by
o rewrite(z-(p+qi)(z-(p-qi))as((z-p)-g))((z-p)+qi)
o Then((z-p)-qi)((z-p) +qi) =(z-p)*-(q)* = (z-p)*+?
o Ifyou are working on a calculator paperread the question carefully to see how
much of the working needs to be shown but always rememberto use your GDC
to check yourworking where you can
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YOURNOTES

*9 Worked Example !

Given that oneroot of a polynomial p(x) = 23 + 22 - 7z + 65 is 2 - 3i, find the other
roots.

B 2-2; is one vook Hthen 2431 must be WUne other
ot ond two of the fackors must be z-(2-30)

and. 2-(2+3)
Therefore. a0 quadcakic fockoc is 2¥-4=z +13
There must exist o linear focker (02 +\)

Solazew)(Et-tz 4 13) = 20+ 2 -F2 4 65
Compace coefficients: oz2 = 22 Coefficient of 23
o=
12 = b constont cCoefficient
b=5
Thevefore.  the foctors ore Z-(2-31) , z-(2+31)
and. (2 +9)

(z-(2-3))z-2+3))(=+8)=0

z=(2231) and 2=-5
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1.9.4 De Moivre'sTheorem

De Moivre's Theorem
What is De Moivre’s Theorem?

e DeMoivre’s theorem can be usedto find powers of complex numbers
ltstates thatfor z = rcis 0, z" = [r(cos6 +isind)]? = r*(cosnf + isinné)
o Where
= 70
= risthemodulus,|z|,rer*
= (istheargument,argz,0eR
= NeR
e InEuler’'s form thisis simply:
° (I-eiO)n = pheind
In words de Moivre’s theorem tells us to raise the modulus by the power of n and multiply
theargumentbyn
« Intheformula booklet de Moivre’s theoremis given in both polarand Euler’s form:
o [{cos@ +isind)]? = r*(cosn@ + isinnb) = rreinf = r1 cis nd

How do | use de Moivre’s Theorem to raise a complex number to apower?

e |facomplexnumberisin Cartesian formyou willneedto convertit to eithermodulus-

argument (polar) form or exponential (Euler’s) form first
o This allows de Moivre’s theorem to be used on the complex number

e Youmay needto convertitbackto Cartesian form afterwards

o Ifacomplexnumberis in the form z= r{cos(6) — isin(#)) then you willneed to rewrite it as
z=r{cos(—0) + isin(— 0)) before applying de Moivre’s theorem

¢ Ausefulcase of de Moivre’s theorem allows us to easily find the reciprocal of a complex
number:

1 .
o — =—/(cos(—0)+isin(— )= —ei¢
z r r

o Usingthetrigidentities cos(-0) = cos(0) and sin(-0) = - sin(0) gives
1 1
° =z =r"1cos(0)—isin(0)] = 7[cos(9)—isin(0)]
¢ Ingeneral

o zTh=p"n [cos(—nO) + isin(—n@)] = [cos(n@) - isin(n@)]

¢) ExamTip

- ¢ Youmay be asked to find all the powers of a complex number, this means there
willbe arepeating pattern
o This can happen if the modulus of the complexnumberis 1
o Keep an eye onyouranswers andlook for the point at which they begin to
repeat themselves
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*> Worked Example

, V3o . .
Findthevalue of T+g1 , givingyouranswerin the form a + bi.

Write in Polar foem. :

0 =toa (%) = 4:0«\“(%)

6

-3

(& . ‘zi)_3 (% c{s(%))

-3

APP\j DeMoivre's  Theorem ° (lf C,\S(T—g)> = (L&)-S Cis (_3TL)

3
Convext back to Cocktesian form :

27 cie () = 2%(cos (-%) +1 sin(—-’—z‘—))
= 2%(0-i)
=271
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Proof of De Moivre's Theorem
How is de Moivre’s Theorem proved?

¢ Whenwrittenin Euler’s form the proof of de Moivre’s theoremis easy to see:
o Usingtheindexlaw of brackets: (reif)n = rreind
¢ HoweverEuler’'s form cannot be usedto prove de Moivre’s Theoremwhenitis in modulus-
argument (polar) form
¢ Proof byinduction canbe usedto prove de Moivre’s Theorem for positive integers:
o Toprove de Moivre’s Theorem for all positive integers, n
o [r(cos@+ isind)]” = r*(cosné + isinnb)
e STEPT:Proveitistrueforn=1
o [r(cos8+isind)]! = r'(cos1 @ +isinl1 8) = r(cos@ + isind)
o SodeMoivre’s Theoremis trueforn =1
e STEP2:Assumeitis trueforn=k
o [r(cos@ + isind) ]k = r(cosk® + isink®)
e STEP 3:Showitistrueforn=k+1
o [r(cos@+isin@)k+ 1 =([r(cos@ +isin€)I¥)([r (cosd + isinh)]!)
o Accordingtotheassumption thisis equalto
= (r*(cosk + isink®)) (r(cos + isind))
o Usinglaws of indices and multiplying out the brackets:
» = rk*1[coskOcosO +icos kO sinf + isinkOcosf + i2sinkfsinb)]
o Lettingi?=-1andcollecting therealandimaginary parts gives:
= = rk+1[coskfcost — sinkfsin@ + i(cos k6 sind + sinkfcosh)]
o Recognisingthatthereal partis equivalentto cos(ké + #) and theimaginary partis
equivalent tosin(k@ + 0) gives
» (rcis@)k+1=rk+1[cos(k+1)0+isin(k +1)6]
o SodeMoivre’s Theoremis trueforn=k +1
o STEP 4:Write a conclusion to complete the proof
o Thestatementistrueforn=1,andifitis trueforn=kitisalsotrueforn=k+1
o Therefore, by the principle of mathematical induction, theresultis true for all positive
integers, n
¢ DeMoivre’s Theoremworks forallreal values of n
o Howeveryou could only be asked to proveitis true for positive integers

(f) Exam Tip

* ¢ Learningthe standard proof for de Moivre's theorem will also help you to
memorise the steps for proof by induction, anotherimportant topic foryour AA
HL exam
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YOURNOTES
*9 Worked Example !
[ J

Show, using proof by mathematicalinduction, that fora complexnumberz=rcisf
andforall positiveintegers, n,

7" = [r(cos@+isind)]" = r*(cosn + isinnd)

SL&? I: Prove & is true for n=1
z' = [r(cosO + isin 6):|I = ¢'(cos 16 + isinl®) = r(cosB + isinB)
Step 2: Assume & is true for n=k
7% = [r(cos® + isin6)] = (cosko +isinke)
Step 3¢ Show ik is true for n=k+1
7% = [r(cos® + isin6) " Addition Loww of indices : dal = &*!
= ([r(cose + isin e)] l‘X[r(cose + 1Sin 9)])

) usif\\cj the

key! K4\
=r .
e ossumpkion

[“(coske +isink6)] [r(cos + isin 6)]
= **' (cosk® +isinkO)(cos O + isin ) .
o RO

= % *'[cosk @ cos +cosk B (isind) + cos (i sink 6) + i*sinkO'sin6)]

= **'[cosk@cosO+i(coskOsing +cosdsink6)- sinkOsind] | collect
Re ond I

- [coske cosB - sinkOsing+i (coskOsing + sinkecose] posts
~
=cos(ko +6) =sin(k6 +9)
= **[cos(ko+0) + isin (ke -6)]
= r"*'[cos(k+|)e+ {S;n<k*‘>e] So true for n=k+|

Ste? b: Weike o condusion:

De Mowre's theorem (s true for n=1, ond if & & true
foc n=% (& s also brue for n=k+l,
Tke,repoa. & s tewe for ol nezt
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1.9.5Roots of Complex Numbers

Roots of Complex Numbers
How dol find the square root of a complex number?
e Thesquareroots of acomplex number willthemselves be complex:
o ie.ifzZ=a+bithenz=c+di
» Wecanthensquare(c+ di) and equateit to the original complex number (a + bi), as they
both describe 72:
o a+bi=(c+di)?
¢ Thenexpandand simplify:
o a+bi=c?+2cdi+ d?i2
o a+bi=c?+2cdi— d?
e Asbothsides are equalwe are able to equaterealandimaginary parts:
o Equatingtherealcomponents: a= c—=d ()
o Equatingtheimaginary components: b=2cd (2)
e Theseequations can then be solved simultaneously to find the realandimaginary
components of the squareroot

b
o Ingeneral, we canrearrange (2) to make % = candthen substituteinto (1)

o This willleadto a quartic equation in terms of d; which can be solved by making a
substitution to turnitinto a quadratic
e Thevalues of d can then be usedto find the corresponding values of ¢, sowe now have
both components of both square roots (¢ + di)
¢ Notethatonerootwillbe the negative of the otherroot
o g.ctdiand —c—di

How do |l use de Moivre’s Theorem to find roots of a complex number?

e DeMoivre’s Theorem states thata complex numberin modulus-argument form can be
raised to the power of n by
o Raising the modulus to the power of n and multiplying the argumentbyn
¢ Wheninmodulus-argument (polar) form de Moivre’'s Theorem can then be usedto find the
roots of acomplex number by

o Takingthe nthroot of the modulus and dividing the argument by n
1

o If z = f{cosh +isind) then ¥/ z = [r{cos(6+ 2 mk) + isin(6 + 2 mk))] "
= k=0,1,2,..,n—1
= Recallthatadding 2mto the argument of a complexnumber does not change the
complexnumber

= Therefore we must consider how different arguments will give the same result
1

— 0 + 2mk 0+ 2mk
o This canberewritten as ’\1/; = rf (COS(T) +isin(T))

e This can be writtenin exponential (Euler's) form as
0+2mk

. 1
o For z1=rei®, z= /re n
e Thenthroot of complexnumberwillhave nroots with the properties:
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o Themodulusis ¥/ r forall roots YOURNOTES
o Therewillbe n different arguments spaced at equalintervals on the unit circle 1
o This creates some geometrically beautiful results:
= Thefiveroots of acomplex numberraisedto the power 5 will create a regular
pentagon on an Argand diagram
= Theeightroots of acomplex numberraised to the power 8 will create a regular
octagononanArgand diagram
= Thenroots of acomplexnumberraisedto the powern will create aregularn-sided
polygon on an Argand diagram
e Sometimes you may needto useyour GDC to find the roots of a complex number
o Usingyour GDC'’s store function willhelp when entering complicated modulus and
arguments
o Make sureyou choose the correct formto enteryourcomplex numberin
o Your GDC should be able to give you the answerin your preferred form

(") Exam Tip
* * DeMoivre's theorem makes finding roots of complex numbers very easy, but
you must be confident converting from Cartesian forminto Polarand Euler's
form first
o Ifyouareina calculatorexamyour GDC will be able to do this foryou but
you must clearly show how you got to youranswer
o Youmustalso be preparedto do this by handin a non-calculator paper
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*9 Worked Example

a)
Findthe squareroots of 5 +12i, givingyouranswers in the forma + bi.
ek 2% = 54121 , then 2 = a +bi
2% = a® + 2abr + b
=o' +20bi - b*
Trecefore S +121 = (o' -b*) + 2Zabi
Equote the real components: o' -%* =% ®
Equate the imoginaqy components:  20b = |2 ®
Solve the simultoneous equmakions : & = % 3 (%)1 -+ =5
b* + 5k*-36=0
(b + Q)b -4) =0
b*=-9 or b' =4

no real 7
solutions b=1t2
o =*3
2= 3421 , 2, =-3-2:
b)
Solvetheequation 2 = —4 + 4\/§i givingyouranswers inthe formrcis 6.

Convert -4 +4IZ1  to folac  form:
I IS T 3 S S

43y . 2m
4 2 4JZ 9

=1

6 -1 -(+or (

-4 443 = 30%5(%)

2% = -4 + &[3i

z Jereli = (3 cis@:}))i
= (%‘5) c&s(% ; an)

Ocder 3 so there are 3 voots, wuse k=0,1,2:

2= 2eis (B8, 2cs(3F), Las(=
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1.10 Systems of Linear Equations YOURlNOTES

1.10.1Systems of Linear Equations

Introduction to Systems of Linear Equations

What are systems of linear equations?

¢ Alinearequationis an equation of the first order (degree 1)
o This means thatthe maximumdegree of eachtermis 1
o Theseareexamples of linearequations:
= 2x+3y=5&5x-y=10+5z
o Theseare examples of non-linearequations:
= x2+5x+3=0&3x+2xy-5y=0
= Theterms x2andxy have degree 2
¢ Asystem oflinearequations is where two or more linear equations work together
o Thesearealso called simultaneous equations
If there are nvariables then you willneed atleast n equations in orderto solveit
o Foryourexamnwillbe2or3
A2x2system of linearequations can be written as
axtby=c

(o]
a,x+ b2y= c,
¢ A3x3system oflinearequations can bewritten as
ax+ b1y+ c,z= d1

o =
a,x+ b2y+ ¢,z d2

+b.y+c.z=
a,x b3y c,z d3

What do systems of linear equations represent?

¢ Themostcommon application of systems of linearequations is in geometry
e Fora2x2system
o Eachequationwillrepresent a straightlinein 2D
o Thesolution (if it exists andis unique) will correspond to the coordinates of the point
where the twollines intersect
e Fora3x3system
o Eachequationwillrepresent a planein 3D
o Thesolution (if it exists andis unique) will correspond to the coordinates of the point
where the three planesintersect
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Systems of Linear Equations
How dol set up a system of linear equations?

¢ Notallquestions willhave the equations written out foryou
* Therewillbe bits of information given about the variables
o Two bits of information fora 2x2 system
o Threebits of information fora 3x3 system
o Lookoutforclues such as ‘assumingalinearrelationship’
e Choosetoassignx, y & ztothe given variables
o This willbe helpfulif usinga GDC to solve
e Oryoucanchoose touse more meaningful variables if you prefer
o Such as cforthe number of cats and dforthe number of dogs

How doluse my GDC to solve a system of linear equations?

¢ YoucanuseyourGDCtosolve the system on the calculator papers (paper 2 & paper 3)
¢ Your GDC willhave a function within the algebra menu to solve a system of linear equations

¢ Youwillneedto choose the number of equations

o Fortwo equations thevariables willbexandy

o Forthree equations the variables willbe x, yand z
If required, write the equations in the given form

o ax+by=c

o ax+by+cz=d
Your GDC will display the values of xandy (orx, y, and 2)

(’) Exam Tip

e Make sure thatyou are familiar with how to use your GDC to solve a system of
linearequations because evenif you are asked to use an algebraic method and

show yourworking, you can use your GDC to check your finalanswer

¢ Ifasystems of linearequations question is asked on a non-calculator paper,
make sure you check yourfinalanswer by inputting the values into all original
equations to ensure that they satisfy the equations
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YOURNOTE
Worked Example Oou 10 S

On amobile phone game, a player can purchase one of three power-ups (fire, ice,
electricity) using their points.

e Adambuys 5 fire, 3ice and 2 electricity power-ups costing a total of 1275
points.

¢ Alicebuys 2 fire, Tice and7 electricity power-ups costing a total of 1795 points.

¢ Alexbuys1fireandlice power-ups whichin total costs 5 points less thana
single electricity powerup.

Findthe cost of each power-up.
Let x be the wst of a fire  power-up

Let 1] be the ost 01( an i€ power-up
let 2 bLe the wst of an elec‘rrici‘hd power-up

Form 3 eq'ua‘rions
Bx + 3y +22 - 1115

Lx + y + F2 = 1195

x+\3 =7:-5\/JL +t\-%=‘5
Write in form ax+l>3+(t =d

Tgpe the 3 equations into the GDC  and solve

b |ZO , gd= %5 , F A 2]0

Fire costs 120 points

le was 85 poiats

Eledriciia tosts 210 points
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1.10.2 Algebraic Solutions

Row Reduction
How can| write a system of linear equations?

* Tosavespacewe canjustwrite the coefficients without the variables

_ axtby=c , 4 bl ‘
e For2variables: ! 1 I can be written shorthand as b
_ a c
a,x+ bzy c, 2 2| 2
ax+ b1y+ clz=d1 4 bl il

o For3variables: ax+ b2y+ c,z= d2 can bewrittenshorthandas | 4, b2 S

a X+b3y+ c3z=d3 4, b3 G

3

Whatis arow reduced system of linear equations?

¢ Asystem oflinearequations is inrow reduced formif itis written as:

A, B, C,| D, Ax+By+C,z=D,
o | 0 B, C,1 D, lwhichcorresponds to By+C,z=D,
0 0 C| D, C,z=D,

= |tisvery helpfulifthevalues of A;, By, Czareequal to1

What arerow operations?

* Rowoperations are used to make thelinearequations simplerto solve
o Theydo not affect the solution
e You canswitchany tworows
a b c | d ay by cy| d,
o |ab,c|d|canbewrittenas| a, b, ¢, | d, usingrjers
a; by cy| d, a b c| d
= Thisis useful for getting zeros to the bottom
= Orgettingaonetothetop

¢ You can multiply any row by a (non-zero) constant

a b c| d a b, ¢ | d
o | a, b, c,| d, |canbewrittenas | ka, kb, kc, | kd, |usingkxrp >,
ay by ¢y | d, a, by ¢ | d,

= Thisis usefulforgettingalas thefirstnon-zerovalueinarow
¢ You canadd multiples of arow to another row

ay by ¢ | d, 4 b, € d

o |a, b, c,| d, |canbewrittenas| a,+5a, b,+t5b; c,*5¢,| d,*+5d, usingro+5r3>r;

ay by ¢y | dy a4 by G d,

= Thisis useful forcreatingzeros underal

How canlrow reduce a system of linear equations?
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e STEP1:Getalinthetop left corner

YOURNOTES
o You cando this by dividing the row by the current valueinits place 1
o Ifthecurrentvalueis O oran awkward number then you can swap rows first
[1 B, C,| D,
L L * *
k ok * *

e STEP 2:GetO’sinthe entries belowthel
o You cando this by adding/subtracting a multiple of the first row to each row

[1 B, C,| D,
L 0 * = *
0 * * *

o STEP 3:Ignore the first row and column as they are now complete
o Repeat STEPS1-2totheremainingsection
1 B, C,| D,
= Getal:|0 1 G| D,
0 * * *
1B C|D
= ThenOunderneath:|0 1 C,| D
O 0 * *
e STEP 4:Getalinthe third row
o Usingthesameideaas STEP1

1B, ¢ | D
=01 ¢| D,
00 1D

How do| solve a system of linear equations onceitisinrow reduced

form?
¢ Onceyourowreducedthe equations you can then convert back to the variables
[lBl Cl|D1-| x+B,y+C z=D,
o0 1 C2| D, |correspondsto y+C,z=D,
00 1]D] z=D,

e Solvetheequations starting at thebottom
o You havethevalue forzfrom the third equation
o Substitutezinto the second equation and solve fory
o Substitutezandyinto the first each and solve forx
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YOURNOTES
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G

") ExamTip

e Toreducethe numberof operations you do whilst solving a system of
operations, you can do a couple of things:
o You cansetup youroriginal matrix with the equations in any order, so if one
of the equations already has a 1in the top left corner, put that one first
o Youdonotneedtomake every equation so thatitonly has a single variable
with avalue of 1, you just need to do that for 1 of the equations and use that
resulttowork out the others
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YOURNOTES

*9 Worked Example !

Solve the following system of linear equations using algebra.

2x-3y+4z=14

x+2y—-2z=-2
3x-y—2z=10
\r\/r'-’re without the variables 2 3 4|ly
| 2 -2|-2
3 -1 -2]10
3wap rows 10 30‘ | in hp left cormer 7I 2 -2|-2] R o R
2 3 4|4
-l -2010
o gd ze0s under the | 0 -1 3[1%[R-20—>R,
0 -% 4 [1b |Rs-3R =R,
Mu“"\p\e the second row To %e’f a| | 2 -2 -2 ]
0 | % "T?r Rz"‘% "’Rz
0 -1 4|16
et e s 113 -2 |1 2]
01 -5 01 48
0 0 -4[-2]Ry+3&R |0 0 | |7 |Ra-g-R

\AJrHe. out the equations Sfan‘ina ot the bottom

|
=7

B8 o y- .
2 AR N T A TRl S

xy-desd > x-bel=2 >3
|

x=3 , 3:-2, t:
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Number of Solutions to a System
How many solutions can a system of linear equations have?

e Therecouldbe
o lunique solution
o Nosolutions
o Aninfinite number of solutions
¢ You candetermine the case bylooking at therow reduced form

How dol know if the system of linear equations has no solutions?

e Systems with no solutions are calledinconsistent
¢ When tryingto solve the system afterusing the row reduction method you willend up with a
mathematical statement whichis never true:

o Suchas:0=1
e Therowreduced system will contain:

o Atleast onerow where the entries to the left of theline are zero and the entry on the

right of the line is non-zero
= Sucharowis calledinconsistent
o Forexample:

[1 B, C | D1-|
= Row2isinc:onsistentI 00 O l D2 Iiszisnon—zero
N

How dol know if the system of linear equations has infinite solutions?

e Systems with atleast one solution are called consistent
o Thesolution could be unique or there could be an infinite number of solutions
¢ When tryingto solve the system after using the row reduction method you willend up with a
mathematical statement whichis always true
o Suchas:0=0
¢ Therowreduced system will contain:
o Atleast onerow whereall the entries are zero
o Noinconsistentrows
o Forexample:

(1B, C|DT
-0 1 ClDI
.

How do | find the general solution of a dependent system?

¢ Adependent system of linearequations is one where there are infinite number of
solutions
¢ The general solution willdepend on one or two parameters
¢ Inthecasewheretworows arezero
o Letthevariables corresponding to the zerorows be equal to the parameters 1 & u
= Forexample:Ifthefirstand secondrows arezerorows thenletx=A&y=pu
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o Findthethird variable in terms of the two parameters using the equation from the third YOURNOTES
row 1
= Forexample:z=4A-5u+6
¢ Inthecasewhere only onerowis zero
o Letthevariable correspondingto the zerorow be equalto the parameter 1
= Forexample:Ifthefirstrowis azerorowthenletx=1
o Findtheremaining two variables in terms of the parameter using the equations
formed by the othertwo rows
= Forexample:y=31-5&z=7-21

(f) Exam Tip
* ¢ Common questions that pop upin an B examinclude questions with equations
oflines

* Beingable torecognise whether there are no solutions, 1solution orinfinite
solutions is really useful foridentifying if lines are coincident, skew orintersect!
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YOURNOTES
*9 Worked Example !
° x+2y—z=3
3x+T7y+2z=4
x—9z=k
a)

Given that the system of linear equations has aninfinite number of equations, find
thevalue of k.

Write withwt the variables b2 -3
KR I A
I 0 9|k
Use the row reduction method
2 -3 2 -1 3
0l & (-5 63r>n [0 1 & |-5
0 -2 -8 k3| f-r,=r; |0 0 O |k-B3| ryt2ey>ey

T)'\ere are an in‘pmﬁe number m[ solutions f o row is zero
k-13 =0
k=13

b)
Find a general solution to the system.

The thid o 15 2ew 5o let e il varigble (3) equal a parameler
2= )

Use equations fo find expressions for the other variables
\j+hz=-5 > yibh=5 5 y:-kh-5

0213 > B3 > x s D3

x=AN+13, 4= -bh-5 2= ) for AeR

Page 132 of 133

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukformore awesomeresources

Page 133 of 133

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, PastPapers



https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

