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Abstract 

A self-made water rocket is an inverted plastic bottle which is filled with a fixed amount 

of pure water. Air is pumped inside it until the pressure of the trapped air is large enough to 

be able to push the plug out. 

The motion of the water rocket was investigated experimentally, with the use of a high-

speed camera and a video analysis software. The purpose of the investigation was to 

determine the optimal amount of water (fuel) needed for the rocket to fly as high a/ ((. 
possible, and to provide the explanation ofthe results based on the principles of physics. 

The motion of the water rocket can be divided into three stages: the rocket propelled by 

the thrust of the ejected water, the further rise of the empty rocket to the highest point of / 

the trajectory and the fall of the rocket. A mathematical model was set up for each of the 

first two stages, and the values of rising times, velocities and heights calculated from the 

model were compared to the experimental results. 

According to several articles and water rocket simulators the ideal amount of water is 

about one third or between 401'o and SO% of the total capacity of the body of the inverted 

plastic bottle. It means that the water rocket will fly the highest if one third or 40% to 50% of 

) 

the bottle is occupied by water. The statements were neither justified by the model nor the "­

experiment. However, the model and the experimental results fit well, which means the / 

model is reliable, therefore the statements are only acceptable as a rough approximation. 

Word count: 265 
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I. INTRODUCTION 

I have always been interested in space shuttles so I did some investigation to reveal the 

physics behind the process of using rockets to launch the space shuttle. Rockets apply 

Newton's second and third law by creating thrust and do not require external forces but fuel 

inside them to be launched. A water rocket applies the same physical laws and it is easier to 
/ launch than a space shuttle, moreover, a water rocket is very much similar to a NASA rocket 

[1]. A water rocket is an inverted plastic bottle which is filled with a fixed amount of water. 

Air is pumped inside it until the pressure of the trapped air is large enough to push the plug 
/ 

out. The thrust of the water squirting out propels the rocket (Figure 2). However, no matter 

how much fuel is filled into the water rocket, it cannot be launched high enough to set it in 
I 

orbit. 1-... \ · / 

Research Question: ·~ 

How does the maximum height that the water rocket can reach ch~nge with the variati \ ......_ ~ 
of the initially filled amount of water? I • • 

1 , "' \ ·1 
.t I ~ '"\ L 'v <<<., - r I ~ I \ 

It seems reasonable that there is an optimal amount, since in the case of not filling the -(t.'t:..v'.v_j 
bottle enough, the rocket will lack ~L In the other case when the bottle is verfilled, the 

rocket will be too heavy and not uses up all of its fuel. According to s eral articles and n? 'I 
water royet simulators the ideal amount of water is about one third J , 3, ~] or 40% to 50% , 

[5, 6}.pf the total capacity of the body of the rocket. It means that the water rocket will fly ~, '/. 

the highest if one third or 40% to 50% of the bottle is occupied by water. ~ · 

The goal of my investigation was to find out which hypothesis is proved or disproved by 

experiment, and to justify the results by the principles of physics. / 

Figure 1: [13] Atlantis Space Shuttle, last 

Launch by NASA in 2011 

Figure 2: The investigated water rocket, 

first launch by me in 2011 

<.AJ-' I, f . ' 
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a) Constructing a water rocket 

In the experiment one of the simplest versions of a water rocket was made. This particular 

type of water rocket is a simple PET plastic bottle that has two heads. Therefore, there needs 

to be two PET bottles. One bottle's top is going to be the nose cone; which is attached to the 

other bottle's bottom (Figure 3). This enhances the stability of the rocket and reduces air 

drag while it flies. 

bottle (nose cone) 

A PET plastic k 
bottle ( ___ .\ 

A screw 

t ..,, 'I:''''"'='>- I ~ 

+: ,-
~ 

L\. I \>'• 

'I A plug 

1 I 

\--- ~ 
The body of 

<: "-. - ~ .!. y 

~ 1n 

t he rocket .J, 
The mouth of 
the rocket (nozzle) 

Figure 3: The construction of the water rocket 

In the experiment, the body of the rocket was an old 2-litre coke bottle. Nowadays, to 

protect the environment only thin walled PET bottles are produced. To make the rocket's 

flight more stable the harder or older type of bottles should be used.1 During the 

experiment, it was experienced that the flight of the rocket was not really straight so a little 

mass (a screw) was placed in the nose cap in order to straighten the flight. Just like the darts 

that have a little mass on the nose to make their flight more stable. Moreover, if the mass of 

the rocket is to be varied then nuts can be put on the screw to make it heavier. / 

/ 

To operate the rocket, at first, a fixed amount of water has to be filled in and then air is / 

continuously pumped in it until no more can be added. This means that the internal pressure 

from the bottle is great enough to push out a plug and so, \~f water. Finally, the rocke11_rises 

due to the ejection of water and the trapped air. \ 1 I J J , ~ '- l l '-''-~\ J \ \U Ll 
1 1 ·\ 

1 
h 

~ ~ " . f"\ ( l .... "., /') 1 ' ) 

\ 

However, the plug is not a regular cork since not only water but also air has to be added into 

the bottle. This is why the cork is drilled longitudinally and centrally to be able to insert a / 

1 From the experiment, it cou ld be seen that the flight of a thin walled water rocket was very much unstable 
(not stra ight) t han the older type. The older type mostly landed within a circle with a radius of three meter 
centered at the launch pad. 
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bicycle tube valve. The cork was too long for the valve so it had to be shortened with a knife. 

This method allows adding air into the bottle without the water flowing out. / 

. ,__.... 

Figure 4: The stopper used in the mouth of the rocket in the experiment 

Finally, to pump air, the valve has to be connected to an air supply. Once the air is pumped 

in, due to the expansion of the compressed air the cork is pushed out which will result in the '\ d 'vv ~ 1 

acceleration of the rocket upwards. The easiest and cheapest way to pump in air is to use ' 

bicycle pump or car tire foot pump. It is also important that the pump has to have a pressure ..,.,.,.. 

meter for it should be known with what initial pressure it is launched. In this experiment, a 

bicycle pump was used which was equipped with a pressure gauge with the smallest scale 

unit of one fifth of a bar. This is why the measurement of pressure was the least precise 

relative to other quantities measured in the experiment. 

b) Launching the water rocket 

The launcher has two important parts. The wooden base supports all the other components 

and provides stability. The launch tube: helps the rocket fly vertically, especially at the ,.­

beginning of the launch. The launch tube was cut from a PVC tube, fixed to the base with 

wires (Figure 5). 

~Water i nside 
the rocket 

The stable base 
? 

Figure 5: The launch pad of the water rocket 
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II. THE EXPERIMENT 

a) The technical data of the water rocket 

For measuring the diameter of the body of the rocket and the diameter of the nozzle a 

caliper was used. To measure the volume of the body of the rocket, the empty bottle was 

filled with water and then that amount of water was poured into a measuring cylinder which 

had centiliter divisions. The mass of the empty rocket was determined by putting the rocket / 

on a kitchen scale on which the smallest unit was one gram. V' 

The volume of 

the body of the 
rocket VR: 2.3 htre 

·-. The screw 

Scotch tape: to fix 
7the nose cone to the 
body of the rocket 

_Largest dtameter 
of the rocket 

\ 

• Space for the air 

.:rio~A--.- lnttially filled 
water V0 

The cork 

(A,, ) 

And the largest cross-sect ton 
of the rocket 

/ 

/ 
Diameter of the nozzle And tts cross-section 

Figure 6: The initial parameters of the water rocket 
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• Largest diameter and the cross-sectional area of the rocket: 

dL =(1010±0.03) em and AL =(80.1±0.5)cm2 

• Diameter and the cross-section of the nozzle: 

dm =(20.0±0.2) mm and Am= (3.14±0.06)cm2 

• Volume of the body of the rocket: 

VR = (2300 ± 5)ml 

• Mass of the empty rocket : 

m R = (225 ± 1) g / 
Note: The errors of the measured values are the half of the smallest scale unit but if the 

measurement is dubious then larger error should be used. 

In the case of the error of the cross-sectional areas the error percentages are added. For 
2 

instance, Am = (d;') x n will have an error of 2% because dm has 1% error and its square 

will have an error of 2 x 1% = 2%. yj.- ~\~ 
.. \AI'~~ I \ ~ 

j~ "' - wr-~-------b) What was measured? yv _ 
,) 

Eleven different amounts of water were used. To match the hypothesis about ~ or 
• ;! _ 

50% volume, the volume of the rocket was divided into twel~hs and the multiples of it were 

measured with the same volume meter as above, with centiliter divisions. The fractions of 

the body of the rocket filled with water are shown: 

0.0 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0 8.0 
- - - - - - - - - - -
12 12 12 12 12 12 12 12 12 12 12 

0 0.17 0.21 0.25 0.29 0.33 0.38 0.42 0.46 0.50 0.67 

Table 1: The ratios of the water and the body of the rocket that were examined 

/ 

The movement of the water rocket can be divided into three stages. The first stage is when \ \ 
J, '"e ,, 

the rocket ejects water and accelerates to its maximum velocity. This stage ends when all 

the water has left the bottle, then, the second stage begins; in which the rocket still goes up 

without ejecting any water and then it stops due to air drag and gravitational force. The last 

phase is when the rocket falls down to the ground. The investigation only deals with the first / 

two stages. 
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i. The application of the camera 

The most convenient way to analyze the motion of the water rocket is to use a high-speed 

camera, because the rocket ejects all of its water in tenth of seconds. Mostly, ordinary 

camcorders record 30 frames per second (fps), while a high-speed camera can record much 

more frames. In the experiment, a Casio ZrlOO type of camera was used which was able to 

record in lOOOfps, 480fps, and 240fps. With the help of this camera, the displacement of the 

rocket with respect to time was determined. Although the more frames it uses, the easier it 

can be analyzed, however, using slow motion recording mode will decrease the quality of 

the video. Therefore, it was suitable to use the 240fps mode. Unfortunately, only the first 

stage of the rocket's movement was recorded because at larger heights the error of 

perspective is increasing. 

It should also be noted that the camera should be used on a stand; otherwise the camera 

will be moving and it will affect the measurements in the video analyzer. 

Figures 7 and 8 show the time of ejection of the rocket; it can be seen that the water runs 

out at 0.125 sand after that only the water spray leaves the bottle. 

"f-

Figure 7: A water rocket, 

ejected all of its water 

. ~ ?t:; ~ r '' 
Figure 8: A water rocket, just after it 

ejected all of its water 
/ 

Figure 9 shows another launch's every fifth frame with the very top of the rocket marked 

with a red circle. 
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' 

, ~~ ~ 1 
Figure 9: Shows every fifth frame of a launch of a water rocket with 767ml of water in it \ A?')()~ \J,b ( ~ 

~ '(:._(.Q. ~G~ . 
ii. The analysis of the recorded video 

The recorded video was analyzed by a video analyzer program, Logger Pro 3.8.4. With the 

help of this program, the maximum velocity of the rocket as well as the time taken to eject 

all of its water was determined. During this experiment every second or fifth frame of the 

video was examined (Figure 10). 

Figure 10: The method of 

examining every second 

frame in Logger Pro 3.8.4. 

The red line is a reference 

distance which is 0.58 m . 

/ 

Note: At larger initial 

water amount, collecting 

data points from every 

fifth frame allowed a 

nicer graph. 

/ 
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iii. The initial pressure 

The pressure of air pumped in the bottle was read from the pressure meter while 

~· continuously adding air into the rocket. The maximum initial pressure is shown on the 

~ pressure meter when the plug in the mouth of the rocket has just been pushed out. This 

'

' \ variable had to be controlled by inserting the cork into the mouth of the bottle with the , 
same pushing force and same circumstances. For instance, if the cork was initially inserted \1.1 · 
when it was dry then before all the launches the cork as well as the inner mouth of the 

bottle should be dried. Unfortunately, the initial pressure could not be controlled vyry well, ) U 5'---:. 
the initial pressures had large deviations. ./' 1 ~ t;•~\ 

iv. The maximum height ~I"'...[""-'._. \,~") 
<..- ( \J~ - • u Jo ' 

The maximum height reached by the rocket was measured by using a thread. The spool was 

placed right under the rocket and the end of the thread was fastened to the mouth of the 

rocket. Therefore, when the rocket rises upwards it pulls the thread after itself until it 

reaches the highest point of its trajectory then it falls down. Afterwards, the pulled out 

thread was measured by measuring tape. It would be more comfortable to determine the 

height from the video but as mentioned before, only the first stage could be recorded since 

the rocket still goes upwards after it has ejected all the water and it gets out of view of the / 

camera. / 

Figure 11: The set up of the height 

measuring equipment 

The rocket 

The launching 
tube 

The spool 

Figure 12: The determination of 

the maximum height reached 

The 
maximum 
height 

~ · 

The thread 

bv the rocket __ ......... ..__ 
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c) The results of the measurements 

Figures 13 and 14 produced by Logger Pro, are examples to illustrate the result of collecting 

data points from every fifth and second frame from a recorded video. 
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Figure 13: Shows (o) the displacement and (b) the velocity of a 575ml rocket with respect to time 

when collecting data from every fifth frame 
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Figure 14: Shows (a) the displacement and (b) the velocity of a 383m/ rocket with respect to time 

when collecting data from every second frame 
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The following table shows the average measured values of the experiment and the errors 

were the difference of the average and the measured value: , \ ,_ ~,( \ "~" 
~..,.. v..<> -- " 1 I 

L,. ""'v-{\..:....~..._ ~ I c \ ~ I \i f, 

The average initial pressure p1 : (2. 9 ± 0.3) harz 

The volume ratio of 
Measured Measured Measured 

Initial water amount maximum t ime of maximum 
the water and the 

V0 (ml) velocity Vmax ejection of height hmax 
bottle (ms-1 ) water tt (s) (m) 

error: ±5ml error:±1.1 ms-1 error: 0.003 error: ±0.5m 

2.0112 = 0.17 383 20.1 0,070 16.2 

2.5 I 12 = o.21 479 22.5 0,088 18.6 

3.o I 12 = o.25 575 25.0 0,088 19.7 

3.5 I 12 = o.29 671 24.4 0,142 21.9 

4.0112 = 0.33 767 26.0 0,129 22.8 

4.5112 = 0.38 863 25.5 0,167 23.1 

5.o I 12 = o.42 958 25.1 0,186 23.6 • 
5.5 I 12 = o.46 1054 24.1 0,222 21.9 

6.0112 = 0.50 1150 20.0 0,267 17.8 

8.o I 12 = o.67 1533 9.8 (not exact) - 8.5 

/ 
/."'fl -. • \ ~ " "'l~ &~~ '· 

Table 2: Shows the results of the measured variables in the experiment 

The values of Vmax and tt at the ~·~ water amount are not exact for the rocket contained too 

much water and the camera could not record the whole phase of ejection. 

k.-z:;, 1 ...., (lk !".. "'10 ~ ~-" \s "" 
-- 1-

~ ~~ i. ~c.. \~'t- 1 ~/ ~..., 
~.\ I 

2 Unfortunately, the initia l pressure could not be controlled as a constant very well, so an average had to be 
taken. 
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III. ANALYZING AND MODELING THE PHASES OF THE ROCKET'S MOVEMENT 

i\Jvv'~ L--\ "\ \ ,\ 
a) The phase when the rocket accelerates (> ( ~"'"' < 

( ~ \ I( 

At first, to estimate the rocket's maximum height for a particular amount of water: the 

maximum velocity should be obtained. Theoretically, the acceleration of the rocket ends 

when the fuel runs out which means the rocket reaches its maximum speed at the end of the 

first stage. 

i. Expressing the velocity of the water and the time of ejection of the 
water 

While the air is continuously pumped into the closed bottle, the pressure of the trapped air 

is increasing. Thus, the cork will be pushed out when the sum of the forces of the pressure of 

the compressed air and the hydrostatic pressure of the water acting on the inner surface of 

the cork is greater than that of the atmospheric pressure acting on the external end of the 

cork and the maximum of the static friction between the side of the cork and the wall of the 

mouth of the bottle together (Figure 15). 

The cork~ 

~~Z-1-~- ptessute of the 
· ptesswi::ed ait 

Hydrostatic presswe 

Static 

Atmospheric pressure 

Figure 15: The water rocket before it is launched 

After the cork is pushed out, the compressed air expands really fast and pushes out the total 

/ 

/ 

or only certain amount of water from the bottle. The process takes place really fast 

(e.g.:0.125 s) which means it is a good approximation to assume that the gas and its 

surroundings do not exchange heat. This process is called adiabatic expansion, and the / 

Poisson equation relates the different states of the gas [7, 8, 10]: / 
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p,v;r = p(tXv(t)Y (1) 

where p1, ~ and Ji...t), v(t) are the pressure and the volume initially, and at a later timet. , _ ,) './' 

Now r = 1.4 because air mostly consists of diatomic gas [7, 10]. :: T ~ 
"> ..,.., • 

Truly, the water in the bottle does not necessarily leave completely. This is why there are ~ V 
two cases. Provided that the initial water level is not high and enough air is added into the f J '! 
bottle, the compressed air will expand to greater volume than the volume of the rocket. ~ 

Only this way can the compressed air decrease its pressure to the atmospheric pressure. In 

this case, all the amount of water will leave the bottle by the end of the ejection phase 

(case 1) [8]. 

In the event of loading too much water or if the compressed air's pressure is low enough, 

the air will expand to lower volume than the volume of the rocket. In this way, the air will 

not push all the water out and the rocket will fly with the remaining amount of water / 

(case 2). In the experiment, at the largest amount of water (1.533 litre), the rocket sti ll had j 
water inside it after it landed. In order to launch the rocket as high as possible, the 

appropriate amount of water should be filled in where the rocket jus~ses ~p all the fuel. In 

this way, case 1 should be examined. \ ~ -t- , .;:.. • .p\r.-

THE FIRST CASE 

The water is continuously leaving the bottle, thus, applying the law of continuity for 

incompressible liquids [8, 10]: the same volume of water is pushed downwards by the air, as 

the volume coming out. / 

h{t) 

~ ---
Thrusr 

veloclt}' of 1 

wotet u(t) ~ 
it) 

presc.urized 
Cli 

Ground 

Figure 16: The water rocket when it is being 

launched 



I NVES ll li A TI NG A WATER ROCK[T Page 114 

Owing to the laws of continuity and energy conservation, the acting pressures and speeds at 

the two ends of the water column at a time t are connected by Bernoulli's principle 

[7, 8, 10]: , r _~, l ·r~ 
/Jn~'v\• ~ 

r"· 
where p(t) and Pa = 1 OS Pa are the pressures of the compressed air at time t and the \ 

pressure of the atmosphere, Pw = 1000 k~ is the density of the water, h(t), h2 (t) are the ( (J 1-
m 

heights of the water surfaces, and U0 (t), u(t) are the velocity of the water relative to the 

bottle at the water surfaces inside and outside of the bottle at time t. / 

Since the inner cross-sectional area is much greater than that of the mouth, it can be 

assumed that the velocity of the water u0 (t) is 0 ms _, . Actually, the inner cross sectional 

area is 80.1 ± 0.5, and the mouth is 3.1 which is not really negligible, but considering the 

inaccuracy of the pressure reading this step is justified. 

Since the hydrostatic pressures Pwg~(t) and p"'gl;_(t) are really small3 compared to the 

pressures p(t) and Pa, they can also be neglected. So the simplified equation is: 

p(t) = P 0 + ~ Pwu(t Y 

Hence, with the right arrangements and the omission of the mentioned quantities, the 

velocity of the water u(t) relative to the rocket at a given time tis [8] : 

u(t)= (2) 

This is a simpler result than that in [7] . 

The pressure at time t can be expressed by applying equation (1). So, the initial velocity of 

the water U1 can be obtained by substituting the measured initial pressure 

3 If the water column above the inner surface of the cork is assumed to be 1 litre (which is a little bit of an 
exaggeration) then the hydrostatic pressure is: 0.00314 bar, which is two orders of magnitude smaller than the 
error of the pressure read ings. 

/ 



IN VEST I GAT IN G A WATER ROCKET Page 115 

Consider timet, when all the water went out. Therefore, using equation (1) V{t) equals the 

volume of the rocket ~,and the pressure at the end of the first stage p2 is: 

(3) 

Hence, the final velocity U2 of the water coming out can be calculated by substituting this 

value of the final pressure p2 in (2). For instance, for V0 = 0.383 litre, 

(
1.917)1.

4 

P 2 = x2.9=2.3bar 
2.300 

2(2.3-l)xl0
5 

=l6.lms_1 

1000 

/ 

After obtaining the initial and the final velocity of the water in the ejection phase, an 

estimation of average velocity can be used by taking the average of the initial and
1 
final 

I c ~\ 
velocity of the water, which means the estimation assumes a uniform acceleration. . ~, 1 , \ .,.,. 

t,l • vI\ '(. \. >._{ / ~ 1. 
Another assumption should be considered: the water column that comes out, which is 

exactly the volume of the initially used water fa , can be regarded as a cylinder which base is 

the cross-section of the mouth of the bottle, A, . 

The water column The mouth of the rocket 

I' ~ 

'" '" Am Vo 

\j \j 
...,... ..... 
...... ~ 

ut, 
The body of _ ---~~--­
the rocket / 

Figure 17: The equation of continuity: the water leaving the rocket has a form of a cylinder 

- + 
Where Va =A," ut,, ;; = u 1 - uz and t, is the time taken to eject all the water. In this way, 

2 

the time taken for the rocket to push all the water out can be expressed as: 
/ 
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)- The relative velocity and the time of ejection of the water 
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The following table compares the calculated values based on the above formulae to the 

measured values taken from table 2: 

Table 3: Shows the variables needed to determine the calculated value of the time of ejection of water 

Initial parameters 

Average initial pressure p1 : (2.9 ±0.3) bar 
Initial relative water velocity 

u1 = (19.5 ± 2.0) ms-1 

Cross-sectional area of nozzle Am = (3.14 ± 0.06) cm2 

~\·''. 
Calculated values from model 

Volume ratio of Amount Measured 
water and the of water ( Final Final water Average of Ejection time 11 (s) 

bottle Vo (/) pressure velocity u1and u2 , 
time t1 (s) 

p2 (bar) u2 (ms-1 ) u (ms-1 ) 

error: error: error: error: error: error: -
±0.005 ±~ 10% ±~ 10% ±~ 10% ±~ 10% ±0.003 

2.0112 = 0.17 0.383 2.2 15.8 17.6 0.07 0.070 

2.5112 = 0.21 0.479 2.1 14.8 17.1 0.09 0.088 

3.o I 12 = o.25 0.575 1.9 13.7 16.6 0.11 0.088 

3.5112 = 0.29 0.671 1.8 12.6 16.0 0.13 0.142 

4.0112 = 0.33 0.767 1.6 11.3 15.4 0.16 0.129 

4.5 I 12 = o.38 0.863 1.5 10.0 14.8 0.19 0.167 

5.0112 = o.42 0.958 1.4 8.5 14.0 0.22 0.186 

5.5112 = o.46 1.054 1.2 6.8 13.1 0.26 0.222 

6.0112 = 0.50 1.150 1.1 4.4 12.0 0.31 0.267 

8.0112 = 0.67 1.533 0.6 - - - - / 
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Note: In the case of p2 , (3) is used to calculate the error. The error percentage of the values 

of the fraction and p1 has to be added because the equation contains division and 

multiplication. Since the error of V1 and Vn are small compared to the error of p11 it can be 

neglected so the error of p2 is that of Pv which is 10%. 
/ 

It can be seen that the model of the first case works up to 1.533 litre, where the final 

pressure becomes less than 1 bar and using equation (2) would make no sense4
• From that j 

V0 onwards, case 2 prevails. 

The time of ejection vs 
the volume ratio of water and bottle 

0,35 

- 0,30 
~ ... 

QJ 0,25 -.... 
; 
0 0,20 
c 
0 
:e 
QJ ·o; 

0,15 

0 0,10 
QJ 

E 
j:: 

0,05 

0,00 

0,0 0,1 0,2 0,3 0,4 0,5 

The volume ratio of the Initially filled water and the total capacity of bottle / 

...,.. Time of ejection of water calculated from the model Measured time of ejection of water 

L-----------------------------------------------------------~'L 
Figure 18: Shows the calculated and the measured value of the time of ejection of water at the 

initial pressure of 2.9 bar 

([jfl Jh: ( {;h --
ii. The motion of the rocket 

To describe the motion of the rocket in this phase, Newton's second law is applied [7, 12]: 

F= dP 
dt 

4 1fthe final pressure is smaller than 1 bar, then there would be a negative number under the square root. 

/ 
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At a time t after the launch the mass of the rocket is rr(t) and its velocity relative to the 

ground is v(t). The total momentum of the system (bottle plus water inside) at timet is: 

P (t) = v(t )m (t) (4) 

As water is continuously ejected from the bottle the mass of the rocket is continuously 

decreasing with respect to time, thus, the lost mass ~m is a negative quantity. During a 

small time period, ~t elapsed, the lost mass ~~ of water leaves the bottle with the 

velocity of u relative to the bottle, which then has a velocity of- [u- v(t)] relative to the 

ground. If the velocity ofthe rocket is v{t)+L1v at time instant t+ ~~.The total momentum 

of the rocket is: 

p(J + M)= (v(t)+ L!v)(m(t)+ ilm) , (5) 

and the momentum of the ejected water is: 

Pw(t + L\t) = -[u- v(t)] x IL\ml = Llm[u - v(t)] (6) 

Since, the momentum of the system after time t + M is equal to the momentum of the 

rocket and the ejected water at that time, M>= JA..t+M)+ Pw(t +N)-P(t) 

If equations (4)(5)(6) are substituted into Newton's second law, after the simplifications the 

equation 5 

F = lim ( m(t }tl v + tlmtlv + tlm-:;;J 
6.HO fl{ (7) 

is obtained. At small Llt, the term L\mL\v can be neglected. Therefore equation (7) can be 

simplified as: 

F = lim(~v m(t)+ 6.m ~) 
6.1-+o !lt M 

In this case, the external forces acting on the rocket are the gravitational force - m{t )g and 

the air drag force -Cv(t), where C is a constant. To express the velocity, only the 

gravitational force needs to be taken in account, because the air drag is small and it would 

not vary much6 the maximum velocity: 
/ 

5 The deduction of the equation (7) is shown in t he appendix. 
6 The air drag in this phase would slow the rocket by 0.048 ms-1 (calculated in the approximation of C section 
in appendix. 

/ 

/ 



I 
·; 

I NVESTIGATING A. WATER ROCKET Page 119 

( ) 
dv ( ) dm _ -m t g=-m t +-u 
dt dt 

<.:'At\ tV\/"' ~ \ \ ' 
1 I (8) 

Hence, after solving the equation (8) the velocity at any time t can be described by the 

Tsiolkovsky theorem [9]. However, a more complicated form (11) is used here than in [9], 

since this rocket had an initial velocity, for the video could not be examined exactly at the 

moment of the launch (because it could not be seen in the video), and the gravitational force 

was taken into account as well.7 
I 

V(t) = Vo + illn [ ~Pw+mn ] - g(t) 
(V·0 -uAmt)pw+mn 

(11) . 

;... Calculating the maximum velocity of the rocket 

To determine the initial velocity v0 of the rocket (11) should be fitted into the graph, made 

with Logger Pro (it shows data point from every fifth frame of a rocket with 767ml water). 

The model only works until the end of the water ejection phase, which in this case is about 

tt = 0.150 s. 

25 
Au~o Ff! lor VdeoAnai~IS 1 Veloerty 
CC = VO·A'IN(O 77-A'O 314'x•O 225)'(0.7h0.2251)·9.8l'x 
VO 3,366 •I· 0.4466 

II) 

20 A 15.79 •I· 1 055 
RMSE 0 63.86 m5 ' 

E 15 
i:-
0 
0 o:; 10 

<.,_ > 

5 

0,00 0,05 0,10 

Initial amount of water: 767 ml 

Initial pressure: 2.9 bar 

0,15 
~ 

0,20 

Figure 19: Shows the application of Tsiolkovsky theorem {11) on the measured values of the 

maximum velocity in Logger Pro 3.8.4 

Given the constants of Pw• mR, Am, the program gives the values of the parameters 

v 0 = (3.366 ± 0.4466)ms-1 and il = (15.79 ± 1.055)ms- 1 (denoted by A in the red box), 

that is v0 = (3.4 ± 0.5)ms-1, il = (16 ± 1)ms-1 . The values of tt = 0.150s and 

u = (16 ± 1)ms-1 accord well with the calculated values of table 3 (shaded). , 

7 The deduction of equation (11) is shown in the appendix. 
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If more data points are taken (e.g.: every second frame is examined), which means a more 

detailed measurement is done then the initial velocity v0 is much smaller (close to 0), 

because originally the rocket was launched at rest. Thus, in the model of the maximum 

velocity v0 is neglected. 

The values of table 4 below are obtained by substituting the values of tt (from table 3) into 

(11), using v0 = 0 ms-1 . 

Table 4: Shows the maximum velocity and the final pressure after it has ejected all of its water 

Initial parameters 

Mass of empty rocket mR = (0.225 ± l)g Density of water: 1000 k~ 
m 

Average initial pressure p1 : (2.9 ±0.3) bar Area of nozzle Am = (3.14 ± 0.06) cm2 

Final pressure Average of 
Calculated Measured 

Volume Ratio of Water maximum maximum 
water and bottle (litre) 

in the rocket u1 and u2 , 
velocity Vmax velocity 

p2 (bar) u (ms-1 ) 
(ms-1) (ms-1) 

Error: 
Error: ±::::: 10% 

Error: 
Error: ±::::: 10% Error: ±1.1 -

±0.005 ±::::: 10% 

2.0112 = 0.17 0.383 2.2 17.6 16.8 20.1 

2.5112 = 0.21 0.479 2.1 17.1 18.7 22.5 

3.o I 12 = o.25 0.575 1.9 16.6 20.0 25.0 

3.5112 = 0.29 0.671 1.8 16.0 20.8 24.4 

4.o I 12 = o.33 0.767 1.6 15.4 21.3 26.0 

4.5 I 12 = o.3s 0.863 1.5 14.8 21.4 25.5 

5.o I 12 = o.42 0.958 1.4 14.0 21.1 25.1 

5.5 I 12 = o.46 1.054 1.2 13.1 20.3 24.1 

6.0112 = 0.50 1.150 1.1 12.0 18.6 20.0 

8.0112 = 0.67 1.533 0.6 (not exact) 
9.8 (not 

- -
exact) 

/ 

/ 
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Note: The errors were calculated with the same method as in table 3. 

The measured and calculated values of Vmax are also represented in the graph below, with 

smooth polynomial curves fitted to the data points. 

The maximum velocity vs the volume ratio 

0,00 0,10 0,20 0,30 0,40 0,50 0,60 0,70 

The volume ratio of the initially filled water and the total capacity of bottle 

Measured maximum velocity ...,.. Calculated maximum velocity 

Figure 20: Shows the calculated and the measured values of the maximum velocity. 

It can be seen that the model's values are smaller by 4 to 5 ms-1 , than the measured 

maximum velocities. The results of the zero litres rocket provide a correction of just the right 

magnitude (table 5). When the empty bottle was launched at the initial pressure of 1.6 bar it 

accelerated to 6 to 7 ms- 1 , which means if the rocket still has a 1.6 bar pressure inside it 

after the first stage, it can still accelerate despite of the absence of fuel. Therefore, the 

model can be improved by considering this accelerating force that causes the systematic 
4' f \' \ ( error. \ I 

c~ l'-""" 

Table 5: Shows the experimental result of the zero-litre water rocket 

Initial pressure: 
Water 

hmax = o.o; amount: Vmax = t t = Os 12 (1.6±0.2) bar (6.7±0.4) ms- 1 (2,42±0.02) m 
0 litre 

/ 

1\-.-
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Note: The errors were calculated with the same method as in table 4. 

iii. Determining the height reached by the rocket in the 1st phase l'") c: .._.jL" I \'L 

'"'" 'Z ._ '\J ( \. ) 
In this experiment, the height h1 reached by the rocket in the first stage was calculated by 

integrating (11) from t = Os to t = tt, by a graphing software GeoGebra: 

/ 
Velocity (mls) 

24 

22 
Model at 767 ml amount of water 

20 

18 

16 

14 

12 

10 

8 

/ 
area= 1.2 

Time 

0.08 0.1 0.12 0.14 0.16 0.18 0.2 

/ 

Figure 21: Shows the method of determining h1 by integrating {11) from 0 to tt (shaded in table 6) 
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Table 6: Shows the calculated heights reached by the water rocket in the first phase 

Initial parameters 

Mass of empty rocket mR = (0.225 ± 1)g Density of water: 1000 k~ 
m 

Average initial pressure p1 : (2.9 ±0.3) bar Area of nozzle Am = (3.14 ± 0.06) cm2 

Calculated average of 
Calculated height 

Amount of water {ml) 
u1 and u 2 , u (ms-1 ) 

Calculated time 11 (s) in the 151 phase 
h1 (m) 

Error: ±5 Error: ±~ 10% Error: ±~ 10% Error: ±~ 10% 

383 17.6 0.07 0.5 

479 17.1 0.09 0.7 

575 16.6 0.11 0.9 

671 16.0 0.13 1.1 

767 15.4 0.16 1.2 

863 14.8 0.19 1.4 

958 14.0 0.22 1.6 

1054 13.1 0.26 1.8 

1150 12.0 0.31 1.9 

1533 - - -

_/ / 
b) The phase when the rocket has run out of fuel 

After the ejection of the water ends, the rocket still goes upwards with decreasing velocity. 

This is the second phase. At the beginning of this stage, the rocket has a mass of mR and a 

velocity of Vmax· Similarly, in this phase the two forces acting oppositely to the direction of/ 

the motion of the rocket are gravity -mg and air drag -Cv . To obtain the rocket's maximum 

height, first, the velocity of the rocket in this phase should be expressed. 
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i. Determining the height reached by the rocket 

The motion of the water rocket in the second stage can also be understood by applying 

Newton's second law: LF = ma, which in this case is a first order inhomogeneous 

\ \ ~-differential equation [11] : v~-Y c , '::> "" "- ..) 

( ~~ ~ \7~\) 
dv c~ 

-g;;;;-+-v 
dt m 

(12) 

When t = 08 the velocity of the rocket is Vmax· Using this initial condition, the velocity in the 

second phase can be expressed by solving the differential equation:9 

() ( g) - kl g 
v t = vrnax +--,; e ---,; (18) 

Note: For more comfortable notations.£ = k. 
-- m 

After the time of rise tfly to the highest point, the velocity of the rocket is v = 0 for it rises 

until it stops. Using this condition, the time of flight is: 

/ 

f = _!_ m[kvmax + g] 
fly k g 

To obtain the height reached by the rocket in the second phase h2, equation (12) should be 

integrated, and to express the maximum height hmax it should be integrated from t(O) to 

tfly and the height of in the first phase h1 should be added. 

tfty 

h = J (v + g)e-k'- g dt 
2 max k k 

t(O) 

1 [ ( g) -ktfly t v g l hz = - - vmax +- e - g fly + max +-
k k k 

8The time t=O means the beginning of the second stage and the end of the f irst stage. 
9 The deduction of equation (18) is in the appendix. 

J 
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~ Calculating the maximum height 

In this section, the same air drag coefficient (0. 75} is used as in the Approximation of C 

section in the appendix, which means the value of k = 0.04. 

Initial parameters 

Mass of empty rocket mn = (0.225 ± 1)g The air drag coefficient c = 0.75 

Average initial pressure p1: (2.9 ±0.3) bar Density of air Pair = 1.29 "~ . [9] 
m 

Largest cross-sectional area 
Value of k = 0.04 

AL = (80.1 ± 0.5) cm2 

Water Calculated from model 
Measured 

and 
Vo Height in the Calculated hmax (m) 

bottle 1st phase Height in the 
(litre) tfly(s) 2nd phase maximum from table 

volume h1 (m) height hmax = 
h 2 (m) 2 

ratio from table 6 h1 + h2 (m) 

Error: Error: Error: Error: 
Error:±~ 10% Error:±0.5 

±0.005 ±~ 10% ±~ 10% ±~ 10% 

0.17 0,383 1.66 0.5 13.9 14.4 16.2 

0.21 OA79 1.84 0.7 16.9 17.6 18.6 

0.25 0,575 1.96 0.9 19.3 20.2 18.6 

0.29 0,671 2.04 1.1 21.0 22.1 21.9 

0.33 0,767 2.09 1.2 21.9 23.1 21.8 

0.38 0,863 2.1 1.4 22.1 23.5 ' 23.1 

0.42 0,958 2.07 1.6 21.5 23.1 23.6 • 

0.46 1,054 1.99 1.8 19.9 21.7 21.9 

0.50 1,150 1.83 1.9 16.9 18.8 17.8 

0.67 1,533 - - - - 8.5 

Table 7: Shows the variables needed to determine the maximum height that the water rocket 

can reach 

/ 
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Figure 22: Shows the calculated and the measured values of the maximum height reached by the 

water rocket at the initial pressure of 2.9 bar 

The maximum height vs the volume ratio 
28 ~--~~~~--~--~~--~--~--~~~~~--~---r.---1~~ 
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The volume ratio of the initially filled water and the total capacity of bottle 

Measured maximum height ...-.Calculated maximum height 

The heights calculated from the model fit the measured heights very well. The maximum of 

each curve, as read from the graphs, occurs at 0.37 ± 0.02; which is the optimal volume 

ratio of the water and bottle. -:? (;""' \ 1 ' ~" -\\ 

,\2-1., <:\-o...vt 

I 

/ 
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IV. CONCLUSION 

In spite of the large uncertainty in the initial pressure, the model is able to predict the 

optimal volume ratio of water and bottle 0.37 ± 0.02, which is also obtained by experiment. 

However, the hypothesized value of; = 0.33 and 40% = 0.40 to 50% = 0.50 does not 

lie within the interval 0.37 ± 0.02, therefore, the statements that the optimal value is .!. or 
3 

between 40% and 50% of the volume of the bottle are not justified by the experiment. It is 

only acceptable as a rough estimation. 

The applicability of the model is limited to the case when all the water leaves the bottle 

by the end of the first phase of the movement of the rocket. In addition, the model can be 

refined by considering the effect of the acceleration caused by the air coming out or the 

variation of the mass by changing the weight on the nose of the rocket. 

/ / 
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VII. Appendix 

a) The unrounded values of the experimental results produced bv Logger Pro: 

The average initial pressure p1 : (2.9 ± 0.3) bar 

Initial water amount Maximum velocity 
Time of 

Maximum 
The ratio ejection of 

V0 (ml) Vmax (ms-1 ) height hmax (m) 
water tt (s) 

error: ±5ml error: ±1.14381 ms-1 error: ±0.0034 error: ±O.Sm 

2.o; 
12 383 21,08582 0,0704 16.2 

2.5; 
12 479 23.96376 0,0876 18.6 

3.0;12 575 25.98061 0,0875 19.7 

3.5;12 671 25.35379 0,1418 21.9 

4.0; 
12 767 26.03682 0,1293 21.8 

4.5; 
12 863 25.84454 0.1668 22.1 

5.o;12 958 26.57256 0,1793 23.6 

s.5;12 1054 24.76175 0,2023 21.9 

6.0;12 1150 21.04051 0,2544 16.8 

8.0;12 1533 10.77093 - 8.5 

initial 
water 

(2.421±0.024) o.o; pressure: 
amount: (6.743±0.3947) ms- 1 Os 12 (1.6±0.2) m 

bar 
01 

Table 8: Shows the measured values of (table 2 and table 5) 

b) The approximation of C: 

f) dv dm -- Cv(t) - m,t g = -m(t) + - u 
dt dt , where C depends on the density of air Pair = 1.29 k~' the 

m 

air drag coefficient c, and the largest cross-section of the rocket AL. 

Dividing the equation by m(t)and rearranging it: 
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dv dm ii Cv(t) 
- - - - - - g---
dt - m(t) dt m(t) 

This equation can only be solved numerically because both the mass and the velocity are 

changing with time, so the term of the air drag should be approximated to see how much it 

would vary in the maximum velocity. 

Note: Since the rocket does not go really fast, an assumption can be made that the force of 

air drag is proportional to its velocity [9] . 

To solve the integral an assumption should be made that the mass of the rocket is not 

changing, so an arithmetic mean of the initial and the final mass should be used. 

According to several articles and scientific investigations [1, 5, 6] the air drag coefficient can 

range from 0.2 to 0.75. To see how much the air drag maximum influences the rocket's 

velocity in the first phase, the largest value for the velocity should be expressed: 

C = 1.29 X 0. 75 X 0.00801 = 0.01 

The arithmetic mean of the smallest mass (at 
2

"
0

) is: 
12 

Since C and the arithmetic mean of the mass are constants they can be brought out from the 

integral and the integral of the velocity is the height it reached in the first phase, which, 

according to the videos is at most 2 meters: 

o.o1 I v dt 
0.417 

0.01 X 2 _ _
1 0.417 - 0.048 ms 

This term of the equation can be neglected for it is much smaller compared to the measured 

maximum velocity of 16.8ms- 1 at:·~ from table 4 (shaded). 

c) The deduction of equation (71: 

P (t) = v(t )m (t) 

p(t+ M) = (v(t)+ ~v)(m(t)+ ~m) 
I 

Pw (t + L\t) = -(u - v(t )}x JL\mJ = L\m(u - v(t)} 

If equations (4;5;6) are substit uted into Newton's second law the equation looks like this: 

(4) 

{5) 

(6) 
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F = hm 
. [(v(t)+ ~v)(m{t)+ ~m) + ilrn(u(t)-v(t))] 

Llt-+0 IJ.t 

F= hm 
. [ v (t )m (t) + v (t )£\ m + m (t )~ v + ~ v ~ m + ~ mu (t)- v (t )~ m l 

~t-+0 IJ.t 

After the algebraic simplifications the equation looks like the following: 

F = lim (m(t )~v + ~m~v + ~m-:;;J 
6HO ~t {7) 

d) The deduction of equation (111 

( ) 
dv ( ) dm _ - mtg= - mt +-u 
dt dt 

{8) 

After the division and the rewriting of the mass that it equals the volume of the water times 
the density of the water, the rearranged equation should look like this: 

dV 
dv dtPw _ 
dt = - V(t)pw+mR X U - B {9) 

From the assumption before, the rate of decrease of the volume of the rocket is: 

dV 
- Tt = uA1, 

So, the rocket's volume at time tis: 

Substituting the volumes back to equation {9): 

(10) 

Let the denominator, which is the mass of the rocket at time moment t, bey: 

Expressing t to determine dt to substitute back to equation {10): 

y - mn 
;....___.;:..;. - V.o = t 
U:AkPw 

dt = -~ 7 dv = - dy u - gdt 
uAkPw Y 



·l 
l 
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After the definite integration of the equation from t 0 to t and the substitution of y and y0 

back to the equation, the velocity at any timet can be expressed: 

(11) 

e} The deduction of equation (18} 

The motion of the water rocket in the second stage applies Newton's second law: 

IF= rna, which in this case is a first order inhomogeneous differential equation: 

dv C 
- g = -+-v (12) 

dt m 

Note: The initial condition for this differential equation is when t = 0 (the time t=O means 
the beginning of the second stage and the end of the first stage) the velocity of the rocket is 

To solve an inhomogeneous differential equation, first the homogeneous equation is solved 

and then add to a particular solution of the equation [11] which in this case is: 

The homogeneous differential equation: 

c 
wherek = -. 

m 

dv 
0 =-+ kv, 

dt 

The solution of (13) has to be sought in the form: 

(13) 

vhom = AeiJ , where A and A. is a constant and tis time. Differentiating this equation will give: 

dvhom 1t 
-~= Ail.e .~~. 

dt 

Substituting back to the homogeneous differential equation (13): 

0 = A/LeA.t + kAeA.t 

Simplifying this equation: 0 = ...t+k, which follows: 

...t=-k 

(14) 

(15) 

If (15) is substituted back to the equation (14), the homogeneous velocity should be 

expressed as: 

A iJ A - kt 
v hom = e = e {16) 
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Now, a particular solution should be chosen: 

~ ~ 
If _P is chosen to be 0 then from the equation (12), _P + v k = -g v =- g can be 

dt dt p 
1 

p k 

expressed so: 0+(-!) k = -g 

This follows that, Vinhom = vhom +Vp = Ae-kt + (-!) 
which means: 

v(t) = Ae-kl - g 
k 

(17) 

Using the init ial condition : the velocity is at maximum when t = 0, to solve equation (17) 

g 
v = A x l- -

mox k 

Substituting the value of A back to equation (17) will give the velocity in the first phase at 

any timet: 

Word counts: 

All together: 4678 

Tables: 658 

References: 24 

Equations, formulas: 6 

The essay: 3990 

() ( g) - kl g v t = vmax +- e --
k k 

(18) 




