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6.2 Extended Questions (Section B, HL)

Question Paper

Course DPIBMaths
Section 6. Extended Questions
Topic 6.2 Extended Questions (Section B, HL)
Difficulty Medium
Time allowed: 110
Score: /90
Percentage: /100
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Questionla
2x—1

———,forx€R, x#m, x#n.
x2+3x-4

The function fis defined by f(x) =
a)
Find thevalues of mandn.

[2 marks]

Question1b

b)
Find an expression for £/(x).

[3marks]

Questionlc
Thegraphof y = f(x) has exactly one point of inflection.

c)
Find the x-coordinate of the point of inflection.

[2 marks]
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Question1d
d)

Sketchthe graphof y = f(x) for —6 < x <6, showingthe coordinates of any axis intercepts and local maxima andlocal

minima, and giving the equations of any asymptotes.

Questionle
x2+3x—4

1
z= —
%=1 ,forx €R, x .

The function gis defined by g(x) = 5

e)
Find the equation of the oblique asymptote of the graphof y =g (x).

Question 1f

f)
By considering the graph of y = f{x) — g(x), or otherwise, solve g(x) < f(x) forx €R.
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[3marks]
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Question 2a

The function f has a derivative given by f'(x) = ) , XE€R, x =0, where k is apositive constant.

1
3x(k—x

a)
b

a
The expression forf(x) can bewrittenin the form 3—X + —x where p, g €ER. Find a and b interms of k.

[3 marks]

Question 2b

b)
Hence find an expression for f(x)

[3marks]
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Question 2¢c

Ris the population of rabbits on anisland. The rate of change of the population can be modelled by the differential equation
dR 3R(k-R)
dr - 4k
support.

, Where tis thetime measuredinyears, ¢ > 0, and k is the maximum population that theisland can

Theinitial population of the rabbits is 20.

c)
2
20ke*
By solving the differential equation, show that R=————
k=20+20e%"

[7 marks]
Question 2d
Aftertwoyears, the population of rabbits has risento 70.
d)
Findk.

[3marks]
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Question 2e
e)
Findthe value of t at which the population of rabbits is growing atits fastest rate.

[2 marks]

Question 3a
1-v
2

Aparticleis movingin a verticalline andits acceleration,inms =2 , attime t seconds, t >0 is givenby a= — , Where vis
the velocity in meters persecondand v<1.

The particle starts at a fixed origin O with initial velocity v, ms~!.
a)
t

By solving a suitable differential equation, show that the particle’s velocity at time tis given by vig=1- 6_5(1 - VO).

[6 marks]
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Question 3b

The particle moves down in the negative direction, until its displacement relative to the origin reaches a minimum. Then the
particle changes direction and starts moving up, in a positive direction.

b)

(i)

If the initial velocity of the particleis =3 ms™!, find the time at which the minimum displacement of the particle from the origin
occurs, givingyour answer in exact form.

(ii)
If Tis the timein seconds when the displacement reaches its smallest value, show that T=2 ln(l - VO).

[4 marks]

Question 3c

c)

(i)

Find a general expression forthe displacement, in terms of t and v,

(if)

Combine this general expression with the result from part (b)(ii) to find an expression for the minimum displacement of the
particlein terms of vV,

[5 marks]
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Question 3d
Let v(T - k) represent the particle’s velocity k seconds before the minimum displacement and V(T + k) the particle’s
velocity k seconds afterthe minimum displacement.

d)
k
() Showthatv(T—k)=1-e?.

k
(i) Giventhatv(T+k)=1- e_z, showthat v(T—k) + v(T+ k) >0.

[5 marks]
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Question 4a

The diagram below shows the graph of f(x) = arctan(x), x € R. The graph has rotational symmetry of order 2 about the
origin.

f(x) = arctan(x)

a)

A different function, g, is described by g(x) = — arctan(x — 1), x € R.

(i)

Describe the sequence of transformations that transforms ﬂx)to g(x).

(i)

Sketch the graph of g(x) onthe axes above.

(iii)

Using youranswers to parts (i) and (ii) to help you, describe the relationship between fl arctan(x)dxand
0

1
f — arctan(x — 1)dx. .
0

[5 marks]
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Question 4b
b)
(i)

p-
Prove that arctan p — arctan g = arctan(

\1+pq)
(i) Show that arctan(—\can be written as arctan(x) - arctan(x - 1).
\x2=x+1)

[6 marks]

Question 4c

c)

1
Using theresults from parts (a)and(b),evaluatef arctan| — T dx,leavingyouranswerin exact form.
0 X“—X

[7 marks]
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Question 5a

Paolais modelling a smallvase from herhouse forhermaths project. To model the edge of the vase in cross-section, she
decides touse a function f of the form

X
qge?
2+eX

fx)=

wherex ER, x>0andg€R™.

Thefunction andthevase arerepresentedin the diagrams below.

«‘

y=fx)

In43

Thevertical height of thevase, OB, is measured along the x-axis. Theradius of the vase’s openingis OA, andits baseradius is
BC.

Tomodel thevase, shewillrotate by 2 1 radians about the x-axis the region enclosed by the graph of y = f(x) , the x-axis,
the y-axis,andtheline x=1n 43.

a)
14g%m
45

Show that the volume of the solid of revolution thus formedis units3.
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[6 marks]

Question 5b
The volume of the actual vaseis 100 cm3.

b)
Use this information to find the value of q.

[2 marks]

Question 5¢

C)
Findthe cross-sectionalradius of thevase

(i) atitsbase,
(ii) atits widestpoint.

[4 marks]
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Question 5d
Paolawants toinvestigate how the cross-sectional radius of thevase changes.

d)
Sketch a graph of the derivative of f, and useit to find the value of x at which the cross-sectional radius of the vaseis
decreasingmostrapidly.

[4 marks]
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