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1.1 Number Toolkit

1.1.1Standard Form

Standard Form

Standard form (sometimes called scientific notation or standard index form) gives us a way
of writing very big and very smallnumbers using powers of 10.

Why use standard form?

e Somenumbers are too big ortoo small to write easily or foryour calculatorto display at all
o Imagine the number 5059, the answer would take 84 digits to write out
o Try typing 50%Pinto your calculator, you will see it displayed in standard form
» Writing very big orvery smallnumbers in standard form allows us to:
o Writethem more neatly
o Compare them more easily
o Carry out calculations more easily
e Exam questions could ask foryouranswerto be writtenin standard form

How is standard form written?

« Instandard form numbers are always written in the form a X 10k where a and k satisfy the
following conditions:
o1 <ax<l10
= Sothereis one non - zero digit before the decimal point
o k €7
= So kmustbeaninteger
o k>0 forlargenumbers
= How many times ais multiplied by 10
o k<0 forsmallnumbers
= How many times ais divided by 10

How are calculations carried out with standard form?

¢ YourGDC willdisplay large and smallnumbers in standard form when it is in normal mode
o Your GDC may display standard formas aEn
= Forexample,2.1 X 1075 willbe displayedas2.1E—5
= |fso, be carefultorewrite the answer givenin the correct form, you willnot get
marks for copying directly fromyour GDC
¢ Your GDC willbe able to carry out calculations in standard form
o Ifyou putyour GDC into scientific mode it willautomatically convert numbers into
standard form
= Beware thatyour GDC may have more than one mode when in scientific mode
= Thisrelates to the number of significant figures the answer will be displayedin
= Your GDC may add extra zeros to fill spaces if working with a high number of
significant figures, you do notneed to write these in youranswer
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» Toaddorsubtract numbers writteninthe form a X 10k withoutyour GDC you willneed to
write themin full form first

 Tomultiply or divide numbers writtenin the form a X 10k without your GDC you can either
write themin full form first oruse the laws of indices

(’) ExamTip

* e Your GDC will give very big or very small answers in standard form and willhave a

setting which will allow you to carry out calculations in scientific notation
e Make sureyou are familiar with the form that your GDC gives answersin as it
may be different to the form you are required to use in the exam
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*9 Worked Example

Calculate the following, giving youranswerin the form a x 10X, where1 <a< 10

3780 x 200

Usin% GOC: Choose scientific mode.

Input directly into GDC os ordinacy
numbers.

3780 x 200 = 756 %x10°

GDC will au{-nmaiicnu.\:) ojive. onSuRS tn
standord form.

Without GDC:

Calculote the value:
3180 x 200 = F56000

Convert +o stondod Lorm:
756000 = 7.56 x10°

756 % 10°

i) (7 x 105) = (5 x 104)
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Usin% G.OC: Choose scientific mode. YOURNOTES

l
Input directly into GDC

7x10°-5x10* =6.5 x10°
This may be
displaged. as 6.5ES

Without GDC:

Convert to ocdinary numbers:
7x10° = 100000
5x10* = 50000
Coxrs out the calculotion:
300000 - 50000 = 650000
Convest, o standord Locm:
650000 = 4.5 x10°

6.8 x 10>

i
(3.6x1073)(1.1 x 1075)
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Input diveckly wo GDC:
(Choose. scientific mode).

(3.5 x 10°2)(1.1 x10™%) = 3.26x107°

396 x 1078

Nohe,? -3 -5

t0”° x 10" = o~ %

N )
(2.6 x \0’3)(\.| X \o's) = 3.4a6x10 K

N

3.6x\| =396

Page 6 of 54

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, Past Papers

YOURNOTES
l


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukfor more awesomeresources

Laws of Indices
What are the laws of indices?

e Laws ofindices (orindexlaws) allow you to simplify and manipulate expressions involving
exponents
o Anexponentis a powerthatanumber(calledthebase)israisedto
o Laws of indices can be used when the numbers are written with the same base
¢ Theindexlaws youneedtoknow are:

° (Xy)m - mem

G-
o | —| =—
y ym

o xn=1L/xm

¢ Theselaws are notin the formulabooklet so you mustrememberthem

How arelaws of indices used?

¢ Youwillneedto be able to carry out multiple calculations with the laws of indices
o Takeyourtime and apply each law individually
o Work with numbers first and then with algebra
¢ Indexlaws only work with terms that have the same base, make sure you change the base
of the term before using any of theindexlaws
o Changingthe base means rewriting the numberas an exponent with the baseyou
need
o Forexample, 94 =(32)4=32x4=38
o Usingthe above canthem help with problems like 94 +37 =38 +37=31=3

(’7 Exam Tip
* ¢ Indexlaws arerarely a question on theirown in the exam but are often needed to
help you solve other problems, especially when working with logarithms or
polynomials
e Lookout fortimes when thelaws of indices can be applied to help you solve a
problem algebraically
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*9 Worked Example !

Simplify the following equations:
i)
(3x2)(2x%y?)

(6x2y)

Apply, eoch low Separately :
3x2=6
(@1 2 y?)
6x?y

eme\&
. nuwmevotor
x*x x? = ¢

VRS
(6x?)(x3y?)
6

C ON‘_aLL{vS
S..2

Exy
J S x®+act=x52 ot
oy,
(3x2)N2x2y*) _ _3
6x?y

i)
(4x2y=4)3(2x3y~1)2,
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(4113-“')3(2x33-l)-2

a3 Rewrite as
(43&"3 "‘) o fraction
(223y")"
expond
numevokor
2 and
6 "_ x_6 & denominckoer
4 o8 5-1
Camell(g

2
b4 2y
xF Gyl
% 5 The nesox\-.'we exponents cawn
be reTritken os thelr

Yeciprocols
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1.2 Exponentials & Logs YOURlNOTES

1.2.1Introduction to Logarithms

Introduction to Logarithms

What are logarithms?
¢ Alogarithmis theinverse of an exponent
o Ifgx = bthenloga(b) =xwherea>0,b>0,az%]1

= Thisisinthe formula booklet
= Your GDC willbe able to use this function to solve equations involving exponents

e Trytogetusedto ‘reading’ logarithm statements to yourself
o loga(b) = x wouldbereadas “the powerthatyouraise ato,toget b, is x”

o Solog5125 = 3 wouldbereadas “the powerthatyouraise 5 to, to get 125, is 3”

e Twoimportantcases are:
o 1nx=loge(x)
= Where eis the mathematicalconstant2.718...
= Thisis called the naturallogarithm and willhave its own button on your GDC
° logx=log10(x)

= Logarithms of base 10 are used often and so abbreviated tolog x

Why use logarithms?

e Logarithms allow us to solve equations where the exponent is the unknown value
o We cansolve some of these by inspection
= Forexample, forthe equation 2¥=8 we know that xmustbe 3
o Logarithms allow use to solve more complicated problems
= Forexample, the equation 2¥=10 does not have a clearanswer
. Instead,wecanuseourGDCstoﬁndthevalueoflogle

¢) ExamTip

* ¢ Before goinginto the exam, make sure you are completely familiar with your
GDC andknow how to useits logarithm functions
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YOURNOTES
Worked Example !
Solve the following equations:
i)
x= log327,

x = log32F & 3*=27%

We can see from (nspeckion:
3%2=23 & =17
oc =19
OR: Use GOC *o find orswer direckly .

ii)

2x=21.4, givingyouranswerto3s.f.

2% =214 This connot be seen
‘pmm (.vl.spe,ci.ioni

2* =214 & 9C=LO57_2|.‘|-

Ute GOC +to find oncwer direckly.

Log, 2l.4 = &.&l9S..

oc = 4.42 (3 )
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1.2.2 Laws of Logarithms

Laws of Logarithms
What are the laws of logarithms?

e |aws of logarithms allow you to simplify and manipulate expressions involving logarithms
o Thelaws of logarithms are equivalent to the laws of indices
e Thelaws youneedtoknoware, givena > 0:

° logaxy= logax+ logay

= Thisrelatesto a* X a¥=axty

X
° loga; = logax - logzy

= Thisrelatestoa* + a¥=2aX"Y
° logaxm= mlogax

= Thisrelatesto (a")y =axy

e Theselaws areinthe formula booklet soyou do notneedtorememberthem
o Youmust make sure you know how to use them

log,xy = log,x + log.y ‘ | RELATES TO a*xa’=a*
log, (X) = logyx — logy ‘ ‘ RELATES TO &= a*

log, x¥ = klog,x RELATES TO (a¥'=a*

Useful results from the laws of logarithms
e Givena >0,a=#1
° logal =0
= Thisis equivalentto a®=1
 Ifwesubstitute b forainto the givenidentity in the formula booklet
o a¥=p & logab = xwherea > 0,b >0,a=1
o g¥ =ae logaa = xgivesal = a & logaa =1

= Thisisanimportantanduseful result
Substituting this into the third law gives the result
o log ak= k

Taking theinverse of its operation gives theresult

l
o g %= x

From the third law we can also conclude that

° loga;= —log x
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. YOURNOTES
THE POWER YOU RAISE

log,.a=1
o a TO, TO GET q, IS 1" l

log,a* = xlog,a

log,a*=x
=X

AN  OPERATION AND

Qs = x
ITS INVERSE

log1=0 a%=1

Logu% =log X"

log, a = -logx
lax a =—log,X

e Theseusefulresults are notinthe formulabooklet but can be deduced fromthelaws that
are
e Beware..
o ...loga(x +y) = logax + loggy
» Theseresults apply toIn x (logex) too

o Two particularly useful results are
s IneX =x
- elnx = x
e |aws oflogarithms canbeusedto..
o simplify expressions
o solvelogarithmic equations
o solve exponential equations

(f) ExamTip

* * Rememberto check whetheryoursolutions are valid
o log(x+k)is only definedif x> -k
o You willlose marks if you forget to reject invalid solutions
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YOURNOTES
*> Worked Example
° l
a)
Write the expression2 log 4 — log 2 intheformlog k, wherek € Z.

U\sins the \law \03a9¢m = mlogs
2logt = Los‘rl = loglé
2‘03‘!— - losZ = Loslr"‘- LoSZ
= \.03 6 - LoSZ

Msina the \law ‘030.5 = LOSQx - LOSAb

log 16 - Log2 = Log-'zi = Log %
Zloa‘l- - log2 = Los%

1
b) Hence, orotherwise, solve2 log 4 —log 2 = —log e
To solve Zlos‘l- - losZ = Loﬁé rewrike oS

\
Log 8 = —log X
A9 4
feom
part (o)
Use the index law = = o

L03‘8 = —Los'x-—
2 \Oﬁoﬁxm= mLoSo,x
L033 = Los:x
§ = x
x =9
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Change of Base YOURNOTES
Why change the base of alogarithm? l

e Thelaws of logarithms can only be usedif the logs have the same base
o If aprobleminvolves logarithms with different bases, you can change the base of the
logarithm and then apply the laws of logarithms
¢ Changing the base of alogarithm can be particularly useful if you need to evaluate alog
problem without a calculator
o Choosethebase suchthatyouwould know how to solve the problem from the
equivalent exponent

How dol change the base of alogarithm?

e Theformula forchangingthe base of alogarithmis

log, x

1 =
08, log,a

¢ Thisisinthe formulabooklet
e Thevalueyou choose forb does not matter, howeverif you do not have a calculator, you
can choose b such that the problem will be possible to solve

(’) ExamTip

* ¢ Changingthebaseis a key skillwhich can help you with many different types of
questions, make sure you are confident with it
o |tis a particularly useful skill forexaminations where a GDC is not permitted
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YOURNOTES

*> Worked Example !
[ J

By choosing a suitable value for b, use the change of base law to find the value of
log8 32 withoutusing a calculator.

Cko.vxse of Yvase low: LOSmx = logo>
log &
{7_5=32
\O 332
3)‘
2*=¢

Choose. b=2 to ollow for o salukion by inspeckion

- L03132 - é
\03332 Logzg 3

\03332 = |%
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1.2.3 Solving Exponential Equations

Solving Exponential Equations

What are exponential equations?
¢ Anexponential equationis an equation where the unknown is a power
o Insimple cases the solution can be spotted without the use of a calculator
o Forexample,

52x =125
2x =3

3
x=3

¢ Inmore complicated cases thelaws of logarithms should be used to solve exponential
equations

¢ Thechange of baselaw can beusedto solve some exponential equations without a
calculator
o Forexample,

27x =9
X=10g279
10g39
- log327
2
e

How do we use logarithms to solve exponential equations?

¢ Anexponential equation can be solved by takinglogarithms of both sides
e Thelaws of indices may be needed to rewrite the equation first
Thelaws of logarithms can then be usedto solve the equation
o In(loge)is oftenused
o Theansweris oftenwrittenin terms of In
e Aquestion my askyou to giveyouranswerin a particularform
Follow these steps to solve exponential equations
o STEP 1: Takelogarithms of both sides
STEP 2: Use the laws of logarithms to remove the powers
STEP 3:Rearrange toisolate x
STEP 4: Uselogarithms to solve forx

o

o]

(e}

What about hidden quadratics?

e ook forhidden squaredterms that could be changed to form a quadratic
o Inparticularlook out forterms such as
- 4x:(22)x:22x:(2x)2
- er:(eZ)xz(eX)Z
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¢ Always check which form the question asks you to give youranswerin, this can
help you decide how to solveit

¢ |fthe questionrequires an exactvalue you may needtoleaveyouransweras a

logarithm

*9 Worked Example

Solvethe equation4x —3(2x*1) + 9 =0. Give youranswer correct to three
significant figures.

Spot the hidden quadratic: 4 = (24)7 = (2%

By ftwe \lows of indices 22Xt 2 gx, 9
v

(29" -3(2**) +9=0 = 2227
() -3%x2x2"+9 =0

()" = bxo= +9=0

Let w =2 W-6u+9=0

(w-3)(u-3)=0

u=3 .. 2* =3

Solve the exponential egquokion 2 =3

Step

\: Toke Logawithms of loth sides @ |, (‘2*) = n(3)
Step 2: Use +the law \°3°‘xm = mlogax  2In2 = |03
Step 3: Reorrange %o (solake = o = n3
In2
Sktep &: Solve
In 3
x = —— = 1.584%
In2

x = I.58 (3s.f)
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1.3 Sequences & Series YOURlNOTES

1.3.1Language of Sequences & Series

Language of Sequences & Series

What is a sequence?

¢ Asequenceis an orderedset of numbers with a rule for finding all of the numbers in the
sequence
o Forexamplel, 3,5,7,9,..is asequencewith therule ‘startat one andadd two to each
number’
e Thenumbersin a sequence are often called terms
¢ Theterms of a sequence are often referred to by letters with a subscript
o InIBthis willbe theletteru
o Sointhesequenceabove,u;=1,uy=3,us=5andsoon
e EFachterminasequence canbefoundby substituting the term numberinto formula for
thent"term

Whatis a series?

¢ You get a series by summingup the termsinasequence

o E.g.Forthesequencel, 3,5,7,..theassociatedseriesis1+3+5+7+ ..
 Weusethenotation S, torefertothe sum of the firstntermsin the series

o Sp=Uj+Up+Uz+..+Up

o SofortheseriesaboveSs=1+3+5+7+9=25

What are increasing, decreasing and periodic sequences?

e Asequenceisincreasingif u,,;> u,forall positive integers
o i.e.everytermis greaterthan the term beforeit

e Asequenceis decreasingif u,,;<up,forall positive integers
o j.e.everytermislessthanthetermbeforeit

¢ Asequenceis periodicif thetermsrepeatinacycle
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YOURNOTES
Worked Example

!
Determine the first five terms and the value of S5 in the sequence with terms
definedbyu, =5-2n.

Un = 5-2n

Z Lerm number
‘(‘ir\i the term you
want by '1'\’\’@{""3
n wikhh W's volue,

Ciest 20, = S - 2(|) =3 ) rgcas.\\"s& e poktern.
verm w, = 5-2(2) =1 ‘)’ )
ws = 5-2(3 = -1 e
B _3L) -9 e twle s
Wg = 5- 2(%) = Subbtrock 2

Wg = 5-2(8)=-5
‘Stark  with 3 and sutrack 2 fom emch  number .

Sg=3+1+(-)+(-)+(-5) =-5

2
the sum o
the (irst S teems
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Sigma Notation YOURNOTES
What is sigma notation? l

¢ Sigma notationis usedto show the sum of a certain number of terms in a sequence
e ThesymbolZis the capital Greek letter sigma
e X stands for‘sum’
o Theexpressiontotheright of the X tells you whatis being summed, and the limits
above andbelow tell you which terms you are summing

THESE LIMITS TELL YOU THAT
YOU ARE SUMMING (2r—1) USING

THE VALUES r=1,r=2,.. UP TO r=5 ®
Dl2r-N=1+3+5+7+9
=D

SUBSTITUTE r=1,r=2,r=3,r=4,r=5
INTO (2r-1) TO FIND THE FIVE TERMS
THAT ARE BEING SUMMED

Fsavemyexams
e Becareful, thelimits don’thaveto startwith 1
4 14
o Forexample 2. (2k+1) or 2. (2k-13)
k=0 k=7
o randkarecommonly used variables within sigma notation

(’) Exam Tip

* e Your GDC willbe able to use sigma notation, familiarise yourself with it and
practice usingitto checkyourwork
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YOURNOTES

*9 Worked Example !
[ J

Asequence canbedefinedby u = 2 x 30~ lforn€ 7+.

a)

Write an expressionforu, + u, + u, + ...+ ug using sigma notation.

1

Un = 2x3%7', n € Z% #nis Beses
of o\l posttive
\'.v\'t.e,se.rs

WUst noy sigma notokion

6
Wy + Uy ...+ U = ZL\K
k=1

i (2 x 3k-|>

k=)

b)
Write an expression for u, + U + ug + ...+ lllzusingsigma notation.
Un = 2x3"7", n € Z" «nis theset
o ol posittive
(x\\-.e,sex-s

WUst noy sigma notokion

12
Uz+ Ug ...+ U = Z Wk
k=%

> (23"
k=F
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1.3.2 Arithmetic Sequences & Series

Arithmetic Sequences
What is an arithmetic sequence?

¢ Inanarithmetic sequence, the difference between consecutive terms in the sequenceis
constant
¢ This constant differenceis known as the common difference, d, of the sequence
o Forexample, 1,4,7,10, .. is an arithmetic sequence with therule ‘start at one and add
three toeach number’
= Thefirstterm, uy, is |
= Thecommondifference, d, is 3
o Anarithmetic sequence can beincreasing (positive common difference) or
decreasing (negative common difference)
o Each term of an arithmetic sequenceis referred to by the letter u with a subscript
determiningits placein the sequence

How do| find atermin an arithmetic sequence?

¢ Thentterm formula foran arithmetic sequenceis given as
uH=u1+(n—1)d

o Where u, is the first term, and d is the common difference

o Thisis givenin the formula booklet, you do not need to know how to derive it
¢ Entertheinformationyouhaveinto the formula anduse your GDC to find the value of the
term
e Sometimes you willbe given a term and asked to find the first term orthe common
difference
o Substitute theinformation into the formula and solve the equation
= You coulduseyour GDC for this
¢ Sometimes you willbe given two terms and asked to find both the first term and the
common difference
o Substitute theinformationinto the formula and set up a system of linear equations
o Solvethe simultaneous equations
= You coulduseyour GDC for this

(’) ExamTip

* ¢ Simultaneous equations are often needed within arithmetic sequence

questions, make sure you are confident solving them with and without the GDC
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YOURNOTES
*> Worked Example

l
The fourth term of an arithmetic sequenceis 10 and the ninth termis 25, find the first
term and the common difference of the sequence.

Ue =10 , Wq =125

Focmuwla Qo n™ tecm of
on ocibthmekic sSenes:

Un= W +(n-V)d

Swo in Wy =10 and WUq =25

W= Wi+ (4-Vd = W +34 =10

Wq= W, +(a-V)d W, + 8 = 25

Solve usins G0oC :
lek W =2¢ ond ok::j
x+3y =10

x =1 /&:3

W

=\
=3
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Arithmetic Series YOURNOTES
How do| find the sum of an arithmetic series? l

¢ Anarithmetic seriesis the sum of the terms in an arithmetic sequence
o Forthearithmetic sequencel,4,7,10, .. the arithmetic seriesis1+4 +7+10 + ...
¢ Usethefollowing formulae to find the sum of the first n terms of the arithmetic series:

n n
Sn=5(2u1+(11—1)d) ; Sn=5(u1+ un)

= u, is the first term

= disthecommon difference
= u. isthelastterm

o Bothformulae are given in the formula booklet, you do not need to know how to derive
them
e You canusewhicheverformulais more convenient fora given question
o Ifyouknow the firstterm and common difference use the first version
o Ifyouknow thefirstandlasttermthenthe secondversionis easiertouse
¢ Aquestion willoften give you the sum of a certain number of terms and askyou to find the
value of the first term orthe common difference
o Substitute theinformationinto the formula and solve the equation
= You coulduseyour GDC for this

(") Exam Tip
* e Theformulae you need for arithmetic series are in the formula book, you do not
needtorememberthem
o Practice finding the formulae so that you can quickly locate themin the
exam
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YOURNOTES
*9 Worked Example !
[ J

The sum of the first 10 terms of an arithmetic sequenceis 630.

a)
Find the common difference, d, of the sequenceif the firsttermis 18.

S|o = 630

Focrula. Sor the sum of
on ocibhmekic senes:

Sn= F(2u, + (n-0d)

Sub n Sie =630, W, =18

Sio= = (208)+ (10-0d) = 630
S(36+94d)= 620

Solve : 36 + 94 126

9d. = Q0
d.= 10

d =10

b)
Find the first term of the sequence if the common difference, d, is 11.
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l
Sio= 2 (2w +(0-D01) = 630
5(2u. + 9q) = 630
Solve : 2w+ 99 = 126
2w, = 2%
w, = 1395
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1.3.3 Geometric Sequences & Series

Geometric Sequences

What is a geometric sequence?

¢ Inageometric sequence, thereis acommonratio, r, between consecutive termsin the
sequence
o Forexample, 2,6,18,54,162, ...is a sequence with therule ‘start at two and multiply
eachnumberby three’
= Thefirstterm, u;, is 2
= Thecommonratio, r,is 3
¢ Ageometric sequence can beincreasing (r> 1) ordecreasing (O <r<1)
¢ Ifthecommonratiois a negative number the terms will alternate between positive and
negativevalues
o Forexample,1,-4,16,-64,256, ..is asequence with therule ‘start at one and multiply
each numberby negative four’
= Thefirstterm, uy, is 1
= Thecommonratio, r,is -4
e Eachterm of ageometric sequenceis referred to by theletteru with a subscript
determiningits placein the sequence

How dol find a term in a geometric sequence?

 The n' termformula fora geometric sequenceis given as
u =u !
n 1

o Where u is the first term, and ris the commonratio

o This formula allows you to find any termin the geometric sequence
o Itis giveninthe formula booklet, you do not need to know how to deriveit
¢ Entertheinformationyouhaveinto the formula anduse your GDC to find the value of the
term
¢ Sometimes you willbe given a term and asked to find the first term orthe common ratio
o Substitute theinformationinto the formula and solve the equation
= You coulduseyour GDC for this
e Sometimes you will be given two ormore consecutive terms and asked to find both the first
term andthe commonratio
o Findthe common ratio by dividing a term by the one before it
o Substitute this and one of the terms into the formula to find the first term
« Sometimes you may be given a term and the formula for the nt term and asked to find the
valueofn
o You cansolve these usinglogarithms onyour GDC
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O Exam Tip YOURlNOTES
* ¢ You willsometimes needto use logarithms to answer geometric sequences
questions

o Make sureyou are confident doing this
o Practiceusingyour GDC for different types of questions
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*> Worked Example

The sixth term, ug, of ageometric sequenceis 486 and the seventh term, u,, is

1458.
Find,

i)

the commonratio, r, of the sequence,

We = 436

4

uz = 1458

The common rokio, r, (s given by

= U2 = Us
u| M?_

Su\o w We =

=... = Uns
Un

4386 , Uz = 1458

Fo Uz - 1458 - 3

U 486

rFr =23

ii)

the first term of the sequence, u,.

Focmuwla for 1™ tecm of o 3eame,\:rit senes:

Un = W,

n-1

r

Suwo n r=3 ond eldrey We= 486 or Uz = 1458

we = W' =
Solve: 243 U, =
U| =

u =2

436

46
2
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Geometric Series YOURNOTES
How do | find the sum of a geometric series? l

* Ageometricseries is the sum of a certain number of terms in a geometric sequence
o Forthe geometric sequence 2, 6,18, 54, .. the geometric seriesis2+6+18 +54 + ...
¢ Thefollowing formulae willlet you find the sum of the first n terms of a geometric series:

ul(r“— 1) _ ul(l - M)

SH= r—1 1-r

" u, is the first term

= risthecommonratio
o Both formulae are given in the formula booklet, you do not need to know how to derive
them
¢ You canusewhicheverformulais more convenient fora given question
o Thefirstversion of the formulais more convenientif r > 1 andthe secondis more
convenientifr < 1
¢ Aquestion willoften give you the sum of a certain number of terms and askyou to find the
value of the first term, the common ratio, or the number of terms within the sequence
o Substitute theinformationinto the formula and solve the equation
= You coulduseyour GDC for this

O Exam Tip
* e The geometric series formulae are in the formulae booklet, you don't need to
memorise them

o Make sureyou canlocate them quickly in the formula booklet
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YOURNOTES
l

*> Worked Example

Ageometric sequencehas u, = 25andr = 0.8. Findthevalue of u, and S5.

W, =25, r=08

Focmwla for n™ tecm of o sepme,hric_ senes:

n-1
Un = \A-\ r

Suwp in W, =25, r=0-¢8

us = 25(0.8)% = 10.24
Focmula. for the sum of o 3epme,\:r§c. Senes !

W™= = u(-+¢")

Sn_ =

o e r <l so this

version s
Sup (n W, =25, r=0¢% eosier to wuse.
s
So = Wli-¢) _ 25(1-08%) _ g4
> V=V | -0.%
Us = 10.24
Ss = 8¢. 04
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Sum to Infinity YOURNOTES
What is the sum to infinity of a geometric series? l

e Ageometric sequence will eitherincrease or decrease away from zero or the terms will get
progressively closer to zero
o Terms will get closerto zeroif the commonratio, r, is betweenTand -1
¢ |ftheterms are getting closerto zero then the series is said to converge

o This means thatthe sum of the series willapproach a limiting value
o Asthenumberof terms increase, the sum of the terms will get closer to the limiting
value

How do we calculate the sum to infinity?

o |faskedtofind outif a geometric sequence converges findthevalue of r
o If|r] <1 thenthesequenceconverges
o If|lr] > 1 thenthesequencedoes notconverge andthe sum toinfinity cannotbe
calculated
o |r] <1means—1<r<1
o If|r] < 1,thenthe geometric series converges to a finite value given by the formula

4
S = |r] <1

c© 1-r’

° u, is the first term

o risthecommonratio
o Thisisinthe formulabook, you donotneedtorememberit

(’) ExamTip

* e Learn andrememberthe conditions forwhen a sum to infinity can be calculated
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YOURNOTES

*> Worked Example !
[ J

The first three terms of a geometric sequenceare 6, 2, ? . Explain why the series

converges and find the sum to infinity.

s[g ol

W= 6, U=12, Uj

Find the value of v: r

Irl <1 so the sertes converges

Uy
Find the sum to «'r\(‘\'nit3= S = I -

U b _ £
Sw=? =m§ = 7./3 = 9
Seo =q
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1.3.4 Applications of Sequences & Series YOUR TOTES

Applications of Arithmetic Sequences & Series

Many real-life situations can be modelled using sequences and series, including but not limited
to: patterns made when tiling floors; seating people around a table; therate of change of a
population; the spread of a virus and many more.

What do | need to know about applications of arithmetic sequences and
series?

» |faquantityis changingrepeatedly by having a fixedamount added to or subtracted from
it then the use of arithmetic sequences and arithmetic series is appropriate to model the
situation

o Ifasequence seems to fitthe pattern of an arithmetic sequenceitcanbe saidto be
modelled by an arithmetic sequence

o Thescenario can be modelled using the giveninformation and the formulae from the
formula booklet

 Acommon application of arithmetic sequences and series is simpleinterest

o Simpleinterestis when aninitialinvestmentis made and then a percentage of theinitial
investmentis added to this amount on a regularbasis (usually peryear)

¢ Arithmetic sequences can be usedto make estimations about how something willchange
inthe future

(") Exam Tip
-
* Exam questions won't always tellyou to use sequences and series methods,
practice spotting them by looking for clues in the question
¢ |fagivenamountis repeated periodically thenitis likely the questionis on
arithmetic sequences or series
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YOURNOTE
) Worked Example OURNOTES
[ J

l
Jasperis saving foranew car. He puts USD $100 into his savings account and then
each month he puts in USD $10 more than the month before. Jasperneeds USD
$1200 forthe car. Assuming no interest is added, find,

i)
the amount Jasperhas saved after fourmonths,
|dentif Y e orikhmekic Seguence

W =10 , d=10

After & wmonths Tasper will hove saved:
W + Uz + U3 + Ueg =Sq_

Focmula. for the sum of on ocibhmekic senes

Sn= F(2u, + (n-0d)
S¢ = £ (2w, +(+-Nd)

Sub (n W, =100 and d =10

S¢ = £ (2(100)+ («-1)(10))
2 (200 + 30)

2 (2320)

I

S = $460

ii)
themonth in which Jasperreaches his goal of USD $1200.
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Swe Sn =1200, W, =100, d =10 {nke formula :

2 (20100) + (n-1)(0))

1200

Solve using alogbraic Solver on GocC:

= 8.6%F.. or m=-2% 6%
‘to\;sfebwe\ as N connoct

be V\Q&o&ive.
Sg < 1200
Sq > 1200 rveoches bo%l\ in 9™ month

Josper will veach WSO $1200
n the ™ ponth.

Page 37 of 54

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, Past Papers

YOURNOTES
l


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukformore awesomeresources

Applications of Geometric Sequences & Series YOURNOTES

What do | need to know about applications of geometric sequences and l
series?

o |faquantityis changingrepeatedly by a fixed percentage, or by being multiplied
repeatedly by a fixed amount, then the use of geometric sequences and geometric series
is appropriate to model the situation

o Ifasequenceseems to fitthe pattern of a geometric sequenceit can be saidto be
modelled by a geometric sequence

o Thescenario can be modelled using the giveninformation and the formulae from the
formula booklet

e Acommon application of geometric sequences and series is compound interest

o Compoundinterestis when aninitialinvestmentis made andtheninterestis paid on
theinitialamount and on the interest already earned on aregularbasis (usually every
year)

e Geometric sequences can be usedto make estimations abouthow something willchange
inthe future

e The questions won’talways tell you to use sequences and series methods, so be prepared
to spot ‘hidden’ sequences and series questions

o Lookout forquestions on savings accounts, salaries, sales commissions, profits,
population growth and decay, spread of bacteria etc

(f) Exam Tip

* * Exam questions won't always tellyou to use sequences and series methods,
practice spotting them by looking for clues in the question
e |fagivenamountis changing by a percentage or multiple thenitis likely the
question is on geometric sequences or series
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YOURNOTES
*9 Worked Example !
[ J

Anew virusis circulatingon aremoteisland. On day one there were 10 people
infected, with the number of new infections increasing at arate of 40% per day.

a)
Find the expected number of people newly infected on the 7! day.

\de.n\-.i(‘:s e geomekric  Sequence :

w, =10 ) Y = \.L‘_
RO 40/ wncrense so G0V

of the daﬁ \oe fore

New Afections : Uz
Foconnla foc n™ tecm of o aeome.bric. senes

n-t
Un= W, r

Sl&b \.I\. ul =‘OI \"=‘,L'-

Uz = 10(1.4)° = 75.29...

Expected number of new dafections = F5

b)
Find the expected number of infected people after one week (7 days), assuming no
onehasrecoveredyet.

Totol cnfections: S=

Focmula, for the sum of o Sepme_brig senes:

Swo= W™= o) s ths

-1 : .
verswon s

eoster o wse.

Suwo in w =10, r=\L¢

>
Ss = 00E?-1) - 93853,
Ve — |

Expecked number of totol dafections = 239
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1.3.5 Compound Interest & Depreciation

Compound Interest

What is compound interest?

¢ Interestis a small percentage paid by a bank orcompany thatis added on to aninitial
investment
o Interestcan alsorefertoanamount paid on aloan ordebt, however|B compound
interest questions will always refertointerest oninvestments
e Compound interestis whereinterestis paid on both theinitial investment and any interest
thathas already been paid
o Make sure you know the difference between compoundinterest and simple interest
= Simpleinterestpays interestonly on theinitialinvestment
¢ Theinterest paid each time willincrease as itis a percentage of a highernumber
¢ Compoundinterest willbe paidininstalmentsin a given timeframe
o Theinterestrate, r, willbe perannum (peryear)
= This could be writtenr % p.a.
o Lookout forphrases such as compounding annually (interest paid yearly) or
compounding monthly (interest paid monthly)

o
= If a% p.a.(perannum)is paid compounding monthly, then E % willbe paid each

month
= Theformula forcompoundinterest allows for this so you donot have to
compensate separately

How is compound interest calculated?

¢ The formula for calculatingcompoundinterestis:

I kn
FV=PVX (l + 1001{)

o Where
= FVisthefuturevalue
PVis the presentvalue
nis the numberof years
kis the number of compounding periods peryear
r % is the nominal annualrate of interest
o This formulais givenin the formula booklet, you do not have torememberit
¢ Becarefulwiththekvalue
o Compoundingannuallymeans k=1
o Compoundinghalf-yearly means k=2
o Compounding quarterly means k=4
o Compoundingmonthly means k=12
¢ Your GDC willhave a finance solverapp on it which you can use to find the future value
o This may alsobe called the TVM (time value of money) solver
o You willhave to entertheinformation from the question into your calculator
e Beawarethatmany questions willbe set up such that you willhave to use the formula
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o Soforcompoundinterest questionsitis betterto use the formula fromyour formula YOURNOTES
booklet thanyour GDC 1
(’) Exam Tip

- . : .
e Your GDC willbe able to solve some compoundinterest problems soitis a good

idea to make sure you are confident usingit, howeveryou must also familiarise
yourself with the formula and make sure you can find it in the formula booklet

7 Worked Example

Kiminvests MYR 2000 (Malaysian Ringgit) in an account that pays a nominal
annualinterestrate of 2.5% compounded monthly. Calculate the amount that Kim
willhaveinheraccount after5 years.

Comp ound. nterest  formala :

tnterest voke
. e &= number of years

Fv =PV(I+IOOK

A T ‘
Future eresenb Compo wr\du\j
volue value peciods

Suwoskikture volues ('

PV = 2000 (inltiol investment)
k=12 (Compo\mo\iv\\ts monthly)
v = 2857

n =5 (numver of aeours)

(1zx s)

Fv

2.5
ZOOO ( I+ (‘00)01))

= 2266.002...

FVY = MYR 2270 (3s€)
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Depreciation YOURNOTES
What is depreciation? l

e Depreciationis when somethinglooses value overtime
o Themost common examples of depreciation are the value of cars and technology or
the temperature of a cooling cup of coffee

How is compound depreciation calculated?

e Theformula for calculating compound depreciationis:

(-
FV=PVXx \1 100 )
o Where
= FVisthefuturevalue
= PVisthepresentvalue
= nisthenumberofyears
= r%is therate of depreciation
o This formulais not givenin the formula booklet, howeveritis almost the same as the
formula forcompoundinterest but
= with a subtractioninstead of an addition
= thevalue of kwillalways be
¢ Your GDC could again be used to solve some compound depreciation questions, but
watch out forthose which are setup such that you willhave to use the formula

(") Exam Tip
* ¢ Although the formulais not the same as the one given in the formula booklet for

compound interest, itis very similar
o Practice finding this formula and recognising the differences
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YOURNOTES

i

*> Worked Example
Kyle buys a new carfor AUD $14 999. The value of the car depreciates by 15% each

year.
a)
Findthevalue of the carafter5 years.
Depreciokion formula : o
voke of o\eprec\o&-on
(-/H_(_ number of years
Fv =PV(|_ 100 )
I
fukuce present
volue value

Suwestituke volues ('

14999 (initiol cost)

PV =
Y = |5/
n =5 (numvber of :jcws)

IS S
FV = 14999 (1 - 7557 )

6655.13 ...

Il

AUD $6660 (3s€)

®

Fv

b)
Find the number of years and months it will take for the value of the carto be

approximately AUD $9999.
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FV =pv(I- m‘; ¥ YOURlNOTES
Fv = 9999

PV = 14999

v = IS/

Suwoskiture wvalues (n:
1S n

9999 =~ 14499 (|- 755" )

Use. GCDC to solve :

r tw
2 ‘dQQ(S Q.44s O$ [N Se&f'

Converkt to Years ondk monkhs :

2 qu.rs + 0.49S... %12 months

~’

2 yeors ond 6 months
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1.4 Proof & Reasoning YOURlNOTES

1.4.1 Proof

Language of Proof
What is proof?

e Proofis aseries of logical steps which show a resultis true for all specified numbers
o ‘Seeing’ thataresult works fora few numbers is not enough to show that it will work for
allnumbers
o Proof allows us to show (usually algebraically) that the result willwork for all values
You must be familiar with the notation andlanguage of proof
LHS andRHS are standard abbreviations forleft-hand side andright-hand side
 Integers are used frequently in the language of proof
o Thesetofintegersis denotedby 7
o Thesetof positiveintegers is denotedby Z *

How do we prove a statement is true for all values?

e Mostofthetimeyou willneedtouse algebra to show that the left-hand side (LHS) is the
same as theright-hand sside (RHS)
o Youmust not move terms from one side to the other
o Startwith one side (usually the LHS) and manipulateit to show thatitis the sameas the
other
¢ Amathematical identity is a statement thatis true forall values of x (or fin trigonometry)
o Thesymbol = isusedtoidentify anidentity
o If you see this symbolthenyou can use proof methods to show itis true
e You cancompleteyourproof by stating that RHS = LHS orwriting QED

¢) ExamTip

* ¢ You willneedto show each step of your proof clearly and set out your methodin
alogicalmannerin the exam
o Becarefulnotto skip steps
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%9 Worked Example YOURlNOTES
Provethat 2x=2)(x=3) +2(x-1)=2(x-2)(x - 1).

Work withh LHS fiest:

Expand brockets:
(Fou.

LHs: (2% -2)(x-3) + 2(%-1)
%/
2x? - fx -2x +b6 +2x -2
S;""?U‘F'ﬁ, toke cave wceth V\eao&'\vzz,:
2x? -bx + &
Foctorise the 2:
2 (e* -3¢ +2)

Foctorise remalninoy quadwokic :

2 (oc-2)e-1) = RHS oas vequired.

(222-2)(x -3) + 2(2-1) = 2(x-2)(-1)
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Proof by Deduction YOURNOTES
What s proof by deduction? l

* Amathematicalandlogical argument that shows that aresultis true

How dowe do proof by deduction?

¢ Aproof by deduction question will ofteninvolve showing that aresultis true for allintegers,
consecutiveintegers oreven orodd numbers
o You canbeginby lettinganintegerben
= Useconventions foreven(2n)andodd(2n - T) numbers

« Youwillneed to be familiarwith sets of numbers (N, Z, Q, R)

o N - the set of natural numbers

o 7 -thesetofintegers
Q - the set of quotients (rational numbers)
R - the setof real numbers

(V) 2)e

]

o

Fsave myexams

(f) ExamTip
et e Trytheresultyou are proving with a few different values
o Useasequenceofthem(egl, 2, 3)
o Try different types of numbers (positive, negative, zero)
e This may help you see a pattern and spotwhatis goingon
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*> Worked Example

YOURNOTES
l
Prove that the sum of any two consecutive odd numbers is always even.
Let 2n-1 be on 0dd number
f

must e even

Let two consecukive o0dd Cn&egers be.:

-t ’2m+v|\ next odd number
Th-EJ\ theyr sSum (s:

2 -1 + 2+ 1 = 4n

fl

2 (2n)

Any mulkiple of 2 must be even.
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1.5 Binomial Theorem

1.5.1Binomial Theorem

Binomial Theorem

What is the Binomial Theorem?
¢ The binomial theorem (sometimes known as the binomial expansion) gives a method for
expanding a two-term expression in a bracketraised to a power
o Abinomial expressionisin factany two termsinside the bracket, howeverin IB the
expression willusually be linear

e Toexpanda bracket with a two-term expressionin:
o Firstchoosethe mostappropriate parts of the expressionto assigntoaandb
o Thenuse the formula for the binomial theorem:

(a+b)n=an+ "C 2" 'b+ .. +7Ca""h+ 4D

n!
N~
o where Cr— PICE]

= See below formore information on ”CI

n
= Youmay also see"Cr written as (r) or HCr

e Youwillusually be asked to find the first three or four terms of an expansion
¢ Lookoutforwhetheryou should give youranswerin ascending or descending powers of x
o Forascending powers start with the constant term, a"”
o Fordescending powers start with the term with xin
= You may wishto swapaandb oversothatyou can follow the general formula
givenin the formula book
e |fyou are notwriting the fullexpansion you can either
o showthatthe sequence continues by putting an ellipsis (...) afteryour finalterm
o orshow thatthe terms you have found are an approximation of the full sequence by
using the sign forapproximately equals to (=)

How do| find the coefficient of a single term?
¢ Mostof thetimeyou willbe asked to find the coefficient of a term, rather than carry out the

whole expansion
¢ Usetheformula forthe generalterm

HCr aH -r bI‘

¢ The question will give you the power of x of the term you are looking for
o Usethistochoosewhichvalue of r you willneed to usein the formula
o This willdepend on where the xis in the bracket
o Thelaws of indices can help you decide which value of r touse:
= For(a + bX)" tofind the coefficient of x"use g~ (bX)’
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n-—r

I YOURNOTES
= For(a + bx2)" tofindthecoefficientof xuse a 2 (bx2)2 1

b.n
= For(a + ;) look at how the powers will cancel out to decide which value of r to

use

2\8
= Sofor (3X + ;) to find the coefficient of x2 use thetermwith r = 3 andto find

the constanttermusethetermwithr = 4
= Thereare alot of variations of this soitis usually easierto see this by inspection of
the exponents
¢ Youmay also be given the coefficient of a particularterm and asked to find an unknownin
the brackets
o Usethelaws ofindices to choose the correct term and then use the binomial theorem
formula to form and solve and equation

(’) ExamTip

- . : . . .
¢ Binomial expansion questions can get messy, use separatelines to keep your
working clearand always put terms in brackets

> Worked Example

Find the first three terms, in ascending powers of x, in the expansion of (3-2x)5.
o=3 =-2x nN=95
Sulsstitwtre. values o the focenulon 2o (a1

(&*b}“= Of-tﬁc\o\n‘\b . +ﬁC( O\n—rbr_‘_ ...‘\‘bn

Queskion oske (-)w ascem\(nﬂ powecs of 26 So stact With
the constont teem, a’.

(3 -2x)% =35 + 5¢, (3)°7'(-2¢) + 5¢, (3)° 7 (-2x)"+...

ki ouk
cw:m& ~ 243 &+ SxBIx-2% + [0x 27 x o
neopkive

2 243 — R10x + 1080 x*

(3 _zoc)s ~ 243 — 810> + |080 x*
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The Binomial Coefficient nCr
Whatis “Cr?

¢ Ifwewantto findthe number of ways to choose ritems out of n different objects we can
use the formula for"C_
n!

o Theformula forrcombinations of nitemsis "C = ———
r (n—1)!

o This formulais givenin the formula booklet along with the formula for the binomial
theorem

o Thefunction HCr can be written (H

r
= Make sureyou canfindandusethe button onyour GDC

) or nCr andis oftenreadas ‘nchooser’

How does ”C_ relate to the binomial theorem?

n!

e Theformula "C = ——— is also known as a binomial coefficient
r (n-1)!

« Forabinomialexpansion(a + b)" the coefficients of each term will be”CO,”C1 andsoon
uptonCH
o The coefficient of the rf term will be"Cr

n _n _
. CH— Co—l

¢ The binomial coefficients are symmetrical,so"Cr ="C

n-—r
o This canbe seen by considering the formula for"Cr

H n! n!
° Cn—r_ (n=0'(n-(n-10)! B rl(n=1)! B HCI

(') Exam Tip

w
¢ You willmost likely need to use the formula fornCrat some pointin yourexam
o Practiceusingitanddon'talways rely on your GDC
o Make sureyou can findit easily in the formula booklet

Page 51 of 54

©2015-2023 Save MyExams, Ltd. -Revision Notes, Topic Questions, PastPapers

YOURNOTES
i


https://www.savemyexams.co.uk/?utm_source=pdf
https://www.savemyexams.co.uk/

1, SaveMyExams

Headtosavemyexams.co.ukfor more awesomeresources

*9 Worked Example

Without using a calculator, find the coefficient of the term in x3 in the expansion of

(1 + x)°.

N :q,

an=1, b=ox

Substitute values into te formula for e binemial theorem :

n
(4o =00+ ... + Cr o MRS N T o
\!
e =h.—
wheve < (YPrSY
. t(n-n)t (Coe@(cizw& of
q 9 a-r g 3
(l +oc) = rZw Cr(l) ('I_,) o OCE S

=3

when =3,

S]ve_s 1 Cay % ([)4‘3(32‘)3

Non -calcwlokor, 20 work oub "c, se@o\m’cda .

qu

_ 9! — AxBxZxhn FrHgxFx 2
3L (q-3) (3’(2)([& Bx o x Ix2)
—9Ax8x7 - 34
6

50 the term when r=3 (s 8&x (1)fx =3

= 84—%3

Coekicienk of =3 = B4
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Pascal's Triangle YOURNOTES
What is Pascal’s Triangle? l

e Pascal’s triangleis a way of arranging the binomial coefficients and neatly shows how they
are formed
o Eachtermis formed by adding the two terms aboveit
o Thefirstrow has justthe number]
o Eachrowbegins and ends with a number1
o Fromthethirdrow the terms in between the 1s are the sum of the two terms above it

PASCAL'S  TRIANGLE

CORRESPONDS TO

#Fsavemyexams
How does Pascal’s Triangle relate to the binomial theorem?
e Pascal’s triangleis an alternative way of finding the binomial coefficients, HCI

o Itcanbeuseful forfinding forsmallervalues of n without a calculator
o However forlargervalues of nitis slow and prone to arithmetic errors

. Takingtheﬁrstrowaszero,(OCO = 1),eachrowcorrespondstothen”’ row andtheterm

within that row corresponds to the rfl term

(’) ExamTip
* ¢ Inthenon-calculatorexam Pascal's triangle can be helpful if you need to get
the coefficients of an expansion quickly, provided the value of nis not too big
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YOURNOTES

*> Worked Example !
[ J

Write out the 7™ row of Pascal’s triangle and use it to find the value of 6 C4.

" vow of  Yoscols Tnbmg\e,:

oCo
| ! / |
Co - ‘/ <
| 2 |
3 3 |
s 6 4 |

[ 5 0 10 5 I
N N N N N
™ o | 6 IS 20 15 6 |

/! A

6c, bcy

" vow of Poscols Taargle: 1,6,15,20,18,6, |
bc, =18
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